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ABSTRACT

New analytical expressions for parallel transport coefficients in multicomponent collisional plasmas are presented in this paper. They are
improved versions of the expressions written in Zhdanov [Transport Processes in Multicomponent Plasma, English ed. (Taylor and Francis,
London, New York, 2002)], based on Grad’s 21N-moment method. Both explicit and approximate approaches for the calculation of transport
coefficients are considered. Accurate application of this closure for the Braginskii transport equations is discussed. Viscosity dependence on
the heat flux is taken into account. Improved expressions are implemented into the SOLPS-ITER code and tested for deuterium and neon
ITER cases. Some typos found in Zhdanov [Transport Processes in Multicomponent Plasma, English ed. (Taylor and Francis, London, New
York, 2002)] are corrected.

VC 2021 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (http://
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0047618

I. INTRODUCTION

Fusion toroidal devices with magnetic confinement (tokamaks
and stellarators) operate with multispecies plasma. Plasma composi-
tion can contain mixtures of main components: hydrogen, deuterium,
tritium,2 and helium isotopes; and impurities: helium, lithium, beryl-
lium, carbon, nitrogen, neon, argon, etc.3 (In some operational
regimes, helium might be the main component and then, in addition
to the usual impurities, isotopes of hydrogen would be impurities.)
Edge plasmas usually are in a collisional regime, by which we mean
that macroscopic parameters change slowly on parallel (perpendicu-
lar) length scales of the mean free path (gyroradius) and time scales
between collisions (gyromotion period). Under this assumption, a clo-
sure method such as the one proposed by Braginskii4 can be applied to
the moments of the distribution function. However, this approach is
applicable to the single ion species case and assumes only trace levels
of impurities. For the multicomponent case, Grad’s moment method5

can be used. This method is based on the tensorial Hermite

polynomials finite expansion approximation of the distribution func-
tion with a local Maxwellian distribution function as the zeroth-order
approximation. It is developed in detail in Refs. 1 and 6. Transport
equations for multicomponent fully ionized plasmas consisting of elec-
trons and several species of ions each in a different charge state were
obtained in the 21N-moment approximation by Zhdanov and
Yushmanov (ZY).6 The more complete set of moment equations,
including equations for the partial viscous-stress tensors, is presented
in Ref. 1. In this work, we study these equations to obtain improved
versions of the expressions written in Ref. 1, though only parallel
transport is considered in this paper. Equations for electrons can be
solved separately due to the large electron–ion mass difference, as it
was considered in Refs. 1 and 6. For ions, the situation is more
complicated, especially for mixtures with comparable masses. This is
analyzed in detail below.

Some previous work on implementing the moment approach
can be found in Ref. 7 (based on Refs. 8 and 9 and described in Ref.
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10) and Ref. 11 where an explicit implementation (based on matrix
inversions) was implemented in SOLPS and EDGE2D; (Ref. 12)
where the multispecies closure was implemented into 3D turbulence
and transport codes based on Ref. 1; and additional work in Ref. 13.
Some of this work assumed mlight=mheavy � 1 and so could not be
applied to deuterium, tritium, and helium mixture cases, while in
others the closure for viscous-stress equations was not considered
(or only the velocity-dependent part of the viscous stress tensors
was taken into account). In addition, there is a difference between
definitions chosen by Braginskii4 and in Ref. 1. Thus, for the appli-
cation of the closures discussed in Ref. 1 for the Braginskii equa-
tions, special corrections are developed in this paper (see Sec. II).
Some typos in Ref. 1 which directly affect the results are corrected
in Appendix C. In Refs. 7 and 11 a full closure (including equations
for the viscous stress tensors) was implemented into the transport
code, though the heat flux-dependent part of the viscous stress ten-
sors was not considered and this effect plays an important role in
toroidal systems.14,15 Such a contribution from the viscous terms
was added by Rozhansky et al.16,17 for correct calculation of the
radial electric field in the H-mode pedestal in tokamaks, but only
in the single fluid case and can be extended to multispecies cases.

It is also valuable to mention the work Ref. 18, where Grad’s
moment method has been discussed and the temperatures of the
main component and the impurity have been considered separately
in the calculations of the Chapman–Cowling integrals, whereas in
Refs. 1 and 6 and therefore in the present paper, the different tem-
peratures have been kept only in the gradients in the collisional
term. The impact of the impurity temperature deviation from the
main component temperature in the Chapman–Cowling integrals
on the impurity transport in the tokamak would be interesting to
study.

In this paper, this generalization of the equation system is pre-
sented. Section II is dedicated to an accurate application of Grad’s clo-
sure discussed in Ref. 1 for the Braginskii system of equations used in
transport codes, for instance, SOLPS-ITER.19,20 In addition, the heat
flux-dependent part of the viscous stress tensors is considered in Sec.
II.

Since the calculation of transport coefficients is supposed to be
performed during the numerical solution of algebraic equations, this
might be a problem in a fluid code where this would be done at each
time step in each grid cell; therefore, new improved analytical expres-
sions are developed in Sec. III. In the case where masses of species are
significantly different, such methods can be applied. This method is an
improvement over the method discussed in Refs. 1 and 6. Comparison
for the improved expressions, the original expressions (8.4.7) in Ref. 1,
and the solution of the explicit system of algebraic equations is pro-
vided. As it is shown there, even for the cases where masses of compo-
nents are not too different, analytical formulas provide surprisingly
good agreement with the explicit numerical approach. Moreover, for
some cases, the new formulas provide a much better match with the
numerical results than the original analytical expressions (8.4.7) in
Ref. 1. The results can be found in Appendix A.

Then, in Sec. IV, a comparison between transport coefficients cal-
culated using Grad’s 21N-moment closure and transport coefficients
used in the current SOLPS-ITER model is considered. Additionally,
new expressions for thermal and friction forces were implemented
into the SOLPS-ITER code and tested for neon transport in an ITER

deuterium plasma and compared with the current SOLPS-ITER
model.21,22

II. BASIC EQUATIONS FOR MULTISPECIES PLASMA
A. Equations

First of all, let us consider the system of fluid equations for spe-
cies type a and charge state Z, which can be applied for both ions and
electrons (for electrons Z¼ –1),

@tnaZ þr � ðuaZnaZÞ ¼ SnaZ ; (1)

ma@tðuaZnaZÞ þr � C
$ m

aZ

¼ �rðnaZT
ðBrÞ
aZ Þ þ ZenaZðEþ uaZB½ �Þ �r � p$ ðBrÞaZ þ RaZ þ SmaZ ;

(2)
3
2
@tðnaZT

ðBrÞ
aZ Þ þ r � ðq

ðBrÞ
aZ þ

3
2
uaZnaZT

ðBrÞ
aZ Þ þ naZT

ðBrÞ
aZ r � uaZ

¼ �ððp$ ðBrÞaZ rÞuaZÞ þ QðBrÞaZ þ SEaZ : (3)

Details can be found in Ref. 4. In this equation system, tempera-
tures, heat fluxes, and viscosities are defined according to Braginskii,

naZ ¼
ð ð ð

faZd
3v; naZuaZk ¼

ð ð ð
vkfaZd

3v; (4)

TðBrÞaZ ¼
2
3
ma

naZ

ð ð ð ðv � uaZÞ2

2
faZd

3v; (5)

qðBrÞaZk ¼ ma

ð ð ð ðv � uaZÞ2

2
ðvk � uaZkÞfaZd3v; (6)

pðBrÞaZkl ¼ ma

ð ð ð
ðvk � uaZkÞðvl � uaZlÞ �

dkl
3
ðv � uaZÞ2

� �
faZd

3v;

(7)

where faZ is the distribution function for ion or electron species aZ, k
and l are component indices, and integrals of the collisional term CaZ

due to Coulomb (elastic) collisions provide

RaZk ¼ ma

ð ð ð
vkCaZd

3v; (8)

QðBrÞaZ ¼ ma

ð ð ð ðv � uaZÞ2

2
CaZd

3v: (9)

Terms SnaZ ; S
m
aZi; S

E
aZ describe, respectively, particle, momentum, and

energy sources due to inelastic collisions between charged species (ion-
ization, recombination, and excitation) and all interactions with neu-
trals, and they are considered as external parameters in this model. For
instance, in SOLPS-ITER these sources are calculated by the EIRENE
code.23 Moreover, since in the approach, discussed in the present
paper, the collision operator is considered in the Boltzmann form,
inelastic collisions can be computed internally by moment treatment
of the neutral particles, details can be found in Refs. 24 and 25.

The momentum flux due to the flow velocity is

Cm
aZkl ¼ mauaZkuaZlnaZ : (10)

In a multispecies plasma, the transport coefficients, which help to

express qðBrÞaZ ; p$
ðBrÞ
aZ ;RaZi; and QðBrÞaZ through densities, velocities, tem-

peratures, and their spatial derivatives, differ significantly for different

Physics of Plasmas ARTICLE scitation.org/journal/php

Phys. Plasmas 28, 062308 (2021); doi: 10.1063/5.0047618 28, 062308-2

VC Author(s) 2021

https://scitation.org/journal/php


plasma species, different species densities, and different mass ratios of
species. This means that no simplification may be made in the general
case, and general methods for the solution of kinetic equations should
be used.

Such a method is Grad’s 21N-moment method, described in
Ref. 1. Following Ref. 1, we define

TaZ ¼
2
3
ma

naZ

ð ð ð ðv � uÞ2

2
faZd

3v; (11)

haZk ¼ ma

ð ð ð ðv � uÞ2

2
ðvk � ukÞfaZd3v �

5
2
waZknaZTaZ ; (12)

paZkl ¼ ma

ð ð ð
ðvk � ukÞðvl � ulÞ �

dkl
3
ðv � uÞ2

� �
faZd

3v; (13)

where

waZ ¼ uaZ � u; u ¼

X
a;Z

manaZuaZX
a;Z

manaZ

: (14)

One can note that temperature (11), heat flux (12), and the viscous
stress tensor (13) are defined in Ref. 1 with respect to the mass-
averaged flow velocity (14), while (5)–(7) are defined with respect to
the flow velocity of the corresponding species. Note that the tempera-
ture definition (5) is the standard fluid temperature definition, and it is
not specific only to the Braginskii method, the superscript (Br) is only
meant to distinguish between (5) and (11). Definitions (11)–(13) are
more suitable for this method; therefore, they were used in Ref. 1.
Thus, the result of the closure discussed in Ref. 1, that is expressed in
the heat flux, viscosity, friction term, and heat exchange term, can be
applied for the Braginskii system of equations (1)–(3) using correc-
tions due to difference in definitions.

Indeed,

TaZ ¼ TðBrÞaZ þ
1
3
maw

2
aZ ; (15)

qðBrÞaZk ¼ haZk þ naZwaZkmaw
2
aZ �

X
s

waZspaZsk; (16)

pðBrÞaZkl ¼ paZkl �manaZwaZkwaZl þmanaZ
dkl
3
w2

aZ : (17)

A similar correction should be applied to the heat exchange term,

QðBrÞaZ ¼ QaZ � waZ � RaZ ; (18)

where according to Ref. 1,

QaZ � ma

ð ð ð ðv � uÞ2

2
CaZd

3v

¼ �3
X
b;f

lab

ma þmb

� �
naZ

sðZhÞaZbf

ðTaZ � TbfÞ; (19)

where summation is performed over all species and the definition of the
collision time can be found in Appendix A. One can recognize a heat
source due to friction between different ions in the second term of (18).

The friction term RaZ defined according to (8) does not need cor-
rection provided that Coulomb collisions do not lead to particle sour-
ces and sinks and three possible definitions are equivalent,

ma

ð ð ð
ðv � uaZÞCaZd

3v ¼ ma

ð ð ð
ðv � uÞCaZd

3v ¼ RaZ : (20)

Therefore, the friction term RaZ found using the approach dis-
cussed in Ref. 1 may be directly substituted into the system (1)–(3).

Note, according to Eq. (8.1.3) in Ref. 1, that momentum conser-
vation in collisions is maintained,X

a;Z

RaZ ¼ 0: (21)

So is energy conservation according to (18),X
a;Z

QðBrÞaZ ¼ �
X
a;Z

uaZ � RaZ : (22)

Details about the conservative property of collisions can be found, for
instance, in Ref. 4.

Consecutively, Eq. (18) is necessary to maintain energy conserva-
tion. Also, here we note that the corrections (15)–(17) can be the same
order as second order collisional terms, which are neglected in the
method.1 Therefore, when the corrections contribute significantly, one
should carefully examine the method’s limitations. Let us discuss an
example, where the species “aZ” does not contribute significantly to
the mass-average velocity (14), while the species “bf” provide the
main contribution to the mass-average velocity (14). Then, the mass-
average velocity is close to the flow velocity of species bf. Therefore,
w2

aZ � jwbfj � jwaZ j. In this case, when the corrections by the order of
w2

aZ and jwaZ j � w2
aZ become important for the moments of species aZ

(15)–(17), the second order term in the collisional term, which is by

the order of jwbfj�jwaZ jffiffiffiffiffiffiffiffiffiffiffi
Tbf=mb

p
�
ffiffiffiffiffiffiffiffiffiffiffi
TaZ=ma

p , remains small. In the case, where jwbfj �

jwaZ j become comparable to
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Tbf=mb

p
�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
TaZ=ma

p
, next order terms

in the collisional r.h.s. have to be considered.
Thus, assuming that the 21N-moment method is applied and

transport coefficients are found, we need then to switch from haZ and
p$ aZ to qðBrÞaZ and p$

ðBrÞ
aZ by using (16), (17) and taking into account the

connection between temperatures (15).
In the present paper, we consider only so-called parallel (with

regard to the B-field) transport coefficients. The classical transport across
the magnetic field is usually of little consequence for magnetic fusion
devices, since the anomalous transport is in most cases much larger.

Then, as it is shown in Ref. 1, the transport coefficients appearing
in the heat flux and friction force may be calculated independently of
the viscosity coefficients. Therefore, we may consider their corre-
sponding calculations separately.

Finally, this approach can be applied both for electrons and ions.
However, due to the small electron–ion mass ratio, transport for elec-
trons can be considered separately, which significantly simplifies the
approach. It is discussed in detail in Ref. 1. Also, we mention here that
the electron heat conductivity, the velocity-dependent electron heat
flux, and the thermal and friction forces have been implemented into
the SOLPS-ITER code earlier21,22,26 using this approach Ref. 1.
Consequently, all the analysis in this paper will be devoted to ion
transport coefficients.

B. Heat flux and friction term

Applying Grad’s 21N-moment method (see Refs. 1 and 6, one
can express haZ through the velocities waZ and temperature gradients
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rTaZ with the help of kinetic coefficients that can be found solving,
e.g., the algebraic system of equations (8.4.2) in Ref. 1. For the parallel
(with regard to the B-field) component of haZ , one gets [see Eq. (8.4.6)
of Ref. 1]

haZk ¼ �
naZ

na

X
b

ecðhAT Þba

nbT
mb

sðZhÞba
grkTb

� �

�2cðh
B
T Þ

a
naZT
ma

sðZhÞaa
Z2

a

Z2
rkTaZ þ naZT

X
b

cðhwÞba ðwaZk � �wbkÞ;

(23)

where rk ¼ ðb � rÞ, and summation is performed over all types of
ions and

grkTa ¼
X
Z

naZ

na
rkTaZ : (24)

Collisional times sðZhÞba and average squared charge Z2
a can be found in

Appendix A. Kinetic coefficients ecðhAT Þba ; cðhwÞba and c
ðhBT Þ
a are the result of

solving the system of algebraic equations (8.4.2) in Ref. 1 and applica-
tion of corrections for each charge state (details can be found in
Appendix A).

Note that the first two terms on the r.h.s. of (23) represent the
thermal conductivity. The third term is the velocity difference depen-
dent part of the heat flux, which is an additional contribution besides
the thermal conductivity, and is not presented in the single ion species
approaches.

Then, following the method in Refs. 1 and 6, the friction term
can be written in the same form as Eq. (8.4.5) of Ref. 1,

RaZk ¼ � naZ
Z2

Z2
a

X
b

ecðRA
T Þ

ab
grkTb � naZc

ðRB
T Þ

a rkTaZ

�naZ
Z2

Z2
a

X
b

lab

sðZhÞab

cðRwÞ
ba ðwaZk � �wbkÞ; (25)

where coefficients ecðRA
T Þ

ba ; cðRwÞ
ba ; and c

ðRB
T Þ

a are the result of solving the
system of algebraic equations (8.4.2) in Ref. 1 and application of cor-
rections for each charge state as well. In (25), the first two terms repre-
sent the thermal force, and the third term is the interspecies friction
force.

C. Viscous stress tensor

Now let us consider the system of equations for viscous stress
tensors. Note that, to describe parallel transport correctly Ref. 14 and
references therein), it is required to take into account the heat flux
dependence for the viscous stress tensors. However, this effect was not
considered in the viscous stress tensor equations (8.1.6) and (8.1.6’) in
Ref. 1. The necessity to account for this heat viscosity requires a modi-
fication of the approach described in Ref. 1, namely, using the general
expression for the moment equation (A1.8) in Ref. 1 and adding the
heat flux-dependent terms to the left-hand side of (8.1.6) and (8.1.6’)
in Ref. 1 (after summation over charge states),

paWkk þW
�ha
kk ¼ �R20

akk; (26)

where �R20
akk is the collisional right-hand side of Eq. (8.1.6) in Ref. 1

summed over charge states, that depends on �pbkk (b represents each
ion in the mixture), and

7
2
T
ma

W
�ha
kk ¼ �R21

akk; (27)

where �R21
akk is the collisional right-hand side of Eq. (8.1.6’) in Ref. 1

summed over charge states, which also depends on �pbkk.
W-tensors and collisional right-hand sides can be found in

Appendix A. The solution of this system of equations (26) and (27)
can be expressed as

paZkk ¼ �
naZ

na

X
b

ecðpA
u Þ

ab þ 2cðp
B
uÞ

a
Z2

a

Z2
dab

� �
sðZhÞba pb

0@ 1AWkk

� naZ

na

X
b

ecðpA
h Þ

ab sðZhÞba W
�hb

kk

� �
� 2c

ðpB
h Þ

a
Z2

a

Z2
sðZhÞaa WhaZ

kk ; (28)

where dimensionless transport coefficientsecðpA
u Þ

ab ;ecðpA
h Þ

ab are the result of
solving the system of algebraic equations (26) and (27), and the correc-

tions for each charge state cðp
B
uÞ

a ; c
ðpB

h Þ
a can be found analytically, as it is

done for the heat flux (see Appendix A). The first term in (28) is the
velocity-dependent part of the viscous stress tensor that is discussed in
Ref. 1. The last terms in (28) represent additional effects due to the
heat flux that is taken into account in this paper by adding heat flux-
dependent terms into the left-hand side both in (26) and (27).

Usually, it is not a trivial task in complex geometry to take a
divergence, such as r � p$ aZ , intended to be included into (2), even in
case (28). One way to do it supposes to take into account only parallel
and drift components of the velocity and parallel and diamagnetic
components of the heat flux in the viscous stress tensor calculation.
Details can be found in Appendix B.

Finally, to apply the closure discussed in Ref. 1 and in this paper
for the Braginskii system of equations (1)–(3), corrections of tempera-
tures, heat fluxes, and viscosities should be done according to
(15)–(17).

Now, let us recall the results of transport in the Pfirsch–Schl€uter
regime.14,15,27,28 It is important to mention that, in the
Pfirsch–Schl€uter regime, where the collision frequency is larger than
the bounce frequency,15 the parallel transport coefficients can be calcu-
lated locally, as it is done in the present paper. Thus, it can be com-
pared with the results of flux-surface average approaches,15,27 where
the parameters are not changing significantly on the magnetic surface.
Local coefficients are supposed to be added into the 2D code, which
describe the transport close to the separatrix, where the flux-averaged
approach is not applicable. Moreover, in Refs. 15 and 27 the collision
operator was used in the Fokker–Planck form, while the current
approach1 is based on the Boltzmann form collision operator, which
can be more accurate in the high collisionality regime. It is necessary
to note that, using the moment approach following the Braginskii-like
method, one can also reproduce results in the Pfirsch–Schl€uter
regime.14,29 In the single ion species case, one can calculate viscosity
transport coefficients using (28) as well. Thus, using the notation from
Ref. 14, they are

la1 ¼ pi2s
ðZhÞ
ii � 0:96; la2 ¼ pi2s

ðZhÞ
ii � 1:55: (29)
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That is close to what was obtained in Refs. 14 and 15 and applied in
Refs. 16 and 17 Therefore, in the collisional case, it is expected to
obtain a radial electric field close to the radial electric field in the
Pfirsch–Schl€uter regime.27 It is important to mention that to get la2 as
in (29), it is necessary to add the heat flux-dependent term both into
(26) and (27). Note that, using a moment approach for the single ion
plasma,29 that result (29) can be also obtained, and now, using the
Grad’s 21N-moment method, it is extended to arbitrary plasma
mixtures.

D. Summary

In this section, we have considered an explicit method based on
solving an algebraic system of equations, which can be applied for vari-
ous plasma compositions, for example, deuterium, tritium, helium,
and other impurities. This case occurs in current devices30 and will be
standard operating procedure in future reactors.31–33 Thus, it should
be implemented into codes like SOLPS-ITER,19,20 which are used for
fusion reactor operation predictions. Section IV is dedicated to this.

In Sec. III, an analytical approach is considered, which can be
applied for many cases and which is, however, less accurate for species
with close masses.

III. IMPROVED ANALYTICAL EXPRESSIONS
A. Heat flux

Let us consider the closure in the case with one light and several
heavy ion species. The resulting 2ns � 2ns matrix [where ns is the
number of different types of species (which have different atomic
nuclei) in a mixture], which is intended to be inverted to solve the sys-
tem of equations (8.4.2) in Ref. 1, can be split into blocks,

A ¼ A11 A12

A21 A22

� �
; A�1 ¼

eA11 eA12eA21 eA22

" #
; (30)

where each block can be written

Aqp ¼

aqp00 aqp01 � � � aqp0ns
aqp10 aqp11 � � � aqp1ns

..

. ..
. . .

. ..
.

aqpns0 aqpns1 � � � aqpnsns

26666664

37777775; eAqp ¼

eaqp00 eaqp01 � � � eaqp0nseaqp10 eaqp11 � � � eaqp1ns
..
. ..

. . .
. ..

.

eaqpns0 eaqpns1 � � � eaqpnsns

26666664

37777775:
(31)

Here and further, index 0 represents the light species, while indices
1::ns correspond to heavy species. Indices q¼ 1, 2 and p¼ 1, 2 refer to
the corresponding blocks. Note that in the codes, which are applied
for light main ion and heavy impurities,19 main and impurity species
are usually explicitly specified, and equations for them are written dif-
ferently. The approach discussed in this paper allows us to write equa-
tions uniformly for all species.

First of all, for the diagonal elements, estimations can be made
(i 6¼ 0),

aqp00
aqp0i
/ mi

m0

X
b¼0::ns

Z2
bnb

Z2
i ni

; (32)

A11;A12 : a1p0i ¼ a1pi0 ; A21;A22 :
a2p0i
a2pi0
/ mi

m0
: (33)

Taking into account that
P

b¼0::ns
Z2

b nb

Z2
i ni
	 1, cross elements in the

first row and column are smaller than aqp00 by at least the mass ratio.
Thus, eaqp00 elements of the inverted matrix can be obtained indepen-
dently from the contributions due to heavy species in the cross ele-
ments and eaqp00 � eaqp0i .

Consider the solution for the temperature-dependent part of the
heat flux (heat conductivity),

�h
T
a

pa
¼ 5

2

X
b

ea11abnb
grTb ; (34)

where ea11ab is an element from the eA11 part of the inverted matrix. In
the most common case, where the density of the light species is higher
than the density of the heavy species, the impact from cross elements
on the light species heat flux is even smaller due to the multiplication
with nb. On the other hand, for the heavy species heat flux, all terms
in the sum are comparable; however, it is easy to show that the heavy
species heat flux in such a case does not contribute significantly to the
global heat balance and therefore the temperature T0 for light species
averaged over all charge states. The temperature of the light species T0
plays a major role in the thermal force between light and heavy species
(see Sec. III B) and thus determines heavy impurity transport.

Thus, in the case with one light and several heavy species, the
transport coefficients can be obtained by solving equations for each
type of species independently, ignoring cross elements. This allows us
to derive analytical expressions for the transport coefficients (see
Appendix A).

These expressions are an improved form of the
Zhdanov–Yushmanov (ZY) analytical expressions (8.4.7) in Ref. 1.
Zhdanov and Yushmanov suggest obtaining transport coefficients
keeping only terms with ðm0=miÞ0 order, which directly excludes cross
elements from consideration [due to (32)], while the approach dis-
cussed in this paper keeps higher order terms ðm0=miÞn, where
n ¼ 1…1 in diagonal elements. The reason for this action follows
from the fact that the diagonal elements play a major role. Analysis of
the matrix in the test cases confirms this fact: even for the mixtures
where masses of species become close, cross elements were smaller
than diagonal elements. Therefore, higher order terms in diagonal ele-
ments affect the answer more than for the cross terms.

To prove this assumption, let us compare the heat conductivity
for deuterium in the presence of impurity ions found using this
approach with the result using explicit matrix inversion [for solving
the algebraic system of equations (8.4.2) in Ref. 1] and the ZY analyti-
cal expression (8.4.7) in Ref. 1. Consider the case (deuterium, carbon,
and another impurity) where the temperature gradient for both impu-
rities is the same as the temperature gradient for deuterium and the
case where the temperature gradient for both impurities is (for some
reason) two times higher than for deuterium, to explore what role the
difference in ion temperatures plays. In test cases considered in this
paper, the amount of carbon and another impurity is chosen according
to the rules Z2

CnC=nD ¼ 0:5; Z2
I nI=nD ¼ 1:0, where “I” corresponds

to another impurity and Z2
i is the averaged square of the impurity

charge defined in (A2). The heat flux associated with the deuterium
heat conductivity is

hTDk ¼ �c
ðhT eff Þ
D

nDTsðZhÞD

mD
rkTD; (35)
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where the transport coefficient cðhT eff ÞD is shown in Fig. 1 and the colli-
sion time is defined in Appendix A.

In Fig. 1, different results are plotted: with similar masses and
densities for light impurities and small ratios mD=mimp and nimp=nD
for heavy impurities.

It is clearly shown that ðm0=miÞ0 order accuracy is not sufficient
to get good agreement with the explicit matrix inversion result, while
the addition of higher order terms only in the diagonal elements pro-
vides solutions close to the numerical method except in the hydro-
gen–helium region, where cross elements in the matrix become
important. In this region, a different temperature gradient for the
impurity affects the result because both close masses and densities in
the impurity term in (34) play a role.

The same comparison can be made for the velocity-dependent
part of the heat flux,

�h
w
ak ¼ pa

X
b

cðh
A
wÞ

ba ð�wak � �wbkÞ; (36)

where the transport coefficient cðh
A
wÞ

ba is shown in Fig. 2.
The velocity-dependent part of the deuterium heat flux in the

presence of high mass impurities predicted by both original (8.4.7) in
Ref. 1 and improved analytical expressions is close to the result
obtained from the matrix inversion approach. However, for impurities
lighter than beryllium, the improved formula gives a solution much

closer to the numerical one (Fig. 2) than the ZY formula. On the other
hand, for the high mass species, the calculated heat flux is less accurate
(Fig. 2). In the original monograph,1 it is suggested to set to zero the
transport coefficients that represent heavy-light species interactions in
the heat flux (velocity-dependent part) for heavy species. Although the
improved formula (A28) in Appendix A suppresses the coefficient by
a factor ðlab=maÞ3=2 for the cases, wherema > mb, numerical calcula-
tion provides an even smaller velocity-dependent part of the heat flux
(Fig. 2). In the extreme case, where a difference between masses of spe-
cies is large, for instance, ion–electron mixture in the simple plasma,
the velocity-dependent part is set equal to zero for heavy species.1,4

Thus, the reduction of the velocity-dependent part for heavy species
can be implemented by setting (A28) equal to zero if ma=mb < 1. To
keep all expressions the same for both low and high mass species, a
smooth analytical approximation to the step function can be applied.

Finally, following Ref. 1, the heat flux for each charge state can be
found (see Appendix A).

B. Friction term

Now consider the friction term. According to (8.1.3) in Ref. 1,

Ra �
X
Z

RaZ ¼
X

b

�Gð1Þab ð�wa � �wbÞ þ
lab

T
�Gð2Þab

�ha

mana
�

�hb

mbnb

 !"

þ
lab

T

� �2
�Gð8Þab

�ra

mana
� �rb

mbnb

� �#
: (37)

FIG. 1. Temperature-dependent part of the heat flux transport coefficient for deute-
rium using the explicit solution of the system of equations (8.4.2) in Ref. 1, the origi-
nal ZY formula (8.4.7) in Ref. 1, and the improved formula (see Appendix A) for the
DþC þ another impurity case with equal distribution between charge states. The
additional impurity is varied along the horizontal axis. The dash-dotted line shows
the case where grkTi ¼ 2�rkTD. The number in parentheses at the top of the
figure gives normalized impurity density [¼ Z2i ni=nD where Z2i is an averaged
square of the charge of impurity, defined in (A2)] and is kept constant.

FIG. 2. Velocity-dependent part of the heat flux transport coefficient for the deute-
rium due to D/impurity velocity difference (solid) and for another impurity due to
impurity/D velocity difference (dashed) using explicit solution of the system of equa-
tions (8.4.2) in Ref. 1, the original ZY formula (8.4.7) in Ref. 1, and our improved
formula (see Appendix A) for DþC þ another impurity. (See the caption to Fig. 1
for additional information.)
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According to (37), one can conclude that
P

a Ra ¼ 0 for any
velocities, heat fluxes, and r-moments [additional vector moments see
Eq. (8.1.2) in Ref. 1] [�Gð1Þab ;

�Gð2Þab ;
�Gð8Þab are symmetric regarding to the

replacement of ab with ba].
Note that the impact on the friction term of species a from the

heat flux and r-moment of species a differs from the impact of the spe-
cies b terms by factors of ma=mb and ðma=mbÞ2 correspondingly.
Hence, leading terms in both R0 and Ri, where i 6¼ 0, are dependent
on the heat flux and r-moment of the light species and, therefore, on
T0. Thus, where the heat flux/r-moment of heavy species is calculated
inaccurately, it does not affect the friction term for heavy species (and
light as well) summed over all charge states.

The friction term for each charge state can be found using

RaZ ¼ IaZRa þ IaZ
X

b

�Gð1Þab ðwaZ � �waÞ þ
lab

ma

�Gð2Þab

haZ

paZ
�

�ha

pa

 !"

þ
lab

ma

� �2 ma

T
�Gð8Þab

raZ
paZ
� �ra

pa

� ��
: (38)

Substituting the results of the heat flux and r-moment into (37) and
(38), one can obtain analytical transport coefficients for the thermal
and friction forces (see Appendix A).

First of all, note that, in the trace-impurity case (Z2
i ni=Z

2
0n0

� 1; m0 < mi), the kinetic numeric factor in Refs. 21 and 22 for the
friction force is 
1 and, for the thermal force, is 
1:56. However,
according to (37), the thermal force depends on the masses of the par-
ticipants (besides the factor ffiffiffiffiffiffiffilab

p in the G-matrices). Indeed, formulas
(A53) and (A48) in Appendix A provide kinetic factor 
1 and

1:56 l0i

m0
½32� 1

2
l0i
m0
� for the friction force and the thermal force corre-

spondingly [here the second term in (A48) for species 0 is absent,
which becomes important if m0 
 mi]. Thus, the light trace-impurity
thermal force in Refs. 21 and 22 is larger than our improved
expressions.

Then, consider the thermal force for each type of species summed
over all charge states in the non-trace-impurity case for a case (deute-
rium, carbon, and another impurity) where the temperature gradient
for both impurities is the same as the temperature gradient for deute-
rium and the case where the temperature gradient for both impurities
is (for some reason) two times larger than for deuterium, to find where
differences in ions temperatures play a role. The transport coefficient
for the thermal force averaged over all charge states for carbon and
another impurity (Figs. 3 and 4) is described by

RT
a ¼ nac

ðRA
Teff Þ

a rkTD: (39)

Now, we compare these results with the explicit matrix inversion
method and the coefficients previously implemented into the SOLPS-
ITER code,21,22 which are based on the ZY analytical expressions
(8.4.7) in Ref. 1.

For a deuterium plasma with carbon, the original ZY analytical
formula results in a �1% deviation from the numerically calculated
result. Therefore, for carbon and heavier impurities this formula can
be applied, although a slight increase in the deviation for the heavier
impurity, due to the presence of carbon, is seen (Fig. 3). Thus, the ther-
mal force averaged over all charge states for nitrogen and neon calcu-
lated using the 3.0.6 SOLPS-ITER version and higher (and as a result
in Refs. 34–37 and others) is the same as can be obtained by

numerically solving the system of equations for heat flux and
r-moment (additional vector moment) (8.4.2) in Ref. 1.

Furthermore, in the region of heavy impurities, the impurity tem-
perature gradient does not play a role (Fig. 3). Indeed, the shape of the
impurity distribution function {represented by impurity heat flux and
r-moment [additional vector moment, see Eq. (8.1.2) in Ref. 1] in the
Hermite polynomial expansion} is not important in the case where
mD � mi; TD 
 Ti and thus vD � vi. Shaping of the deuterium dis-
tribution function driven byrkTD is a major effect in such cases.

However, in the light impurity region the situation is different.
For cases whererkTD ¼ grkTi , the analytical ZY expression results in
an up to 15% deviation in a (DþCþ Li) mixture and up to 90% devi-
ation in a (DþC þ He) mixture (Fig. 4). If the temperature of the
impurity is different, the deviation is even larger. In contrast, the
improved analytical expression for the thermal force in (DþC þ Li)
gives only a 1% deviation for lithium (Fig. 4) and a 6% deviation for
carbon (Fig. 3) from the numerically calculated result. For the (DþC
þ He) case, the improved formula provides up to 10% deviation for
helium (Fig. 4) and up to 16% for carbon (Fig. 3). Note that in this
region, the temperature gradient of impurities becomes important.

Notice that deviations for carbon are due to the presence of
significant amount of helium (nHe=nD ¼ 0:4) and lithium (nLi=nD
¼ 0:2), for smaller amounts of helium/lithium this case is closer to the
pure deuterium/carbon. In the (nHe=nD ¼ 0:04) case, the deviation
from the explicit matrix inversion result is up to 5% for carbon, how-
ever, becoming worse for helium: up to 30% (up to 50% for the case,
where grkTHe ¼ 2�rkTD).

FIG. 3. Temperature-dependent part of the friction term transport coefficient for
another impurity (solid) and for carbon (dashed) using explicit solution of the system
of equations (8.4.2) in Ref. 1, the original formula from Refs. 21 and 22, and our
improved formula (see Appendix A) for DþC þ another impurity. Dash-dotted
(another impurity) and dotted (carbon) lines are plotted for the case wheregrkTi ¼ 2�rkTD. (See the caption to Fig. 1 for additional information.)
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For the cases (deuterium, carbon, and hydrogen) and (deuterium,
carbon, and tritium), the original formula (8.4.7) in Ref. 1 provides
even the wrong sign (always positive). However, the new formula
(A48) in Appendix A works surprisingly well, which confirms the
observation made in the tests that even for comparable masses, cross
elements play a minor role. In mixtures (DþCþH/T), the thermal
force has a deviation for hydrogen/deuterium/tritium of up to 30%
(up to 50% for the case, where rkTT ¼ 2�rkTD) and for carbon a
15%–20% deviation from the numerically calculated results (Figs. 3
and 4). For more accurate calculations in the case of comparable
masses, the explicit solution of the system of equations (8.4.2) in Ref. 1
is required. Moreover, for such cases the temperature gradient of
impurities plays a role, and heat fluxes of impurities are important and
an accurate calculation of these fluxes is also necessary.

Now, consider the thermal force for each charge state species
obtained using (38), which affects space separation between different
charge states of the same type of species. Note that this procedure
does not require additional assumptions and thus can be made
straightforwardly even for mixtures of species with close masses (see
Appendix A). What was done for the thermal force in Refs. 21 and 22
represents what is done in the first term in (38); therefore, the depen-
dence on the difference between heat flux and r-moment [additional
vector moment, see Eq. (8.1.2) in Ref. 1] averaged over charge states
and for each charge state was not taken into account.

Here, again consider the case where the temperature gradient for
impurities is the same as the temperature gradient for deuterium, and
the case where temperature gradient for impurities (all charge states)
is two times larger than for deuterium, to find where the difference in
ion temperatures plays a role. In Fig. 5, the transport coefficient for the

thermal force for the first charge state for carbon and another impurity
described by

RT
a1 ¼ na1c

ðRTeff Þ
a1 rkTD (40)

is plotted.
According to the thermal force for each charge state, expression

(A51) in Appendix A, that is written taking into account the correction
to the average thermal force, the first charge state is affected by the cor-
rection more than the others, because the impact from the average
thermal force is reduced by a factor 1=Z2

a . It is clearly seen (Fig. 5)
that, for the first charge state of the impurity, the correction, repre-
sented by the third and fourth terms in (38) (blue curves represent the
model from Refs. 21 and 22, plays a role. As a result, the temperature
gradient for impurities becomes important (Fig. 5). However, for car-
bon and higher mass impurities, the thermal force that leads to space
separation of each charge state is an order of magnitude smaller than
the thermal force that drives impurities, summed over all charge states
(Fig. 3). Therefore, it is expected that for the heavy impurities, their
temperature gradient affects slightly the charge states space distribu-
tion, but not the global impurity transport.

Then, consider the friction force for each type of species summed
over all charge states. Take a look at the case (deuterium, carbon and
another impurity). In Fig. 6 are plotted transport coefficients for the
friction force, averaged over all charge states, for carbon and another
impurity, described by

FIG. 4. Zoom of the dotted box in Fig. 3.
FIG. 5. Temperature-dependent part of the friction term transport coefficient for
another impurity Z ¼ þ1 charge state (solid) and for the carbon Z ¼ þ1 charge
state (dashed) using the explicit solution of the system of equations (8.4.2) in Ref.
1, the original formula from Refs. 21 and 22, and our improved formula (see
Appendix A) for DþC þ another impurity. Dash-dotted (another impurity Z ¼ þ1)
and dotted (carbon Z ¼ þ1) lines show the case where grkTi ¼ rkTi1 ¼ 2
�rkTD. (See the caption to Fig. 1 for additional information.)
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Rw
a ¼ �na

X
b

lab

sðZhÞab

cðR
A
wÞ

ba ð�wak � �wbkÞ; (41)

where definitions can be found in Appendix A.
The transport coefficient for the friction force between deuterium

and impurity predicted by the original ZY analytical expression (8.4.2)
in Ref. 1, that is used in Refs. 21 and 22 is underestimated significantly
for all realistic cases compared to the direct numerical solution of the
system of equations (8.4.2) in Ref. 1 (Fig. 6): 37% for helium, 23% for
carbon, 17% for neon. This difference in the friction force can affect
impurity transport.38 On the other hand, our improved expression is
much closer to the numerical solution (for a discussion of the corre-
sponding deviations see below). This is the result of the inclusion of
next order terms in the mass ratio m0=mi. Indeed, one can see (see
Appendix A) that, under the assumption m0=mi ¼ 0, our improved
expression turns into the original ZY formula (8.4.2) in Ref. 1.

Moreover, as it was discussed in the Sec. IIIA (Fig. 2), for the
heavy species, the velocity-dependent part of the heat flux is not calcu-
lated precisely by our improved expression. The same result can be
obtained for the velocity-dependent part of the r-moment [additional
vector moment, see Eq. (8.1.2) in Ref. 1]. This inaccuracy for the heat
flux and r-moment affects the friction force. Therefore, it is necessary
to suppress them to zero to get a better match with the numerical
result. One way to do this is by setting coefficients (A28) and (A39)
equal to zero, if ma=mb < 1. The result, an even better match [indi-
cated as “Analytical MDF (this work)” in Figs. 6 and 7, while
“Analytical (this work)” corresponds to unmodified heat flux and

r-moment] with the numerical result, with the deviation from the
matrix inversion solution: for tritium 5% vs 8%, for helium 2% vs 8%,
for carbon 0.03% vs 0.7%, and for neon 0.6% vs 2% (for carbon in the
presence of neon 1% vs 5%). However, the mismatch for another
impurity/carbon friction force becomes worse (Fig. 6). Note that the
transport coefficient, equal to unity for impurity/impurity interaction
(used in Refs. 21 and 22, is close to the explicit approach result for
most cases. Besides, a correction for the friction force between different
charge states can be applied (see Appendix A), though for heavy
species this transport coefficient is 
 0.8–1.0 and significantly differs
from unity only for light species.

C. Viscous stress tensors

Finally, using a similar approach for the viscous stress tensors equa-
tions (26) and (27), one can obtain analytical expressions for both the
velocity and heat flux-dependent parts of the viscous stress tensors (see
Appendix A). Now again consider the deuterium, carbon, and another
impurity case. The viscous stress tensor for species a summed over all
charge states (for comparison with the analytical result from the matrix

inversion method, we assumeW
�hb

kk =nb ¼W
�ha
kk =na for arbitrary b)

�pakk ¼ �pas
ðZhÞ
a cðp

A
u eff Þ

a Wkk � sðZhÞa c
ðpA

h eff Þ
a W

�ha
kk : (42)

In Figs. 8 and 9, cðp
A
u eff Þ

a ; c
ðpA

h eff Þ
a are plotted. Other definitions can be

found in Appendix A.
It is shown (Fig. 8) that, for light species, the original ZY expres-

sion overestimates the explicit method result significantly, while the
new formula provides a closer result. Close answers are obtained for
the heat flux-dependent part of the viscous stress tensor using both the

FIG. 6. Velocity-dependent part of the friction term transport coefficient for another
impurity/deuterium (solid), for carbon/deuterium (dashed), and for another impurity/
carbon (dotted) using the explicit solution of the system of equations (8.4.2) in Ref.
1, the original formula from Refs. 21 and 22, and our improved formula (see
Appendix A) for the DþC þ another impurity case. (See the caption to Fig. 1 for
additional information.)

FIG. 7. Zoom of the dotted box in Fig. 6.
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improved formula and matrix inversion calculation (Fig. 9). For this
part, the analytical expression in Ref. 1 was not presented. For the case
mD=mimp 
 1 and nimp=nD 
 1, the analytical method works quite
well (Figs. 8 and 9). However, for the heavy impurities, the analytical
expression does not match the calculated answer, and this affects the
impurity momentum equation. On the other hand, the total momen-
tum equation (summed over all species) is mainly affected by the light
component viscous stress tensor (in case mD=mimp < 1 and
nimp=nD < 1), and la1;la2 as discussed in Ref. 14 can be obtained in
the Pfirsch–Schl€uter regime in the presence of impurities using expres-
sions from Appendix A.

D. Summary

New analytical expressions discussed in this section and pre-
sented in Appendix A can be applied for the cases with one light and
several heavy ions, when heat flux and viscous stress tensor of the
heavy species does not affect the solution (for example, nimp=nD < 1).
For plasmas where the mass of the main component is not signifi-
cantly different from the mass of the impurity, improved expansions
provide solutions closer to the numerical one than can be obtained by
the original expression in Ref. 1. Moreover, for impurities lighter than
the main ions, the sign of the new thermal force is inverted; therefore,
our new expressions provide a qualitatively correct result.
Furthermore, new expressions are written in general form without
specifying which species are main ions or impurities, and which spe-
cies are light or heavy, as it was for the original analytical expressions
in Refs. 1, 21, and 22 Besides, these formulas describe transport for
each charge state of all the ions. Therefore, it allows us to consider

helium plasmas with impurities, which was not possible in the previ-
ous SOLPS-ITER model, where main ions were assumed to be singly
ionized. However, either of the purpose of accurate transport calcula-
tions for mixtures with close masses or where high order moments of
the heavy species distribution function heat flux, r-moment [additional
vector moment, see Eq. (8.1.2) in Ref. 1], viscous stress tensor, r-
moment [additional tensor moment see Eq. (8.1.2) in Ref. 1] are
important, the explicit approach discussed in Sec. II should be applied.
Finally, it is important to mention that these results can be applied
only for collisional plasmas, since time derivatives and gradients
[which are of the order of ðk=LÞ2, where k is a mean free path and L is
a space scale of the gradients] were neglected in high order moments
equations (heat flux, r-moment, viscous stress tensor, r-moment).1

Sometimes, the heat flux-dependent part of the stress-viscous tensor
can be of the same order as the velocity contribution. Therefore,
the heat flux contribution is added to the viscous stress tensor and
r-moment equations (26) and (27) for taking into account the
Pfirsch–Schl€uter regime effects discussed in Refs. 14, 15, and 27 In the
case of less collisional plasmas, next order terms have to be considered
as well.

IV. APPLICATION OF GRAD’S CLOSURE TO SOLPS-ITER
A. Heat flux, friction, and heat exchange terms

First of all, it is important to mention that, in the current SOLPS-
ITER model, ion temperatures TðBrÞions are considered to be equal for all
ions;17 therefore, (3) has to be summed over all ions. It should be
noted that even in this case, TaZ can be different due to (15). Second,
the part of the heat flux that depends on the velocity difference
between ions with different masses [last term in (23)] is not present in
models which are based on the Braginskii equations (where such a
term appears only in the electron heat flux) and has been neglected in
multicomponent cases;19,39–42 in future this contribution should be
added. Moreover, the effective ion conductivity also changes in plas-
mas with non-trace-impurities, even under the assumption of identical
temperature for all ions. In Fig. 10, it is shown how the ion heat con-
ductivity calculated using the explicit matrix inversion approach is dif-
ferent from what is predicted by the current SOLPS-ITER model (Sec.
B.4 in Ref. 26.

A comparison of the friction and thermal force between the cur-
rent SOLPS-ITER model Refs. 21 and 22, our improved expressions,
and the explicit approach is made in detail in Sec. III B. Therefore, it is
not repeated here. The improved formulas for the friction and thermal
forces have been implemented into the SOLPS-ITER code. Test results
can be found in Sec. IVC.

In the current SOLPS-ITER model (Secs. C.3.1 and C.4.1 in
Ref. 26), the heat source, due to the friction between different ions and
with electrons, in heat exchange terms for ions QðBrÞions and electrons
QðBrÞe is written so as to ensure the global conservative property in colli-
sions.4 Using (18) for electrons and ions, the distribution between elec-
tron and ion channels can be found more accurately. One can use (18)
to find the correct heat distribution between different ions, as well.

B. Viscous stress tensor

Consider an orthogonal curvilinear coordinate system where x is
a poloidal coordinate and y is a radial coordinate (43), as it is done in
Ref. 16,

FIG. 8. Velocity-dependent part of the viscosity transport coefficient for the deute-
rium (solid) and for another impurity (dashed) using the explicit solution of the sys-
tem of equations (26) and (27), the original ZY formula,1 and our improved formula
(see Appendix A) for the DþC þ another impurity case. (See the caption to Fig. 1
for additional information.)
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bx ¼
Bx

B
; hx ¼

1
jjrxjj ; hy ¼

1
jjryjj ;

hz ¼
1
jjrzjj ;

ffiffiffi
g
p ¼ hxhyhz:

(43)

In this coordinate system (43) and under the assumption that
naZ ;TaZ ;u are flux surface functions inside the separatrix where
parallel viscosity plays its larger role14,15 in the parallel momentum
balance, Eq. (B7) in Appendix B turns into
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 !!
þ 2c

ðpB
h Þ

a sðZhÞaa
Z2

ana

Z2naZ

� @

hx@x

ffiffiffi
B
p

bx
haZx

 !##
: (44)

Note that expression (44) is a generalization of the corresponding
terms in the momentum equation in Refs. 16 and 17 for the multicom-
ponent case. The present SOLPS-ITER model for the stress-viscosity
tensor can be insufficiently accurate for the multiple ions case in the

high collisionality limit. The new result is compared with that cur-
rently applied for SOLPS-ITER in the Pfirsch–Schl€uter regime17 in
Fig. 10. Despite the fact that the effect on the viscous stress tensor
(velocity part) pu

ion summed over all ions is not more than 8% due to
the new approach, the effect on the impurity viscous stress tensor
(velocity part) is significant. For high mass high-Z impurity (carbon
and higher), the viscous stress tensor (velocity part) is 
 1.5–2.5 times
higher than currently implemented in SOLPS-ITER. This is the result

of two effects: (1) the ratio
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2lab=ma

q
, which differs from unity for

heavy impurities, should be added into the definition of the collision
time used by SOLPS-ITER and (2) transport coefficients should be cal-
culated accurately using this approach. The heat flux-dependent part
of the viscous stress tensor ph

ion (whose importance was discussed
above) can be 20% higher for this closure (assuming for comparison

W
�hb

kk =nb ¼W
�hion

kk =n for either b) than for the current SOLPS-ITER

approach (Fig. 10). The impurity viscous stress tensor (heat flux-
dependent part) is currently not included.

C. Test cases using improved expressions

In Fig. 6, one can see that, even for deuterium plasmas with neon
non-trace-impurity transport coefficient, the friction force calculated by
the original ZY formula Eq. (8.4.2) in Ref. 1 is different compared to our
improved treatment, while the thermal force remains the same (Fig. 3).
That should affect neon transport in the tokamak. For the range of
parameters applicable ITER baseline scenarios, the parallel neon trans-
port is determined by the balance of the thermal and friction forces due
to the interaction with deuterium.34 Thus, the new friction and thermal
force treatments were implemented into the SOLPS-ITER code and
tested for a deuterium and neon ITER case. However, the improved ion
thermal conductivity and stress-viscosity tensor formulations have not
been included yet. We present two cases, a reference case, run with the
original model for the friction and thermal force terms, and a simulation
where our new treatment is applied. These cases are catalogued in the
ITER integrated modeling analysis suite (IMAS) database as 123081 and
123082, respectively. For the test, an intermediate case between cases 1b
(123014) and 2b (123018) (with drifts) was chosen from those that are
discussed in Ref. 34, with parameters: divertor neutral pressure pn ¼
7:5 Pa and relative Ne concentration, separatrix-averaged, cNe ¼ 1:0%.
To illustrate the changes in the impurity transport due to the new ther-
mal and friction force treatments, the neon density is plotted in Fig. 11.

One can see that, even for the deuterium and neon plasma, the
mass difference is not high enough to assume mD=mNe 
 0. The
application of the new formulas can observably affect the impurity
transport for such cases. Also, after implementation of the new expres-
sions, the relative separatrix-averaged Ne concentration dropped to
cNe ¼ 0:8%, while the neon seeding rate is kept constant
(6:0� 1019 particles=s). In these tests, neon throughput (in the
steady-state) and pumping speed below the divertor dome are kept
constant. However, actual extraction of neon from the divertor by the
pumping system, which depends on the distribution between neon
flows in the divertor (part goes into the pumping system and part goes
upstream), slightly increases, which was seen on the run diagnostics
during the simulation. This leads to 10% drop of the amount of neon
in the whole computational domain and in the core, in particular. It is
interesting to note that the amount of neon in the outer divertor

FIG. 9. Heat flux-dependent part of the viscosity transport coefficient for the deute-
rium (solid) and for another impurity (dashed) using the explicit solution of the sys-
tem of equations (26) and (27) and our improved formula (see Appendix A) for the
DþC þ another impurity case. (See the caption to Fig. 1 for additional
information.)
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region decreases by 20%, while the amount of neon in the inner diver-
tor region does not change significantly. As a result, the peak power
loading of the outer divertor target increases by 
1MW=m2 (Fig. 12).
This impact on the neon distribution should be investigated further.

It is also interesting to note that in the regions with low amounts
of neon, the thermal force coefficients are slightly smaller, while the
friction force remains the same according to the kinetic coefficients for
the trace-impurity regime, which is different to the non-trace-impurity
regions, where transport coefficients follow behaviors described in
Figs. 3 and 7. This example again shows that an accurate treatment of
the main component distribution function shape affects the impurity
transport both for the trace-impurity and non-trace-impurity cases.
We use these demonstration runs to illustrate that our improved
expressions for the transport coefficients affect impurity transport in
tokamaks like ITER. Further detailed analysis is required to under-
stand this impurity behavior and its consequences on machine opera-
tion more fully. Detailed analysis is now under way to understand this
impurity behavior.

It is necessary to mention that, for this test, the expressions for
thermal (A51) and friction forces (A60) in Appendix A were slightly
reduced. The thermal force for the impurity type I and charge state
“Z” is assumed to be

RT
IZ ¼ c

ðRA
T Þ

0I
Z2nIZ

Z2
0

rTðBrÞions : (45)

The friction force for the impurity type I and charge state Z is
assumed as

FIG. 11. 2D neon density distribution (summed over all ions) for the two identical
ITER modeling cases using the SOLPS-ITER code, in which the original expres-
sions from Refs. 21 and 22 are applied (123081) (a) and our improved expressions
are applied (123082) (b).

FIG. 10. Ratio of the effective transport coefficient calculated using the explicit solu-
tion of the system of equations (8.4.2) in Ref. 1, (26), and (27) to the current
SOLPS-ITER model26 for the DþC þ another impurity. Here hTionskCalc=SOLPS
¼ �ceffCalc=SOLPSrkT

ðBrÞ
ions ; pu

ionskkCalc=SOLPS ¼ �c
eff
Calc=SOLPSWkk; ph

ionskkCalc=SOLPS

¼ �ceffCalc=SOLPSW
hions
kk [W-tensors see Eq. (A9) of Appendix A], where ceffCalc=SOLPS

coefficients are chosen using either current SOLPS-ITER expressions or explicit
approach of solving system algebraic equations of high order moments (8.4.2) in
Ref. 1, (26), and (27). (See the caption to Fig. 1 for additional information.)

FIG. 12. The outer target total power load, which includes ions/electrons energy
flux (major contribution), ion recombination loads, recycled neutrals energy flux
(returns part of the incoming energy back to the plasma volume), radiation loads,
and other neutral/surface interaction, for the two identical ITER modeling cases
using the SOLPS-ITER code, in which the original expressions from Refs. 21 and
22 are applied (123081) and our improved expressions are applied (123082).
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Rw
IZ ¼� nIIIZ

lI0

sðZhÞI0

ð1þ cðR
A
w1Þ

I0 ÞðwIZ � w0Þ

�nIIIZ
X
b 6¼0

lIb

sðZhÞIb

ðwIZ � �wbÞ; (46)

where “0” is connected to the main light single charge state ion, and
thermal and friction forces for the main ions are

RT
0 ¼ �

X
b 6¼0

n0c
ðRA

T Þ
0b

Z2
bnb

Z2
0n0
rTðBrÞions ; (47)

Rw
0 ¼ �n0

X
b6¼0

l0b

sðZhÞ0b

ð1þ cðR
A
w1Þ

I0 Þðw0 � �wbÞ: (48)

On the one hand, such an approach allows us to change only transport
coefficients for this first test without rewriting equations significantly.
On the other hand, for the deuterium and neon case these expressions
provide close results to (A51) and (A60) in Appendix A. However, full
(A51) and (A60) will be implemented into the SOLPS-ITER code later
without specifying main ions and impurities explicitly.

Finally, let us discuss the applicability of this method for ITER
modeling. Thus, we compare the effective free path of the deuterium

[keffD ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Tions=mD

p
� sðZhÞD ] with the length scale of the ion temperature

gradient along the magnetic field ðTlocmax
ions �Tlocmin

ions Þ=jrkTionsj

(Fig. 13), where Tlocmax
ions ;Tlocmin

ions are the local extrema along the magnetic
field, for example, on the closed magnetic surfaces the local maximum
is at the bottom and the local minimum is at the top of the tokamak
due to the ion gradient B drift, and in the near-SOL, the local maximum
is at the upstream point and the local minimum is at the targets. For
neon, the Knudsen number is of the same order or smaller. One can see
that, in the SOL, the Knudsen number is Kn
 10�2�10�1; therefore,
the calculation of the thermal force and ion heat conductivity using this
method can be applied. The friction force is usually balancing the ther-
mal force, and, as a result the flow velocity difference, which is driven
by the temperature gradient, is lower than the ion sound speed.
However, in the confinement region, the Knudsen number is Kn>1,
and this method is not accurate enough. Thus, an extension into the
collisionless range using neoclassical results is required.

V. CONCLUSIONS

This paper tackles the closure in the parallel direction of the sys-
tem of fluid equations using Grad’s moment method5 for multicom-
ponent collisional plasmas and extends the study made in Refs. 1 and
6. The method allows one to obtain transport coefficients for the heat
flux, friction, and viscosity terms for each charge state of each species
for arbitrary plasma compositions, including deuterium þ tritium þ
helium þ other impurities mixtures, where densities and masses of
species can be comparable. Therefore, this approach can be imple-
mented into SOLPS-ITER19,20 or other fluid codes to model this
mixture for future reactors (ITER,31 DEMO,32 CFETR33 and complex
compositions in existing machines.

In contrast to previous papers devoted to such an approach,7,12

two major improvements are made: corrections for the direct imple-
mentation of the closure Ref. 1 into the Braginskii equations and the
heat flux-dependent part of viscous stress tensor. The importance of
this part was discussed in Refs. 14 and 15. In this paper, the result in
collisional regime is extended to arbitrary plasma mixtures.

New analytical expressions were developed (see Appendix A),
which provide a better match to the explicit matrix inversion method
for the heat flux, friction, and viscosity term and extend the applicabil-
ity of the analytical approach to lower mass impurities. Moreover, this
accurate treatment for multicharge state ions allows for the use of our
analytical approach for cases where all ions have multiple charge
states, for example, helium plasmas with impurities, which was not
possible with the original expressions.

These new friction and thermal force terms descriptions have
been implemented into the SOLPS-ITER code and tested for an ITER
deuterium plasma with non-trace-impurity neon and compared with
the current SOLPS-ITER model.21,22 Even for such a mixture, the new
formulas show different impurity transport behavior confirming that
the mD=mNe � 1 assumption is not accurate enough. Thus, further
studies of the impurity transport in ITER and other devices using this
improved approach are required.
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APPENDIX A: DETAILED FORMULAS FOR THE
IMPROVED ANALYTIC MODEL

In this appendix, we provide the improved analytical expres-
sions for the kinetic coefficients along the magnetic field in the colli-
sional multicomponent plasma.

1. Definitions

Here are defined the variables used in this paper:
Reduced mass

lab ¼
mamb

ma þmb
: (A1)

Variables averaged over charge states

Z2
ana ¼

X
Z

Z2naZ ; IaZ ¼
Z2naZ

Z2
ana

; (A2)

�wa ¼
X
Z

IaZwaZ ; �ha ¼
X
Z

paIaZhaZ

paZ
; (A3)

�ra ¼
X
Z

paIaZraZ
paZ

; �pakk ¼
X
Z

paIaZpaZkk
paZ

: (A4)

Definitions connected to the moments of the distribution function

waZ ¼ uaZ � u; u ¼

X
a;Z

manaZuaZX
a;Z

manaZ

; (A5)

n ¼
X

a

na; na ¼
X
Z

naZ ; paZ ¼ naZTaZ ; (A6)

nT ¼
X

a

naTa; pa ¼ naTa ¼
X
Z

naZTaZ ; (A7)

na
grTa ¼

X
Z

naZrTaZ : (A8)

Higher order moments are defined in the main text (11)–(13). raZ
(additional vector moment) and r$ aZ (additional tensor moment)
are defined in Ref. 1 Eq. (8.1.2).

W-tensors in arbitrary Cartesian coordinate system are

Wkk ¼ BkBlWkl=B2;

Wkl ¼ 2
1
2

@uk
@xl
þ @ul
@xk

� �
� 1
3
dklr � u

� �
;

(A9)

W
�ha
kk ¼ BkBlW

�ha
kl =B

2;

W
�ha
kl ¼

4
5

1
2

@�hak

@xl
þ @

�hal

@xk

 !
� 1
3
dklr � �ha

" #
;

(A10)

where parallel velocity and drift contributions—diamagnetic and E
� B drift velocities—should be taken into account in (A9). Heat
flux in (A10) should contain the parallel contribution determined
in this paper and the diamagnetic contribution (see Appendix B).

Collisional right-hand sides of Eqs. (8.1.6) and (8.1.6’) in Ref. 1
are defined as

R20
aZrs ¼ ma

ð ð ð
ckcl �

dkl
3
c2

� �
CaZd

3v; (A11)

R21
aZrs ¼

ma

2

ð ð ð
c2 � 7

TaZ

ma

� �
ckcl �

dkl
3
c2

� �
CaZd

3v; (A12)

where c ¼ v � u. Therefore, after the distribution function substitu-
tion and linearization Ref. 1, parallel–parallel components of the
summed over charge states right-hand sides �R2�

akk are

�R20
akk ¼

X
b

T
ma þmb

�Gð3Þab �pakk

pa
þ

�Gð4Þab �pbkk

pb

"

þ
lab

T

�Gð13Þab �rakk

pa
þ

�Gð14Þab �rbkk

pb

 !35; (A13)

�R21
akk ¼

X
b

T
ma þmb

7
2
Tlab

�Gð13Þab �pakk

m2
apa

þ
�Gð14Þab �pbkk

m2
bpb

0@ 1A24
þ

�Gð15Þab �rakk

pa
þ

�Gð16Þab �rbkk

pb

#
: (A14)

For the G-matrices definitions, see in Ref. 1 and corrections in
Appendix C.

Collision times are defined by

kab ¼
1
3
ð2pÞ�3=2Z2

anaZ2
bnb

ffiffiffiffiffiffiffi
lab
p lnK

T3=2

e2

e0

� �2

; (A15)

sðZhÞab ¼
nalab

kab
; (A16)

sðZhÞaZbf ¼
naZ

na

sðZhÞab

IaZIbf
; sðZhÞa ¼

X
b

lab

mas
ðZhÞ
ab

 !�1
: (A17)

Z-variables are defined by

Z�a ¼
X
b6¼a

Z2
bnb

Z2
ana

; Z�ca ¼
X
b6¼a

ffiffiffiffiffiffiffi
lab

ma

r
Z2

bnb

Z2
ana

; (A18)

Z�f 1a ¼ Zs
2a ¼

X
b6¼a

lab

ma

� �3=2 Z2
bnb

Z2
ana

; (A19)

Z�f 2a ¼ Zs
8a ¼

X
b6¼a

lab

ma

� �5=2 Z2
bnb

Z2
ana

; (A20)

Z�11a¼Zs
5a¼

X
b 6¼a

1þ16
13

ma

mb
þ30
13

ma

mb

� �2
 !

lab

ma

� �5=2Z2
bnb

Z2
ana

; (A21)

Z�12a¼Zs
9a¼

X
b 6¼a

1þ32
23

ma

mb
þ84
23

ma

mb

� �2
 !

lab

ma

� �7=2Z2
bnb

Z2
ana

; (A22)
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Z�22a¼Zs
11a¼

X
b6¼a

1þ1088
433

ma

mb
þ3672

433
ma

mb

� �2
 

þ1792
433

ma

mb

� �3

þ1400
433

ma

mb

� �4

Þ
lab

ma

� �9=2Z2
bnb

Z2
ana

; (A23)

Zp
11a ¼

X
b6¼a

1þ 5
3
ma

mb

� �
lab

ma

� �3=2 Z2
bnb

Z2
ana

; (A24)

Zp
12a ¼

X
b6¼a

1þ 7
3
ma

mb

� �
lab

ma

� �5=2 Z2
bnb

Z2
ana

; (A25)

Zp
22a ¼

X
b6¼a

1þ 185
51

ma

mb
þ 154

51
ma

mb

� �2

þ 140
51

ma

mb

� �3
 !

�
lab

ma

� �7=2 Z2
bnb

Z2
ana

: (A26)

Note: If ma=mb ! 0, all Z-variables become equal to Z�a .

2. Results

The results in this section are presented for the parallel (with
regard to the B-field) component (the heat flux, r-moment, and fric-
tion term are written in a vector form to be applied in case B¼ 0
for all components).

a. Heat flux

Averaged over all charge states,

�ha ¼ �
pana

kaa
c
ðhAT Þ
a grTa þ pa

X
b

cðh
A
wÞ

ba ð�wa � �wbÞ; (A27)

where

cðh
A
wÞ

ba ¼
25
16

lab

ma

1eDa

ffiffiffi
2
p ffiffiffiffiffiffiffi

lab

ma

r
Z2

bnb

Z2
ana

3
2
� 1
2

lab

ma

�
þ 433

ffiffiffi
2
p

240
Z�22a �

23
ffiffiffi
2
p

16

lab

ma
Z�12a

�
; (A28)

c
ðhAT Þ
a ¼ 125

32
1eDa

1þ 433
ffiffiffi
2
p

360
Z�22a

� �
; (A29)

eDa ¼
5629
1152

Z�11aZ
�
22a �

529
128

Z�12a
2 þ 65

ffiffiffi
2
p

32
Z�11a

þ 433
ffiffiffi
2
p

288
Z�22a �

23
ffiffiffi
2
p

16
Z�12a þ 1: (A30)

Note, in the ma=mb ! 0 limit, Z�ca ¼ Z�11a ¼ Z�12a ¼ Z�22a ¼ Z�a
and these expressions turn into (8.4.7) in Ref. 1.

For each charge state,

haZ ¼ hTaZ þ hwaZ ; (A31)

hTaZ ¼ �
paZna

kaa
c
ðhAT Þ
a grTa �

paZna

kaa
c
ðhBT Þ
a

Z2
a

Z2
rTaZ � grTa

� �
; (A32)

hwaZ ¼ paZ

X
b

cðh
A
wÞ

ba ð�wa � �wbÞ þ paZc
ðhBwÞ
a ðwaZ � �waÞ

¼ paZ

X
b

cðhwÞba ðwaZ � �wbÞ; (A33)

where

c
ðhBT Þ
a ¼ � 5

2
Sð11Þa kaa

Da
¼ 139750

53471

1þ 6928
ffiffiffi
2
p

8385
Zs
11a

Dpart
a

; (A34)

cðh
B
wÞ

a ¼ Sð9Þa Sð8Þa � Sð2Þa Sð11Þa

Da

¼ 31500
53471

1

Dpart
a

1� 139
ffiffiffi
2
p

105
Zs
8a �

46
ffiffiffi
2
p

105
Zs
9a

�
þ 1732

ffiffiffi
2
p

1575
Zs
11a þ

559
ffiffiffi
2
p

210
Zs
2a �

368
105

Zs
8aZ

s
9a þ

6928
1575

Zs
2aZ

s
11a

�
;

(A35)

Dpart
a ¼ 89600

160413
Da

k2aa

¼ 1þ 204376
ffiffiffi
2
p

160413
Zs
11a þ

72670
ffiffiffi
2
p

53471
Zs
5a �

76728
ffiffiffi
2
p

53471
Zs
9a

þ 360256
160413

Zs
5aZ

s
11a �

101568
53471

ðZs
9aÞ

2; (A36)

cðhwÞba ¼ dabc
ðhBwÞ
b � dab

X
c

cðh
A
wÞ

ca þ cðh
A
wÞ

ba ; (A37)

where dab is the Kronecker delta.

b. R-moment

The r-moment is an additional vector moment, see Eq. (8.1.2)
in Ref. 1.

Averaged over all charge states,

�ra ¼ �
pana

kaa
c
ðrAT Þ
a

T
ma

grTa þ pa
T
ma

X
b

cðr
A
wÞ

ba ð�wa � �wbÞ; (A38)

where

cðr
A
w Þ

ba ¼�
35
24

lab

ma

1eDa

ffiffiffi
2
p ffiffiffiffiffiffiffi

lab

ma

r
Z2

bnb

Z2
ana

5
2

lab

ma
� 3
2

�
þ 65

ffiffiffi
2
p

16

lab

ma
Z�11a �

69
ffiffiffi
2
p

16
Z�12a

�
; (A39)

c
ðrAT Þ
a ¼ 175

48
1eDa

1þ 23
ffiffiffi
2
p

8
Z�12a

� �
: (A40)

For each charge state,

raZ ¼ rTaZ þ rwaZ ; (A41)

rTaZ ¼ �
paZna

kaa
c
ðrAT Þ
a

T
ma

grTa �
paZna

kaa
c
ðrBT Þ
a

T
ma

Z2
a

Z2
rTaZ � grTa

� �
; (A42)

rwaZ ¼ paZ
T
ma

X
b

cðr
A
wÞ

ba ð�wa � �wbÞ þ paZ
T
ma

cðr
B
wÞ

a ðwaZ � �waÞ

¼paZ
T
ma

X
b

cðrwÞba ðwaZ � �wbÞ; (A43)
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where

c
ðrBT Þ
a ¼ 35

2
Sð9Þa kaa

Da
¼ 194600

53471

1þ 184
ffiffiffi
2
p

139
Zs
9a

Dpart
a

; (A44)

cðr
B
wÞ

a ¼ 7Sð2Þa Sð9Þa � Sð5Þa Sð8Þa

Da

¼ 17080
53471

1

Dpart
a

1þ 276
ffiffiffi
2
p

61
Zs
9a þ

417
ffiffiffi
2
p

61
Zs
2a �

590
ffiffiffi
2
p

61
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cðrwÞba ¼ dabc
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A
w Þ

ba ; (A46)

where dab is the Kronecker delta.

c. Friction term

Friction terms can be split into thermal force and friction force
components

RaZ ¼ RT
aZ þ Rw

aZ : (A47)

Thermal force averaged over all charge states,
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where

c
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If ma=mb ! 0; Z�f 1a ¼ Z�f 2a ¼ Z�ca ¼ Z�11a ¼ Z�12a ¼ Z�22a ¼ Z�a and

X
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which matches the corresponding (8.4.7) in Ref. 1.
For each charge state,
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where
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Friction force averaged over all charge states,

Rw
a ¼ �na

X
b
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A
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where
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Note
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In the ma=mb ! 0 limit, Z�f 1a ¼ Z�f 2a ¼ Z�ca ¼ Z�11a ¼ Z�12a
¼ Z�22a ¼ Z�a and
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which matches with (8.4.7) in Ref. 1.
For each charge state,
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where dab is the Kronecker delta.

d. Viscous stress tensor

Averaged over all charge states,

�pakk ¼ �
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cðp

A
u Þ
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c
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where
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If ma=mb ! 0; Z�ca ¼ Zp
11a ¼ Zp
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which matches the last expression on p. 181 of Ref. 1.
For each charge state,
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3. S-coefficients

This section gives coefficients used for results in Subsection 2
“Results”. They are used in Refs. 1, 6, and 12. These coefficients are
obtained without additional assumptions; therefore, they must
match exactly the corresponding in Refs. 1, 6, and 12.

For the heat flux,
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For viscous stress tensor,
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APPENDIX B: VISCOUS STRESS TENSOR
DIVERGENCE IN THE MULTICOMPONENT PLASMA

This appendix considers the study of the divergence r � p$ ðparÞaZ ,
taking into account parallel and drift components of the velocity
and parallel and diamagnetic components of the heat flux.

The parallel component of the viscous stress tensor (28) in an
arbitrary coordinate system is
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where b ¼ B=B and for u we substitute into Wkk the sum of the
parallel velocity, E�B and diamagnetic velocities,

u ¼ b � 1
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X
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where summation is over all ions b with charge states f and

ubfk ¼ b � ubfð Þ; q ¼
X
b;f

mbnbf:

For �ha we substitute into W
�ha
kk [using (A3)], and for haZ we substi-

tute into WhaZ
kk
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haZ ¼ b � haZk þ hðdiaÞaZ? ; (B5)

where [see Eq. (8.3.1) in Ref. 1]
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APPENDIX C: TYPOS CORRECTIONS IN THE
ZHDANOV MONOGRAPH

Here, we provide corrections to mistakes found in the eighth
chapter of the original monograph.1

Note, in this Appendix C, the temperature is given in Kelvin
following the system of units used in Ref. 1.

In the expressions (8.1.4), the numerator in the second term
has to be changed. The correct numerator is 136, not 139,
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The coefficient cð5Þa in Eq. (8.4.4) is
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The coefficient cð6Þa in Eq. (8.4.4) is
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Add Boltzmann constant into (8.4.4),
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where s�1a ¼
X
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Following the analysis given in Ref. 24 and using expressions for
the partial bracket integrals provided in Ref. 43, the r.h.s. of (8.1.6’)
should be changed to
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In Eq. (8.1.7),
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