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Hamiltonian parameters 1leads to a small
effective mass of local pairs. A problem of
interaction of coupled states with external
fields 1is discussed. The calculations are
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fermion - fermion coupling. Several
independent experiments are explained on the
basis of developed formalism.
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1. Introduction

The discovery of high-temperature superconductors (HTSC) that differ
drastically from conventional superconductors leads to a great number of
theoretical models. A small coherence length in HTSC-materials indi-
cates that a size of fermion pairs, which is crucial for the superconducting
properties, should be of the order of lattice parameter.

In this paper the formalism of tightly binding fermions in solids is devel-
oped. The main tool is extended Hubbard model with a fermion-fermion
intersite attraction. The origin of the attraction could be 'phononic’, ’ex-

citonic’ [1], 'plasmonic’ [2] or 'magnonic’ [3].

Last years indicate the power of the bipolaron theory [4], [5] and we shall
identify the local pairs and bipolarons - local pairs with phonon mechanism
of 2-fermion attraction. The presence of the attraction changes the band
structure significantly. Fermions being placed on different sites are coupled
into pairs. The continuum of electron-hole pairs is situated above the
local pair bands and does not overlap with them both in the normal and
superconducting phases — see discussion in [6]. It is the main difference of
BCS-like theories and local pair ones.

The pair size seems to be of the same order of the distance between pairs _
that appears to be rather difficult for theoretical analysis. Neverthcless
there are some papers [6], [7] that are devoted to this complex interme-
diate region of crossover from Cooper pair regime to local pair one.

A presence of a superconducting state indicates an existence of boson
type excitations, that are able to form a condensate at low temperatures.
But there are fermions (electrons) in solids as the only charge carriers
from the beginning that interact with phonons and other quasiparticles in
crystal. This interaction in HTSC — materials is very complicated both for
experimental and theoretical investigations. As a result, a large variety of
superconductivity models has been developed. Most of papers deal with
a ground state and excitation spectra on the basis of an attractive or
repulsive Hubbard model (see review [8]). Although a generalization to a
more realistic and complicated silualion is not obvious, several interesting
papers have been recently appeared [6], [9], [10]). In [9] the authors
detaily considered a ground state of such a system with rather general
form of interaction in site representation. In [10] the Green function



method was applied to the boson spectra excitations. But the latter work
was motivated by Auger experiments in noble metals and only fermion -
fermion repulsion was taken into account. -

It seems evident that future theory of the superconductivity should include
several issues:

a. Determination of an effective charge carrier with fermi-statistics and a
form of a Hamiltonian.

b. Investigation of the boson excitations - band structure, interaction with
each other and with external fields.

c. Experimental determination of Hamiltonian parameters.

This work is completely devoted to the issue b). We start with rather
general form of fermion - fermion interaction to be able to describe a large
variety of interaction forms in different HTSC - materials. To be more
definite, we postulate the effective Hamiltonian for fermi excitations in
site representation in the form:

H= —PZCLCM = Z t(m — n)c‘f.‘}c” +
M M,N

;"
+E E UMH,H'H'CI;C;CMmH' + Z BMNCLGH- (1)
MNM'N' MN

Here p i1s the chemical potential, and for example M = (m, s), where m
represents the site index, s is the spin projection of the fermion, ¢}, car
are the operators for fermion creation and annihilation on the site m with
the spin projection s = :I:%, Um N, pine - is the matrix element of fermion
interaction. This matrix is antisymmetric in its first and second pairs of
indices separately: Upyn min: = —Unmm'n' = =Upen n'me- A hopping
integral {(m — n) characterizes the fermion motion and describes a ki-
netic energy in a momentum representation. Bpsy represents an arbitrary
external field.

It must be stressed here that only fermi statistics of primordial quasipar-
ticles is important. One can keep in mind polarons, holes, magnons and
so on. The question is if the interaction is strong enough to form the local
pairs or we have Cooper pairs in high-T;. superconductors as in the ordi-
nary ones. A mathematical method in the latter case has been developed
quite accurately. The method, developed in this paper for the description



of the local pairs is based on a functional integral technique [11], that
was widely used in different theoretical investigations (see, for example,
[12}, [17], [13]). It was applied to a single-polaron problem [14] and is
used here for the local pair description of strongly interacting fermions.
Calculations appear to be rather simple in the case of short - distance
interaction. Furthermore mathematical difficulties increase slightly with a
number of accounted sites.

Below the general formalism is presented for an arbitrary form of fermion
- fermion interaction. Detailed calculations of spectra excitations and a
structure of the pairs are discussed.

2. General formalism

2.1. Main equations

The Hamiltonian H in the form (1) is quite general and its origin is not
discussed here. The external field B is written in a general form too. This
form includes the interaction with electromagnetic field and neutrons, for
example. Let’s start with partition function of the system in a functional

integral form [12]:

Z = Spe™ P4 =ch'D:exp Sie®, ¢,

s .
S{c-,c]=fn df[Zc',qéA—H[c',c)]=-/“ dr(3 " cuéa +
A A

1 -
+ E TABCACB — z ZUAB;A‘H'C_ACBCA'CB’]: (2)
AB ABA'B'

TAR — (F ‘"WFAJ'EAB-

Expression (2) is written in momentum representation where complex
index A = (pa,sa) includes quasimomentum and spin projection of a
fermion; wp, is the fermion spectrum determined as a Fourier transform
of the hopping integral; ¢ (7),ca(7) are independent grassman variables;
- A=1 /T is the inverse temperature. The external field B is omitted in this
section. To get rid of the four grassman variables product in the exponent



and introduce the bosonic variables 45(7) one can use the Hubbard -
Stratonovich transformation [15], [7] which is usually applied to consider-
ation of bosonic fields of one argument that describes boson motion as a
whole. In this latter case all the information about the internal structure
of the bound state is lost, though the results of conventional BCS - theory
of superconductivity are reproduced [12], [16]. But as far as we intend to
study the internal pair structure and the interaction of the pairs with ex-
ternal fields we should use more complex bosonic fields Y4p(7), Yap(7)".
In this case expression (2) is transformed into:

Z = / Dc* DeDvy* DypeS,
A i " , - 1 5
5y = f df[chcA b i Z TABCACB + s¥apcacp + s¥aBcycp| +
0 A AB 2 -

+ D ¥asUipapdas). (3)

ABA'B'

Our central problem is to obtain equations for the wave functions of the
coupled states and to find their solutions for the chosen form of interaction
term. An imaginary "time” Fourier - transformation gives:

S; — Z(TAB + iEIEAB]C;{E]CB{E) -+ -;" z ‘#ﬁ;g(E + EI)CA(E]EH(E’] +

teAB ee'AB
1 . - - - -_
ec'AB EABA'B'

where Matsubara frequencies € = (2n 4+ 1)7/8,¢&' = (2n' + 1)7/8 due to
antiperiodic boundary conditions for fermionic variables and £ = 27xn/#
due to periodic boundary conditions for boson dynamic variables. Now
one can integrate out the grassman variables [12]:

Z = / Dy® Dype®,
Ss= ), ¥as(EWipap¥as(BE)+Tr(inY),  (4)

ABA'B'E
n (r-ﬁﬂ + i'E‘IjAB)EE,E" VaB [E + E’}
YAB(EpE } - ( 'lblﬂ(f + El} _(rAB ' iEa.ﬂ.H)fs‘_sr :



Boson dynamic variables ¥% 5, ¥4 p having been introduced, the expression
(4) remains not very suitable for the further analysis. Next step is to

expand the action Sy around a classical action Sy[¥a]. (6Ss/6%c = 0 by
definition). The simplest case ¥, = 0, takes place: a) in 2 normal phase
(by definition), b) near critical temperature, where a condensate density
is small, and c) in a low fermion density limit. Calculations for ¥ # 0
were discussed in [17]. Here we will be interested in the normal phase of

the system.

Let’s expand the effective action S (4) in Tailor series up to the second or-
der in fields ¥% g, ¥ap around trivial classical trajectory ¥ = 0. A fourth
order in the fluctuation describes interaction of pairs and was discussed
in [18]. As it was shown in ref. [19], this term is small in a low density
region and/or for a weak fermion interaction. Here we neglect the pair
interaction and limit ourselves to the study of boson excitation spectra
and their interaction with external fields. Simple, but tedious calculations
lead to quadratic part of the effective boson action:

S? =S pape Van(E)Daas(E)Yas(E),

th(B02 4 /2)+1h(80p /2)

- g -
DAB:A*H'(E} - 4 R E+0a+01p ‘EAB"JA'B + UA"B‘;AB i

QA ="""P.4 = M.

To remove the denominator in the first term and the inverse power of
the interaction operator U, one has to make the following substitution of
variables in the functional integral (4): U~1¢ — ¢, ¥} 5 - ((EQ4 — Qp) —
¥%p, - This procedure leads to the partition function in the form:

Z=/D¢’D¢EXP{ > Vap(—Dap,ap +iEéasbps)¥an}, (5)

ABA'B'E
where
Dap,ag = (4 +Q8)0aabpp + Was,prar, (6)
1 Q Q
Wap.p'a* = i {Ihﬁz‘q + thﬂzﬂ YUaB;B' A"- (7)

Now we have to diagonalize the quadratic form of the exponent, that is to
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solve the equation:

> Dapias vl = Anuy. (8)
A'B’

Complex index n numerating the eigenstates of the system will be shown
to include quasimomentum of the local pair, its spin and a band number.
The eigenvalues A,, obey the secular equation:

DEf»{DAB;A!BI = )tnﬁjAléﬂﬂ‘} = 0. (g)

The eigenfunctions are chosen to be orthonormal:

o o = G (10)

AB

The final step consists of introducing new variables Cy(E) in the integral

(5):
YaB = Ecn':E]“E:E]ﬁ YaB = Z Ca(EYuys -
n n
This leads to the expression:
Z= anc,;ncn exp{C:(iE — A\n)Cn}. (11)

This form of the partition function clarifies the meaning of the new vari-
ables C,C, as the wave functions of bosonic excitations of energy An.
It will be shown below that uE{‘% functions describing the internal struc-
ture of the bound state must be taken into account in the analysis of the
pair interaction with an external field. Eq.(9) is the only one we need
to calculate bosonic — type spectra excitations. The pair energy depends
on its quasimomentum and spin projection. Quasimomentum and spin
conservation can be accounted for in the form of interaction term:

1
Was,B'a' = EWAB.B’A'J{A + B-A'-B'). (12)

Index A = (pa,sa) includes both the momentum p4 and the spin projec-
tion s4 of the fermion. Let variables R = A+ B, R’ = A’ + B’ characterize
the momentum and spin projection of the coupled state as a whole. One



can easily find from Egs.(6,12), that matrix D is diagonal in indices R, R'.
Several energy bands may exist and we specify them by additional index
a. It means that the complex index n in the expression (11) should incor-
porate the quasimomentum px of the 2-particle state as well as its spin
projection ox = 0,+1, united in the common index K = (pk,0k), and
eigenfunctions of the matrix D should have the form:
n) _ _(n w,o K K, o

ulld = i) = o™ = bRz, (13)
where k = 0(1) corresponds to singlet (triplet) case. The substitution of
expression (13) into Eq.(8) along with the normalization condition term

(10) lead to:

[Q4 + Qx-a — Aa(K)]z) (%, “}+ ZWAH AK=A A‘ﬁima}:ﬂ (14)

and
Y 2lem 25 = beniboar. (15)
A

These equations determine the pair structure x'_:,,?f) and the excitation

spectra A, o(K). The previous analysis shows that for £ = 0 the solution
is antisymmetrical in the fermion spin indices {z{ LT i?:.} ,) while
it is symmetrical for k = 1. It confirms the nntat.mn x = 0 for Lhe singlet

pairs and k = 1 for the triplet ones.

2.2. Equations for triplet and singlet states

Cooper pairs in the BCS theory are singlets. There are many reasons to
think that in HTSC - materials triplet pairs exist along with singlet ones
[20). Both of these possibilities are included in the system of equations
(14) and the task is to write down the equations for the singlet and triplet
states separately. It is convenient to redefine the wave functions of the
coupled states and the interaction term w by extracting the spin variables,
that are included in the indices A, A’ and so on:

:r::.“}(k p) = a:f,:f::'},

Wa,o-s,0-atar (P K = Pi Kk — P, P') = W K- AiK- A" 4

10



Here as usual: K = (k,0); A = (p,s);A = (p’,s');0 = 0,%1;5 = i%,
Lower (spin) indices of the interaction w are restricted to the values +3
by definition.

Let us rewrite Eq.(14) using these notations for each spin projection o of
a coupled state. The equation for ¢ = 1 becomes:

[ + Qu-p = Ao (K=} (k, p) +

+7 Y wg s k- pik—p',p) 20 p) =0, (16)
pf

This equation is apparently symmetrical in the spin indices and its solution
should describe triplet states. We marked it by setting x = 1.

The case ¢ = 0 is more complex, because of the contributions from triplet
and singlet states. Accordingly, one obtains the system of two equations:

[Qp + Qu—p — Aa(K)Jzi; (K, P) +

1 r oy (ke
+Z Z[w*,—-‘]’-;—:},.{- [P:k-P;k_p ,P}I{ ][k P]

+wy _pa 3 (P k= pik -, p) 2l (k,p)] =0,

[Qp + Re-p — Aa(K)]55%) (K, p) +
1 ' (=,a)
L ;[w-;ﬁ*;_ 1.y (P k—pik—p',p) 2,1 " (k,p) +
+w_g 111 (p,k—pik-p’,p') :gf-_“;(k,p*}} = 0. (17)
A nontrivial solution to this system exists only if both equations are equiv-

alent. This equivalence is guaranteed by antisymmetrical properties of the
z and w functions:

=53 (k, p) = —z{+)(k, k — p);

Wy a0 a0 (P, P P PY) = —wye yqu o (P!, p; ", p™) =
= —w, 0 00 (P, P P, P"] .

11



For this reason we consider only the first equation of the system (17) in

the following.

The equation for the symmetrical in spin indices solution (::Dl'% ){k,p y=

{1 "](k p’)), has the form:
(@ + Qup — Aa(K)lzg, 1 (k. P) +

+_Z[w%__ﬁ_1(p,k p; k- P P)+

Ll E - 13-

twy _ya 3 (pk - pik— P, p)lzg (ki p) = 0. (18)

Eqs.(16) and (18) describe the triplet states with different spin projection.
It will be shown below that these equations are equivalent.

The equation for the antisymmetrical in spin indices solution to the system
(17) (=" “](k p') = —z %) (k, p')) describes the singlet states:
[Qp + Qe — Ra(K))zg (k) +
+4- 2[W;,_;;- 11(pk—pk—p,p)-
P

—wi 11 _1(p,k-pk-p,p)lz; % “}(k p)=0. (19)

It is useful to express the interaction matrix w in Egs.(16),(18) and (19)
in terms of the Hamiltonian parameters. In a more detailed form the
Hamiltonian in the site representation may be written as:

1 1
H=- Z anrzlmpn\ac;:.,C:I’lelsl:ﬂt', + {20]
mnmm: :
2

+_ Z U’F"g mn (C’T‘t‘c:-" T c;,—lc:.r}(cm’.lcn‘.—- p ﬂm'.-lﬂn*.-) o

mnmn‘ ]

1 3 . i

T4 z: ( "]‘ ym! "’{c n,—; = c+ c+ (Em'.:ﬂn',ut == ﬂm’,—a‘-‘-n’.a}r

mnm'n’

where s = 1/2. The first two terms are responsible for the triplet interac-

tion (matrices U,E.._z iy Uf,f,l min¢ are antisymmetrical) whereas the third

12



termn describes the singlet interaction (matrix Usz_m,n, is symmetrical).
A comparison of the two equivalent expressions for the Hamiltonian (1),

(21) gives:
(1)

Um.s;n,l;m‘,:;n",i . Um,—l;ﬂ,—l;m’.—l;ﬂ'.—l = Umn,mn"
Um.l;n,—:;m',l;n',—l =Umanasm' —sn's = U,E-:.llmrﬂf = U,Efim!nt;
Um.t;n,—:;m‘,—s;n'.s i Um,-:;n..;m",a;n',—-; - U,E:.}:'mrnf =+ Uf,‘:flm.n.. (2])

Here the site and spin indices are shown separately for the sake of clarity.
It seems reasonable to suppose that the form of the interaction depends
only on the spin of a 4-fermion state, rather than on its spin projection.
It leads to an equality Ur';lim,ﬂ, = Ur'film,ﬂ. , that, being not very impor-
tant, makes calculations more easy. Using Egs.(6), (12) in the momentum
representation we may insert the Hamiltonian parameters (i.e. matrixes
UM, U and U®) into Eqs.(16),(18) and (19) instead of the function w.

After some transformations one obtains the equation for the singlet states:

[ + Qu—p — Ao,a(K)]z857 (K, p) + (22)
0,cx r
+1(thEe 4 th2%e) Y UL) o o o2k, p) =0, 5=}

Both of equivalent Eqs.(16), (18) for the triplet states may be transformed

to:
[% + Qu-p — A a(k)]zi" (K, p) + (23)
{1 1,

+i(endge + h83my 5 L U)o o sl (kP =0, 0 =0,%1.

Equations (22),(23) may be solved numerically though they are too com-
plicated yet. As it will be shown below, the account of the finite number
of sites in the interaction parameters (1), U(2), U3 permits to simplify
the calculations significantly. An example of such a model is discussed in
the next section.

2.3. Spectra of 2-particle excitations. 1 — 2 model

Let us fix up the form of the fermion — fermion interaction. It takes into
account the interaction on the same or neighboring sites (1 - 2 model).

13



The interaction parameters U(1) U(2) U®) (see expression (21)) in the
momentum representation have the form:

(1) (2)
ik U

p-kik'—p'p’ — “p,p-kk'—p'p’ —
= b Uiz Y _[cos(p — p',1) — cos(k — p — p',1)]
1

U;?E:-H;k—p*.?’ = 6kk'{ul1 +

+Us2 Y _[cos(p — p',1) + cos(k — p — p', )]},
1

where U, is the interaction energy of the fermions in the triplet state
and U,2,U,; are the intersite and onsite interaction of the fermions in
the singlet state; 1 is a lattice vector. Substituting these expressions into
Eqgs.(22, 23) one can obtain:

2o (k, p) — 2LkpUi2 ¥y sin(tk — p, 1)
x ¥ sin(k - p', )28k, p) = 0 (24)

- for the triplet state and
0,
:E'l,:a}{kl p} e Lkp Epr[Un _
+2U,2 ¥, cos(bk — p, cos(3k — p',))z8s(k, p’) =0 (25)
-for the singlet one. Here the notations are:

B 1th(8Qp/2) + Ll oo p=1) cos(kl) - p,
1

D M) = =D

p is the internal momentum variable and the hopping integral is supposed
to be {(m —n) =1 # 0 only if m = n+ 1. These equations obviously lead
to the following p - dependence of the pair wave function:

dirn

., 1
26,7k, p) =Lip y_ A; (k) sin(5k — p,1), (26)
=1
5 dim 1
2o (k,P) =LiplAL (K) + 3 A (M) cos(Gk ~p. 1), (27)

I=1

14



where index | = 1 for 1 = ({;,0,0), { = 2 for 1 = (0,,,0), | = 3 for
1 = (0,0,l;) and dim stands for the dimensionality of the system. The.
lattice vector 1 numerates in a natural way the triplet bands and there-
fore the number of the triplet bands is equal to the space dimensionality.
The coefficients A$(k), A{")(k) A{")(k) are determined by substitution
of these functional forms into Eqs.(24, 25) for the wave functions. The
equation describing the triplet pairs appears to be diagonal after this sub-
stitution and is transformed into linear independent algebraic equations

for the functions AFJ[k]:
(1 —2U Hi(k)] A (k) = 0,1 < dim

where H; = ZP Lgp sin ’(%k — p,1). The excitation spectra are obtained
from the equations:

1 - 2U;2Hi(k) = 0, (28)

while the coefficients Afr](k) are derived from the normalization condition

(15) which is now written as }__ | 28" (k, p):::‘(,fja )(k,p) = a,ar. With
the account of Eq.(26) one obtains:

-1/1
A}'} = (Z LEP sin?( %k -p, l)) .
P

As a result of the diagonalisation the triplet wave functions (26) appear
to be rather simple:

il
22k, p) =Lk pA; () sin(5k — p,1). (29)
The singlet pair case is more complicated. Nevertheless one can obtain a

linear algebraic system of 4 equations on the coefficients Af]'](k),A::'}(k]
by substituting expression (27) into Eq.(25):

(i- M) =0, (30)

= 19



where M is the matrix of rank 4:

U.IIID U”I] U;:I.IE UIIIE
o 2U,zhy 2U,20hy 2U,25h2 2Us20hs (31)
T | 2Us2la 2U,2lay 2U,2022 2U,2123

2U 213 2U 9l 2U,2l3z 2U,2133.

and

Io=Y_Liy; h=3,Lap cus(%k -p,l);
Iim = 3, Lip cos(;k — p, 1) - cos(;k — p, m).

The matrix M is written for the 3 - dimensional system. The same matrix
for the 2 — dimensional system may be obtained by omitting the last col-
umn and the last line. For a 1 — dimensional system this simple procedure
must be repeated. The spectra of the singlet states are found by equating
the determinant of the system (30) to zero:

Det(i - M) =0, (32)

whereas the structure coefficients 43" (k), A$*)(K) describing the wave func-
tion of the singlet pair (27) are found from Eq.(30) and the normalization
condition:

« (0,2
EII(J?;“}“‘*P) zt(l,aa J(k- P) = ba,ar
P

Now we have to find the excitation spectra of the local pairs by utilizing
formulae (28) - (32). The numerical calculations have been done in the
units: Dpo = 4. The results are represented in Fig.1 for the interaction
value of U,; = +8 (repulsive onsite interaction term); U, = —6.8,U;2 =
—6.5 (attractive intersite terms for both the singlet and triplet states).

Here the most interesting case is considered: onsite repulsion (Coulomb
force predominance) and intersite attraction. The concrete value of onsite
repulsion has only a small effect on the character of band structure. The
explanation is clear: two coupled fermions are placed on neighbor sites
mostly where attraction dominates and ”don’t feel” onsite repulsion. On
the contrary, the value of the intersite attraction is important for the deter-
mination of low - lying bands. This situation has been analysed in detail
in [6]. The authors argued that the gap between the local pair band and

16 -



the polaron band, that is placed above, increases with the coupling con-
stant when considering onsite attractive Hubbard model. The substitution
of the onsite attraction by the intersite one does not affect this qualitative
result. The choice of the attraction value U,2 = —6.8 is in agreement with
experimental data on infrared absorbtion [21], neutron scattering [22] and
gives reasonable mass of local pairs.

It becomes evident that the band structure is not as simple as in the stan-
dard 1-site attractive Hubbard model. There are additional gaps between
the singlet and triplet bands, along with large ordinary one. Each of the
singlet and triplet band in its own turn is splitted into two subbands. This
may explain those contradictions that seem take place in determination
of the gap value from different experiments. A one — particle (polaron)
band is lying higher with the energy of its bottom being equal 2.0. It is
necessary to normalize our relative units. As it will be shown below the
experiments discussed in this paper can be fitted with the polaron band-
width D,o = 19meV and the gap between the lowest bipolaron band and
the bottom of the polaron one A = 10meV (see Fig.3). It means that
our energy unit is about 5meV corresponding to the chosen value of the
intersite attraction of 34meV/ (6.8 - 5meV'), that seems realistic.

Another interesting conclusion concerns a mass of the local pairs. Ac-
cording to the wide-spread point of view the local pair mass should be
large enough this being considered as a shortcoming of local pair theo-
ries. Our calculations demonstrate (see Fig.1), that the situation is more
favorable: the width of the lowest singlet band is only 3-4 times smaller,
than the width of the fermion band. It gives the mass of the local pair
m*™ ~ 3 +4m"*, where m" is the effective fermion mass. One can notice
finally, that the triplet pairs appear to be several times heavier than the
singlet ones for this set of parameters.

3. Local pairs in external fields

The excitation spectra and the local pair structure studied above may be
used for theoretical investigation of thermodynamic and kinetic proper-
ties of the systems with the strongly interacting electrons. On the other
hand there are many experiments dealing with the interaction of HTSC
materials with different external fields. For the theoretical explanation of
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these experiments one has to know the form of the interaction of the pairs
with the external fields. The corresponding vertex functions should be
obviously dependent on the internzl structure of the coupled state. The
interaction of the fermion with the external field presented in Eq.(1) for
the Hamiltonian is of rather general form. It includes, for example, the
interaction with neutrons and electromagnetic field. By integrating over
the grassman variables in the same way as it was done before, one can
obtain the action in the form (4), with the matrix Y depending on the
external field:

_f Yu Y
Ypp = ( Yay Yoo )' (59)

Yi1 = (rppr + iebppi)b, o + B(e — € Jppr, Yiz = ¢ (E s )PP* ;

Y2 =¢° (t +f')Ppr , Yaz — (rpps + i€bpp )6, — B(e — € Jppr.

In Eq.(33) all matrices are written in the momentum representation and
an imaginary ”"time” Fourier — transformation is assumed. Expanding this
expression up to the second order in the fields ¥, ¥* and to the first order
in the (weak) field B, one can obtain the effective action for the local pairs
in the external field:

Z = [ DC*DCexpS(C*,C),

S(C*,C) = C¥*) (k,E) (iE — Aea(k)) CS*) (k,E) +
+C) (k,E) rise<e) oy g, X' ,E') cf,:"“’] (K ,E").

oo’

Here the summation on the repeated indices is assumed. Eq.(14) and the
orthonormal basis (13) were used in the derivation of this equation. The
vertex I' has the form:

plesde) (k,E, k' ,E") =

=AY B e k=K B iR )

oco's (k = kl)' (34}
Here the formfactor
FEn k- k) = 3 20 e, k- p)als o) ('K = p),  (35)
P
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depends only on the structure of the coupled state. The external field is
written in the more convenient form — with the spin index extracted and
translational invariance taken into account: Bpp«(E) = B,, . ,(p—p’, E).
As it was mentioned above, the vertex of the interaction of pairs with the
external field depends on the frequency, the wave vector of the external
field and the wave functions of the fermion pairs. One can see that the
slowly varying field is not sensitive to the pair structure. A simple test
shows that in this case the vertex of the singlet local pair interaction
with the external field equals to zero. For the triplet pairs it is twice the
interaction of the fermion with the field. The behavior of formfactor (35)
plays a significant role in the theoretical explanation of experiments on the
scattering of particles on the local pairs. For example, at low temperatures
and small transferred momenta the transitions appear to be suppressed.
The reason is quite obvious: at the low temperature the local pairs being
bosons are condensed at the lowest level with the momenta k = 0. The
transitions into the upper bands with approximately the same momentum
are suppressed due to the orthogonality of the wave functions with different
energies: F(k—k' =0)=0.

The typical formfactors of the transitions from the lowest singlet band to
the upper singlet or triplet one are presented in Fig.2. There is also the
formfactor describing the transitions inside the lowest singlet band. The
transitions into the second triplet band are forbidden for chosen transferred
momenta k = (kz,0) due to the orthogonality of the wave functions. The
evident momentum dependence of the formfactor confirms its importance
in the interpretation of experiments.

4. Tunneling between bipolaron superconduc-
tor and a normal metal

The investigation of the tunneling through superconductor - normal metal
junction provides an important information on the excitation spectra of
superconductors. In the low — temperature superconductors accurate ex-
periments confirmed unambiguously the BCS theory. Experiments on high
~ T, superconductors are much more complicated and far to be obvious
for the explanation. There is no general consensus still on such impor-
tant tunneling features, as the number of gaps in superconductors (one or
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* two [23, 24, 25, 26)); the existance of a smaller gap; the ratio 22 which
varies from 0.7 to 2 - 12 in different experiments.

The main features of high — T, junction, which have been observed more
or less firmly, are the presence of a large gap and the asymmetry of the
tunneling current. A lot of experimental papers report on asymmetry, but
its value varies from very small [25, 26, 27] to rather large [27, 28]. The
observed temperature dependence of the gap is weak (if any) [25, 26]. The
authors of paper [29] presented experimental data on the tunneling current
with the asymmetry depending on the density of charge carriers. There
are several papers that represent symmetrical conductivity curves (25, 27]
as well.

The features mentioned above are not completely explained. Several the-
oretical models were suggested. First calculations on the basis of the local
pair model [31] or bipolarons [32] led to a strongly asymmetrical tunnel
conductance at low temperatures. To improve the situation and explain
the asymmetry, the authors of the paper [31] supposed a smaller coupling
interaction near junction than in the bulk material. In the paper [30]
authors supposed the existence of local centers in high — T, material and
obtained symmetrical curves, but they did not obtain any peaks in the
£7—V characteristic. The authors of the paper [33] applied the idea of a
local level and considered a potential barrier in the junction that contained
localized electron states. In the framework of this model the low-energy
gaplike structure and the experimentally observed two-gap behavior of the
conductivity at low voltages was obtained. In Ref. [32] the tunnel current
was studied in the framework of the bipolaron model. The existence of
both large and small gaps and the origin of the asymmetry were explained
there, but the theoretical tunneling conductance was too asymmetrical
compared with the experimental one.

In this paper we propose a one-particle tunneling mechanism in the bipo-
laronic superconductors and explain several experimental features of the
tunnel conductivity curves. We discuss here the simplest form of the model
and neglect the tunneling of pairs because of the smallness of the two-
particle tunnel probability comparing with that of one-particle. As it was
predicted in the paper [32] and will be shown below, the accounting of
the polaron band leads to a good agreement with the experiment. We
considered as an example YBaCuO superconductor.
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We investigate the tunneling through the superconductor — normal metal
(SN) contact on the basis of the bipolaron theory of high - T¢ [32, 5]. We
explain the asymmetry of the tunneling current, the mechanism of varia-
tion of its value from very small to an arbitrary large and weak temperature
dependence of the experimental gap.

4.1. The tunneling mechanism

As it has been mentioned above, we choose the simplest form of tunnelling
mechanism in the framework of the bipolaron model for high-T, supercon-
ductors [5]. There are two different mechanisms for tunneling of charge
carriers: two-particle tunneling, discussed in Ref. [32] and one-particle
tunneling. In this paper we consider the second one assuming that the first
mechanism is exponentially suppressed. At positive voltage V (Fig.3a) a
process of tunneling consists of a bipolaron decay into an electron in a
normal metal and a polaron in a polaron band of the superconductor. Ev-
idently, this transition is allowed only at V> A (T =0,e=kp=h = 1),
where A is the gap between the bipolaron band and the polaron one. At
the negative voltage V < —A the usual tunneling of the electrons into the
polaron band takes place (Fig.3b). As one can see from Fig.3, tunneling
mechanism is different at V' > 0 and V < 0 which explains the tunnel cur-
-rent asymmetry. The effect of the polaron tunneling into a normal metal
at positive voltage is negligible at low temperature when the polaron band
is practically empty. Effects of upper bipolaron bands, such as triplet
and d—wave [34] bands considered to be suppressed for the same reason.
Two—particle tunneling from the upper band contributes only to a fine
structure of the gap at a very small voltage. So, we suppose that different
mechanisms are responsible for tunneling at different signs of voltage. To
study these trasitions we use the standard tunneling Hamiltonian method
(16], [35] and assume the Hamiltonian in the form:

H=Hs+Hy+Hr+V) afay, (36)
k

where Hr is the Hamiltonian of the bipolaronic superconductor with a
strong electron coupling, Hy is the Hamiltonian of a normal metal.
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The normal metal (N) is described by the Hamiltonian

Hy = kaa:akl {3T)
k

where a:.ak, are the creation and annihilation operators for electrons in
the normal metal, £x is an electron energy. All energies are measured from
a chemical potential level. The superconductor (S) assumed to be the
material with bipolarons described by the bipolaronic Hamiltonian [5] as:

Hs =Y Epblb,+ Y eqchcq, (38)
p q

b}, bp are creation and annihilation operators of bipolarons, ¢}, cq are
polaron operators, Ep, £q, are energy spectra of bosons and polarons re-
spectively. As it follows from the previous discussion the tunneling Hamil-
tonian may be written in the form:

1 :
) pak

+ Y (Mauxctax + M, afcq), (39)
q.k

where Dy, g k is the matrix element of the bipolaron decay into a polaron
(in the polaron band) and an electron (in the normal metal); Mq k is the
matrix element of the electron transition into a polaron, N, is'the number
of cells in' the superconductor. The determination of the tunneling matrix
element is not simple problem, but as it will be pointed out in the next
part, the main features of tunneling curves are independent of the form
of the matrix element and we consider a simplest case, Dy q x = constani
and Mgq x = constant.

4.2. The tunneling current

Our starting point is the calculation of the tunneling current using the
standard method of the tunneling Hamiltonian [16], [35]:

< J >=< % >= —Im < [Hr,N] >, (40)
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where < J > is the tunneling current , < ... > means equilibrium state
average. N is the operator of number of particles in the normal metal. We
choose the cubic cell units for the sake of simplicity. The calculation of
the commutator (40) gives:

1 N
<J>= = 3 [Dpax < bfcqan > =Dy qu <bpafcy >1=  (41)
p.q,k

— Z[M‘l-—]‘ <clax > —Myy <afeq>]
q,k

This expression may be written in the form:

1
p.ak

1 q,k
(42)
The averages < b}cqax > and < c}ayx > are found from the following
equations

d
4 < bleqax >= — < [H, b cqax] >

d
e ctax >=— < [H,cfax] >

and for the tunnel current we obtain:

N o N i
A ) - 0]

_ 2 (1 k
<J>=2Im Z | Dp,qx | —Ep+eq+Ec+V —ib

p.a.k

(43)
Z: W
S | Mq.k I . '

M) = fMM () and fP) = fPeD(eq) are Fermi distributions of elec-
trons and polarons, ¢, = @(Ep) is the Bose distribution of bipolarons,
©p = nodp pe +r,a;_, , np is the number of particles in the condensate at
temperatures T < T.. The spectra of particles are chosen in the forms
Ep = p?/(2my), eq = q*/(2m,) + A, & = k?/(2m.) — EF + &o, &o is the
additional energy of the electrons in the normal metal. This energy shift
usually appears when one connects two pieces of different crystals to make
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their chemical potentials equal. We accounted this value using a condition

<J(V=0)=0>.

The second term in (43) describes the electron tunneling from the normal
metal to the polaronic band and vice versa.

The first term describes the bipolaron decay. One of two electrons consti-
tuing a pair tunnels to the normal metal and the second goes to the polaron
band simultaneously. At T < T. the charge conservation is provided partly
by the bipolaron condensate motion with a momentum pgo # 0. The esti-
mation of this momentum using the known values of the current leads to
a small value of the boson energy Ep, < 10~2meV and may be neglected
in the calculations. We assume Dy q x = Do, Mg,k = My for both matrix
elements to simplify our calculations. The final expression for the tunnel
current is:

Vo, g (A+D)/T 5
ol e An ;;;fﬁ- ler dry/T — ﬁle:f( (ir—* V;T—EQKT}—
‘ 2 (A+D)/T
~100@)| ~ a1 [ do/s= BTT [z + V/T+
m, a/2T
wiT (a+D)/T
+£&/T) - 1“'"”(:}] -T37f dw’-'?f dy\/y— &[T
0 a/2T
- [tp’{z) (M2 +y+VIT+&/T) - [00@) - (49)

— [P (y) SN~z — y — V/T - &/T)

2

2\/- 3f/2 3,"‘2 3;"2|M |2\/E;‘-N1N2

WE

J"‘lu=

where my, mp, m, are the masses of bipolarons, polarons and electrons
in the normal metal respectively; D = D, is the polaron bandwidth;
v = |Do/Mo|?, and po is the number of particles per cell in the condensate.
The first term in the expression (44) represents the 1-particle transitions
between the polaron band and normal metal. The second term describes
the decay and the transition of bipolarons in the condensate. The third
term i1s the same one for supra-condensate bosons.
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The density of the bosons in the condensate pg is calculated using the law
of the particle conservation:

N =2Ng + 2N, + NP,

N is the number of charged fermions, N is the number of bosons (bipo-
larons) in the condensate, N¥ is the number of particles in the polaron
band, NP »0 18 the number of the supra ~ condensate bosons. More detailed
equauon has the form

m:a,!: 3f2 (A+D)
o= 8-V [ apyEpen - e [ dveR s

p is the number of particles per cell, pg is the number of the condensate
bosons per cell.

Lel us compare now the values of the matrix elements M and D. Both of
them contain matrix element of one - electron tunneling through junction
that can be estimated in standard form [36]:

M ~ exp{— [ \/2m.(U — E)}dz and D ~ exp{— [ /2m.(U — E')}dz.

Here U is the potential of the barrier (the same for both matrix elements)
and E, E' are the energies of a tunneling electrons. Keeping in mind that
E—-FE ~ A~ 10meV << U ~ leV we can put M == D and the value of
v will be of the order unity. Of course, this is only an estimation and we
consider v as a free parameter. As we will see below, the value v ~ 1 does
not contradict an experiment.

The main contribution into the expression (44) at T' <« T is given by the
first and the second terms, because of small number of supra-condensate
~ bosons.

At T = 0 the expression can be calculated analytically and < J > takes a
form

o 5 Wi<A -
Jan? “w AYVZ, A<V<A+D
<J>= M.fzxi—ﬂﬂ AP ?ppy, A<-V<A+D
m, ?w A3, V>A+D
{ —2(b-A)¥%psy, V<-A+D
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and g{r— is

0, V<A
aj _, Vi | (V-A) A<V <A+D (45)
av 0 3 (V|- A)%yp, A<-V<A+D
’ 0, IV|> A+ D.

We calculate also the tunnel current with the other form of the matrix el-
ement, (N P) Mg = Mo./qz. This momentum dependence is well known
in the case of the ordinary one-particle tunneling [16], [35]. The same
result takes place for two-particle tunneling [32] as well. In this case the
tunnel current has the following form at 7" = 0:

&> Vi< A
—2(|V]| - A 2yp0, A< -V <A+ D
J=A1 x{ V4/2-VA, A<V<A4+D (46)
~2(b- AP ?yp, V<-A+D
| 52/2 - bA, V<A+D,

where
N = V2| DR /(| Mo[?), A1 = 8v2mZm;/*|Mo[*VEF Ny Na/(x°)

and the conductivity has the form:

& V]| < A
dJ (IVI-A)Y2yp0, A<-V<A+D
E:A;x{ V- A, A<V<A+D (47)
0, Vi>A+ D,

One can see by comparing the expressions (45) and (47), that the main
features of the tunnel conductivity (the wide gap, the existence of two
peaks and zero conductivity at high voltage) do not depend on the form
of the matrix element.

Let us consider the results of numerical calculations of the tunneling cur-
rent at the different parameters v, p and temperature T using the formula
(44). Temperature dependencies of the tunneling current are represented
in Fig.4. One can see that, in spite of different mechanisms of tunneling at
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¥V > 0and V < 0, the temperature dependencies of the value of both peaks
are similar at a wide range of temperatures. In Fig.4 we present the asym-
metry of the curves for different values of the parameter yp (Fig.42,4b). A
slight variation of the charge carrier density p or junction structure, that
is represented by the parameter 7, leads to the alternation of the asymme-
try. This might be a reason. for the difference in the experimental results
of Ref. [25] and of Ref. [26].

One can see from the inset in Fig.4a that the effective gap A,y increasing
with temperature decreasing. The physical explanation is obvious: the
bosons leave the condensate and fill the upper levels of the boson band. It
leads to the decreasing of the effective gap between the boson (bipolaron)
and the fermion (polaron) bands. -

The Fig.5 represents the comparison of our results with the experimental
data. Fig. ba is obtained with the parameter yp = 1.8 and fits the
experiment [27] at |V/T.| < 2. The experimental asymmetrical tunneling
current in Fig.5b was found in Ref. [27] as well. It may be fitted by
our theoretical curve with the parameter yp = 1.28. It is assumed that
the junction structure varies for different samples that leads to the small
variation of the parameter yp. The behavior of the experimental curve at
|V/T.] > 2 is explained to our opinion by a phonon contribution that is
considered in the next section.

4.3. The role of phonons

Our theoretical results are in a good agreement with experiments at low
voltage and describe the gap features quite well. But as one can see in Fig.5
there is an essential difference behavior of the experimental and theoretical
curves at high bias-voltage.

We have considered above the tunnelling processes where an absorbtion
and emission of phonons were neglected. It will be shown here that the
phonons considerably improves our fit. We keep in mind that only emission
is essential at low temperatures. Here only one-phonon emission is taken
into account. A momentum dependence of the phonon energy is neglected
too. The calculation leads to the tunneling current of the form,

J=Jo+ J1. (48)
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Here Jg is the expression (44), and J; is the one-phonon contribution

2 A4D)/T
< Jy >= zAu{\/i—wTa"zf dz\/z — AT (49)

mf” 2 AT

[f™(z - VIT - €/T - w/T) — *°(z)]-
A+D)/T .
_Ver? T3/2yp, f dz\/z — AT [ﬂ” Nz + V[T +&/T +w/T)g-

3/2
mb; AT

w/T A+D)/T

_fool) (5) — T3y /; d5J/5 dy\/y — AJT-

AfT
{6(2) (F™(z + v+ V/IT + &/ T +w/T) - o) () -
—feoD () M)~z — y = V/T - &/T - w/T)]},

z is the multyplaer that contains the constant of the electron-phonon in-
teraction.

The expression (48) for T # 0, calculated numerically at arbitrary temper-
ature, is shown in Fig.6. It becomes evident that the phonon radiation is
responsible for the behavior of the tunneling current at high voltage. The
phonon radiation increases effectively the width of the peaks and does not
influence the gap width. Similar phonon structure has been observed in
the experiment that was described in paper [37].

The bipolaron model [5] appears to be able to explain the main experi-
mental features of the tunneling current. The mechanism of the tunneling
current consists of the bipolaron decay to the polaron in the superconduc-
tor and the electron in the metal. This model explains the experimental
value of the gap, the form of the gap peak, the different value of the asym-
metry in different tunnel experiments. The temperature dependence of
the gap is one of the hallmarks of the BCS theory. Our result on the tem-
perature dependence of the gap width is shown in the inset of Fig.4. This
curve 1s not similar to that of the BCS theory.

Taking into account of the phonon emission even in the simplest form
improves the agreement with the experiment at high voltage.

28



5. Neutron scattering

There are several experiments with superconducting Y Ba;Cu3Og4x,
where the intensity of scattered neutrons has been measured very accu-
rately at low temperatures. The main, still unexplained feature of the neu-
tron intensity is its nontrivial behavior near the center of Brilluen zone.
We show in this section that bipolaron theory explains rather good this
feature. The energy and temperature dependencies of intensity as well as
sinusoidal modulation of neutron intensity in c-direction are considered.
"~ We discuss also the reason of noticeable decreasing of the neutron inten-
sity above critical temperature T..

The interaction of electrons with an arbitrary external field (1) causes the
complex interaction of bipolarons with the external field. As was shown
in third section, the vertex is dependent on the bipolaron wave function
structure. More general expression of the Action incorporating the triplet
states has the form:

S1= 3B (B NGB - Bk KBEIEK),  (50)

{a n‘](E Ei k, K’ ) st QZB{I"—IU-I(E EJ' k kflen}-(k p}z(ﬂ' }(kjip)i

u' a’
P

where .ru )(k, p) = u(®(k, p) is the wave function of the singlet bipolaron,

5%k s(k,p) is that of the triplet bipolaron, s = +1/2 is a spin projection

of an electron in the coupled state, ¢ = +1 is the spin projection of the
bipolaron, &':':'} (E, k) is the creation operator of the bipolaron with spin

projection o = 0, £1, energy E and momentum k at the band «, I{“} (k, p)
is bipolaron wave functmn The expression (50) is quite general and may be
used not only in the particular case of the neutron scattering. We propose
the original neutron - electron interaction is described by the vertex:

Hne = E '}‘lr*ruCj—.rp’ch*‘l’“;r.p“'uq's(l‘+?r_ q—q')8(sp +5p: — 54— 5¢1)-

se@) Cs,q are the creation and annihilation operators of neutron
with spin s, and momentum ¢. Considering the expression

Here C#

A"r“tcj;rp‘cﬁ.lq*ﬁ(p o p, el * by q’]ﬁ{sp + Ep’ = Eq . qu}
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as the special case of external field in the momentum representation, we
obtain the part of the Action responding to neutron-bipolaron interaction
from Eqs(50) in the form:
Sr =25 Ay, -a LNk, K)5(p — p’ + k= K')b(s — 5’ + 0 — o)
5(E—E' +¢— .sf)bf“"us, K)b{S " (B K)CH (e, p)Curl€', P'),
(51)
where the vertex th;f' }(k, k') includes the wave functions structure:

Flam i) = 3 28 (&, p)5 ) (¥, p). (52)

a,a!

5.1. Neutron intensity calculation

The main peak of the neutron intensity at approximately 40 — 41meV can
be explained by the neutrons scattering on the bipolarons with consequent
decay of the last into two polarons. The experiments discussed above were
carried out at definite energy and momentum transfer. The well known
formula for neutron intensity [38] is transformed into:

[=-—%w const——o—Je¢ ______.
dgedgardw V@ nap2—[mnw+q2/2—gene)’ (53)
- [ d*kd?p1d*pa F*(qas)np (Ex) [1 — nF (6p,)][1 — nr (£5,)]-
ﬁ[k b Foll 1 —'])2}6 (EJ-' T~ Epy — EF‘:) |

where the expression (51) is used for calculation of the matrix element.
The multiplier arises due to variable exchange df? — dga.sdg.. Here we
denote q. and g4 are momentum transfer parallel to and perpendicular
to c-axis, w is the energy transfer, dw is the probability of the necutron
scattering with definite energy and momentum transfer n is the neutron
momentum, m,, is its mass, E},k are the energy and momentum of initial
bipolarons, €p,,€p, and pi,p2 are the energies and the momenta of final
polarons, ngand ng are Bose- and Fermi- distributions. Formfactor F' of
transition from the lowest bipolaron band into the polaron one has been
calculated as discussed in previous section:

F(q) = singz/2 - sin(k./2 = pz — 4=/2) + sinqy/2 - sin(ky /2 = p, — 4y/2)
The polaron spectrum is supposed to be

ep = A+ (D~ D')(2—cos pz — cos py) + D'(2 — cos(pz + py) — cos(pz — py),
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The last term corresponds to nexi-nearest neighhni’ hopping [39] and sup-
posed to be a small correction (D' << D).

The results of numerical calculations of q,3 and w dependencies at tem-
perature T=0 are represented in Fig.7 and 8. The peak at the 2d-zone
center (Fig.7) is explained quite easily keeping in mind the form of the
formfactor F(q). Indeed, there are only singlet pairs with zero momen-
tum at T=0 and we have k = 0. The analysis of the expression for the
formfactor indicates its monotonous increasing with momentum transfer
up to the zone center q = (m, 7).

The polaron bandwidth D and the gap A belween lowest bipolaron band
and polaron one are responsible to the position of the wide maximum in
Fig.7. Here the values of the parameters appear to be: D = 19meV, A =
10meV in good agreement with that extracted from tunnel experiments
(40, 41].

The width of the calculated peak is determined by the single fitting param-
eter D'. One can note however, that the experimental width depends on
several effects, such as phonon emission, experimental inaccuracy in energy
measurement, secondary scattering of the neutrons in crystal and so on.
As a result, the value of the parameter D' may be changed significantly
and obtained value should be considered as its maximum value.

The temperature dependency are shown in the Fig.9. Evidently, the evap-
oration of the bipolaron condensate with temperature is responsible to
intensity decreasing. The effect above T, exists, but small enough to be
detected. The coincidence with experimental results [42] is rather good.

The bipolaron transitions into upper bipolaron bands are responsible to
the neutron scattering at less energies [43]. Their intensity are small in
comparison with the peak alt 41 meV for 2-particle phase volume in the
final state (neutron + bipolaron) is small in comparison with 3-particle
one (neutron + two polarons).

The dependence of the neutron intensity on oxygen concentration can be
understood in the basis of our model if one notes that oxygen doping
changes the crystal structure and hence the polaron interaction energy. It
change in its turn the bipolaron band structure discussed above.

Magnetic susceptibility is proportional to the square of the matrix element
in question. It is usually considered proportional to neutron intensity at
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T = 0 as well, supposing the phase volume being constant. Here we see
that this is not the case, though essential features of the neutron intensity
_are preserved in an expression for magnetic susceptibility.

- .

5.2. . dependence of neutron intensity

Till now we were dealing with g-dependence in ‘a — &' plane, where cells
are practically square and we are able to use our model for the calculating
of the wave function structures and neutron intensity. The calculation of
the intensity as a function of momentum transfer in c- direction is more
difficult problem, because we have to include the second Cu-O plane into
consideration. Bul we will show here that only a supposition on bipolarons
existence allows to explain the experimental behavior of neutron intensity.
The experiment [43], [44] shows the sinusoidal modulation of intensity and
slow decreasing of the amplitude with momentum transfers g, normal to

the CuO planes.

Let us suppose a bipolaron, being placed in the definite CuO plane (z=0),
has the wave function ¢(2z) with narrow maximum at z=0 (only z argument
of function will be discussed further). Because the hopping between CuQO
plane is suppressed, the influence of the neighbor CuO plane consists of
splitting the level. Now we have two levels in the states:

By a(2) = %wz) + ¢(z + 2°)),

where z° is the distance between adjacent CuQ planes.

We have shown in this section that there exist another bipolaron states. |
Denote the lowest singlet state as ¢(z) and triplet state as ¥(z) . The
triplet states splitted also:

¥sa(2) = (2) £ ¥(z +27)),

1
ﬁ['ﬁ*

Now we are able to write the amplitude of neutron scattering with spin
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flipping. There are two channels :
. [ — cunst/dz‘lf,_u(z)ei(“‘_"‘}’fb;{z) (54)

Here the wave function of neutron with momentum ‘n’ is proportional to
¢'"<*. The (54) may be easily simplified due to the supposed sharpness
of the functions ¢(z) and ¥(z). The final expression for symmetrical final
state transition has the form:

A, = c“’“'J{qc] cos(g.z"/2),

Ia) = [ dzeit=g(a)v°(2) (55)

where g. = n. — k.. The transition into antisymmetric final state may be
obtained also:

Aq = igae'9* J(g.) sin(gez" /2).
It is reasonable Lo suppose that the unknown parameters g,, g, are obey a

relation g, ~ 3g, due to statistical weight of a triplet state.

The intensity of scattered neutlrons is proportional to the expression:

I=| A, P+ ] Aa = (92)272(gc)[€ + (1 — €) sin?(ge27/2)], (56)
€ =(9a/9s)* ~ 0.1

with exactly the same period of oscillations, that was found experimentally.

One can note thal previous consideration is valid for pairs of itinerant
electrons (polarons) in the polaron band.

The additional prediction of our model concerns the behavior of the neu-
tron intensity amplitude (56) with momentum. Evidently the factor J(g. —
0) — 0 tends to zero due to the orthogonality of wave functions and
J(ge — o0) — 0 due to the oscillateing function in the integrand of ex-
pression (55).
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6. Infra-red absorption spectra

Investigation of optical spectra of high - T, superconductors in a far in-
frared region (IR) makes it possibble to obtain important information
about a superconducting gap as well as about band structure above thresh-
old energy. Explanation of properties of optical spectra observed in IR
region is nol complete inspite of a great number of publications on this
problem. Analysis of experimental results made in review [46] and investi-
gations in [21], [47] permits to draw a conclusion that at low temperatures
(T ~ 10K) YBaCuO metal oxides have a frequency region (v < 100em™")
in E L C polarization where there is no any absorption. In some cases
the absorption age is stepwise. The properties of the absorbtion spectra
are detected also at larger frequencies with their position well correlated
with the cnergy of some optical phonons. It is known also that frequency
dependence of conductivity is not described by Drude model [46].

The aim of this section is to explain the IR spectra features mentioned
above on the basis of the bipolaron [5], [18], [17] model. The imaginary
part of a dielectric susceptibility has been considered at low frequencies.
Theoretical calculations are compared with the experiment - [46}, [21],

[47).

6.1. Stepwise properties of imaginary part of dielectric
susceptibility in £ L C polarization

Let us consider photon absorption in the system described above at T' = 0.
In the bipolaron framework the process of absorption includes bipolarons
transitions from the ground state (with zero quasimomentum) into excited
states. Transitions into the polaron band are suppressed, since we consider
the energy of infrared photon to be less than the gap between the ground
state and the polaron band. Direct transitions into the low lying boson
(bipolaron) bands are suppressed as well. Indeed, as we shall see below,
a matrix element to be proportional to the formfactor that in its turn
contains momentum of a photon as an argument. The photon momentum
is almost zero and hence the formfactor is small too, as one can see from
Fig.2. Transitions into other bands appear to be essential if radiation
of optical phonons is taken into account (nondirect transitions). Let us
consider only that part of Hamiltonian, which is responsible for the process
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in question at a low temperature:

Ha = ge-m Z Ap—_q(t)eg o (t)cq,o(t) +
P,

+Ggphonon Z d —q";,u“}cil-ﬂ (1) + h.c. (57)

P,

Here ¢,ct are operators of annihilation and creation of fermions, d is an
annihilation operator of phonons, and A is an annihilation operator of
photons with the polarisation perpendicular to C axis.

Comparison of the expressions (1) and (57) leads to the following form of
the external field Bpg:

BPQ {i) = yﬂ_mAp—q[I‘}aﬂplﬂq + ﬂphanandp-q(t]'ﬁarp,nq-

To obtain an effective Hamiltonian in terms of the local pairs, we have
to expand the effective Action in expression (2) from the paper [18] up
to the second power of the field Bpg. Taking into account only the term
with both phonon and photon operators along with bipolaron creation and
annihilation operators one obtains the effective interaction vertex:

Hine=2 Y F(k—k)bf()bw(t)d}(t)Aq(t)s(k' +p -k — q) + h.c.
kk' p,p'

(58)
where A ~ ge—m - @phonon, F(k — k') - is the form-factor that was calcu-
lated in part 3 (see Fig.2). Here we suppose A being constant at a small
transferred quasimomentum and energy.

The transition probability of the bosons (bipolarons) from the ground state
into singlet band with quasimomentum k and energy E®(k) can be written
using the perturbation theory:

Po—k =27 | (k,p | Hint | in) |? 6 (E® (k) + EP* (p) — w) . (59)

Here EP*(p), p arc energy and quasimomentum of radiated phonon. The
photon momentum is small as usual and is assumed to be equal to zero
(q=0). The initial state | in) includes a photon with the energy w and
a bipolaron in the lowest band with zero quasimomentum. The latter
is justified al a zero temperature. The final state < k,p | describes the
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bipolaron and the phonon with quasimomenta k, p respectively. Note that
quasimomentum conservation results in a simple equality p = —k. The
transitions are considered at a zero temperature, hence the bipolarons
are in condensate and the matrix element in (59) is proportional to the
condensate density v/Ng. The transition probability and the density of the
abSDrptEd energy per sccond are connected by a well-known equality @ =
¥ % x Po—x. Consequently, the imaginary part of dielectric susceptibility
€2(w) can be expressed in the form €; (w) = £7,@Q [48] and, finally:

g5(w) = % S F2 (k)6 (B (k) + E** (-k) - w), (60)

where E, is an amplitude of an electromagnetic wave. It is easy to see
by comparing formfactors in Fig.2, that the contribution in expression
(60) from the top band is less than that of the lowest band and can be
omitted. For the sake of simplicity we shall neglect also the interaction of
the bosons that are situated in neighboring planes and consider 2D space
that is supposed to be isotropic. To obtain the result in an analytical
form we accept approximations for the formfactor form and for the energy
spectrum:

E (k) = E® («)sin (k/2) (61)
F(k) = 5[F(0) + F(n) + (F(0) - F(m)cos(k)].  (62)

It is taken into account in approximation (61) that the boson spectrum at
small quasimomenta is linear at a temperature below the critical one. The
dispersion law for phonons is written in the form (according to [49], the
phonon of such material has a quasi-2D character):

E™ (k) = [EF“(0)+BF“(«)+(EF*{0} E*(m))cos(k)],  (63)

where the subscript ¢ denotes a few branches of optical phonons. As a
result we obtain:

const

]' kF? (k)6 (E® (k) + EP® (k) — w) dk. (64)
0

€3 =

Let us denote the argument of delta-function as G and taking into account
(61), (63) one can transform it into the form:

G(€) = E*(n)e+5 L (P (0)+ EPM (r) +(EP* (0)— EP (x))(1-26%)] —w, (65)
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where £ = E*(k)/E®(rx). Inserting approximations (61)-(63) into expres-
sion (64) and integrating out é-function we obtain:

a= %‘” Z?:] Z;’n:l arcsin (EJ) ’

[F(0)4 F(x)+(F(0)-F(x))(1-2¢3)]

i 1 1 ﬁﬁ
|2(E2* (0)- EP* (= ))€; - E¥(m)| (1-€2)""" Ae)
where
_ E*(x)
$1.2(w) = sEr@-eren £
2 19
Eb(x) _ __w—-E(0) r
i\/(z(sr*cu}-ﬁr"{m) E*(0)-EI*(x) L2

are the roots of the equation G(£) = 0, that is the law of energy conserva-
tion. Previous analysis is needed ( see Appendix ) before the substitution
of Eq.(67) in Eq.(66). Clearly, expression (67) has the pole at the pho-
ton energy w* = EP"(x) + E*(x) along with the density of states having
the pole at k = w. This pole can be observed as sharp peak in experi-
mental curves. The position of the peak is determined by dispersion of
both phonons and bipolarons. Indeed, let us consider quasimomentum de-
pendence of the total energy of the final state Eo(k) = EP*(k) + E*(k)
(Fig.10). Remind that an absolute value of quasimomenta of phonons and
bipolarons are equal in the final state. Scattering takes place if the photon
energy w > Eyo. There are two different cases:

a. The dispersion of optical phonons is larger than the lowest bipolaron
bandwidth. This case is represented by curve 1 in Fig.10. The photon
encrgy threshold wy, = EP*(x) + E*(x) is equal to the pole (wen = w) of
expression (67). This explains the coincidence of singularity and threshold
positions. The process of this type was observed experimentally to be
stepwise on Y Ba;Cu306 s sample in the paper [21] (Fig.11a).

b. The dispersion of optical phonons is small. In this case, although the
threshold of the reaction exists, the narrow peak that corresponds to the
pole of expression (67) is inside the allowed region. The process of the
second type has been investigated on Y Ba;CuaQOg g sample in the paper
[47]). There are other papers (see for example [49] and references therein)
with the data on the IR-absorption which we classify here as second type
prosseses.
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As it will be shown below the first prosses is realized under the condi-
tion p = (EP*(0) - th{w))fﬁ*(r]] > 1, while the second - at p < 1.
The parameter p can not be determined experimentally for phonon dis-
persion has been studied unsufficiently in YBaCuO - materials and this
parameter remains arbitrary. We analyze below various data on phonon
spectra and point out the phonon branches that contribute to the ab-
sorption. In our case the polarization of photons and quasymomenta of
phonons are perpendicular to axis C. Therefore only longitudinal modes
(LO-phonons) propagating in a basic plane can be excited. As it follows
from the analysis that was carried out in [49], optical oscillations can be
separated into two classes. The first is the class of low-frequency modes
(v < 200cm™'). These modes are connected with interlayer oscillations of
heavy cations. Such layers can be situated along the basic plane as well as
perpendicularly to it. This class is characterized by appreciable dispersion
in any direction of Brillouin zone. The second class modes are connected
with intralayer oscillations of oxygen atoms. These high frequency modes
(v > 200cm™') can be excluded from the consideration for their energies
are large in comparison with the energies in question. Therefore, at the
frequencies v < 200em™! we should take into account the bosons as well
as the low-frequency phonons connected with interlayer oscilations. The
position of the singularity in the absorption spectrum ought to correlate
with the energy of such phonons. Low LO-modes that belong to B;, and
A, symmetries satisfy this conditions.

Using data about IR-TO-mode of B,, symmetry and taking into account
the fact that TO — LO-splitting is small [21] we choose a numerical value
E?"(0) = 14,0meV. The begining of the second phonon branch is chosen
as E2"(0) = 18,8meV. This branch corresponds to A, symmetry and it
was obtained from Raman scattering [50]. As it was mentioned, the edges
of the phonon spectra were studied insufficiently. Therefore the values of
phonon dispertions were not determined accurately and one has to use fit
parameters. We show below that the experiments can be explained with
only one free parameter. The spectra of local pairs shown in Fig.1 are in
agreement with the experimental data on low energy neutron scattering
[43] in Y BaCuOQ. The results of numerical calculations of the dielectric
susceptability ez(w) are shown in Fig. 11b (energy is expressed in units -
em™!, where 1,0meV = 8,1cm~'). Fig. 1la represents the experimetal
data given in [21] on the Y Ba;Cu30¢ s sample at T = 10K (7. = 80K)
and E 1 c. Ass'uming that the dispersions of both phonon branches were
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equal to 2.8meV one can obtain that EP*(r) = 11.2meV and E2*(x) =
16.0meV.

The theoretical dependence in Fig. 11b was obtained taking into account
the formfactor in Fig.2: F(0) = 1; F(w) = 0.7. As it follows from Fig. 11
there is a good agreement between experimental data and our calculations.

The second sharp peak is determined by the second optical branch. It is
" necessary to note that the free parameter of the phonon dispersion (=2.8
meV) provides the condition p > 0. It seems natural, that interlayer modes
are very sensitive to the change of a lattice structure, in particular to an
interlayer distance. It is well-known that the bridge atom of oxygen 04 is an
important element for the formation of an interlayer coupling, but it is not
available such a nonsupercoducting structure as Y BasCu30s. We come
to a conclusion that oxygen stoichiometry in the Y Ba;Cu3z0; compounds
affects phonon spectra and as a result the value of dispersion of interlayer
modes and the type of an absorption edge. Clearly, our model explaines the
influence of stoichiometry on the character of the peaks discussed above.
Unfortunately more or less detailed experimental investigation ( influence
of the stoichiometry on an absorption process) in a low energy region with
sufficient resolution has not been carried out yet.

In conclusion we would like to consider briefly the behavior of the function
€2(w) near the singularity. Let us expand the expression (66) in the vicinity
of the pole in the powers w — w*. After explicit calculations we obtain:

€2 ~ (w—w")" 12, (68)

This expression describes experiments better than the Drude model [46].
It is the presence of boson branches that is responsible for this exponent in
the expression (68). This exponent is universal for every models containing
local pairs.

7. Conclusion

Our investigations reveal two important points. First, it was shown that
the supposition of the exsistence of the local pair band below narrow po-
laron one explains various experiments in YBaCuQO. The value of the po-
laron bandwidth is about 19meV and local pair bandwidth is about 10meV.
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Second, the mathematics of the local pair (bipolaron) theory was devel-
oped. The band structure of the bipolarons and the interaction vertex of
the bipolarons with external fields are presented here. The momentum
dependency of the vertex is essential at the experiment explanation.

8. Aknowlegments

The authors are grateful to Profs. A.S.Alexandrov, A.B.Krebs, P.E.Kornilovich
and D.A.Samarchenko for the enlightening discussions.

This work has been supported in part by RFFI Grant No.97-02-16705.

9. Appendix

Let us consider conditions of the parameters in expression (67). As the
value £ changes in the range from zero to unity considering the determi-
nation and the form of a boson spectrum (see Fig. 1 and (61)) this fact
impose certain conditions on the parameters in the equation. There are

two cases:

1. Only a larger root satisfies the condition (0 < £, < 1). This is possible
if

w > EP () 4 E*(x)
{ w < ET*(0) (69)

2. Both roots satisfy the condition (0 < €;,£2 < 1). This is possible if
w > EPM(x) + E¥()

w > EP*(0) (70)

ph (E‘{'}}j
w < EF(0) + 4(E™ (0)-E?(x))

3. Only a smaller root satisfies the condition (0 < £, < 1).

w < EP*(n) + E¥(m)
{ w > EP(0) W
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1. The first type process corresponds to the condition p > 1 (large phonon
dispersion). In this case the dependence Ey. (k) is of the type shown in
Fig. 10. One can easily see that the process of absorption starts when
w = EP*(x) + E%(r), that is with transitions from the ground state to
the edge of Brillouin zone (at ¥ = 7). In an energy range corresponding
to system of inequalities (69), one should use & root when substituting
it in Eq. (66). Next energy subinterval is in the range from th({]) to
the maximum value of £, (k), that is corresponds to the second and the
third inequality in system (70). In this case transitions from the ground
state to those that are near the zone center are included in the absorption
process and both roots £, and £, being used in Eq. (66). It has already
been pointed out that stepwise threshold of absorption is the property of
the first type process. One can easily see that transitions are prohibited
when w < EP*(x)+ E*(x). When w = EP*(x)+ E®(x) according Eq. (66),
€2 becomes infinity.

2. The second Lype process is realized when p < 1 (small phonon disper-
sion). In this case the total energy at the edge of the zone turns out to be
more than the energy E;,(0) and the beginning of the absorption process
is connected with transitions to the stales near the zone center. As in the
case of the first type process the whole energy interval is subdivided into
to subintervals. The first one is described by the system of inequalities
(71) and the second one is described by the first and the third inequalities
of the system (70). In accordance with these inequalities it is necessary
to use roots £; and £ when substituting them into Eq.(66). Within the
energy inlerval pointed out the value ¢; becomes infinity.
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FIGURE CAPTIONS

Fig.1. The band structure of 2 - particle coupled states in the 2 - dimen-
sional case. Solid line - singlet bands, dashed lines - triplet bands. The
interaction energies of fermions U,1 = +8; U,2 = —6.8; U3 = —6.5; the
fermion bandwidth Dpor = 4. The bottom of the 2-polaron continuum is
placed at Epo = 4.05. Unit: 1 = 5meV. The momentum dependence of
the excitation energy along the line:

a) q = (¢z,0); b) a =(g,9)

Fig.2. The formfactors for the transitions from the lowest singlet band: 1)
the local pair transition within the lowest singlet band, 2) the transition
into the upper singlet band, 3) the allowed transition into the triplet band.
The momentum dependence of the formfactor along the line q = (¢z,0).

Fig.3. Tunneling from a superconductor (S) to normal metal (N). a)
Bipolaron decay to a polaron in the polaronic band and an electron in the
normal metal; b) Electron transition from a normal metal to bipolaronic
superconductor.

Fig4. % versus V/T. for different temperature T: TIT. = 005 {1),
T/T, = 0.17 (2), T/T. = 0.55 (3), T/T. = 0.75 (4). D/T. = 1.87, A/T. =
1.04, W/T. = 0.47, T. = 85K. a) 7p = 2; b) yp = 1.7. Inset shows the

dependence A.yy on T/T,.

Fig.5. &i;‘f,- versus V/T, for different yp calculated within the framework of
the bipolaron model A/T, = 1.06, D/T, = 1.87, W/T, =04, T. = 85K.
a) vp = 1.8; b) yp = 1.28. The dotted lines are the experimental curves
[27).

Fig.6. ;.'!f—, versus V/T, for different T calculated on the basis of the
bipolaron model. A/T. = 3.2, D/T. = 3.25, W/T. = 2.8, T. = 85K,

wo/Te =5,z =0.5.

Fig.7. The neutron intensity along the line g = ¢, at w = 41meV. Solid
line - theory, points - experiment in Y BaCuO (z = 0.97) at T = 4.2K
(42].

Fig.8. The energy transfer dependence of the neutron intensity for mo-
mentum tranfer q = (m, 7). D/T. = 1.9, Delta/T. = 1. Solid line - theory,
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points - experiment in ¥ BaCuO (z = 0.92) at T = 5K [51].

Fig.9. The temperature dependence of the neutron intensity at ¢ = ¢y,
w = 41meV. Solid line - theory, points - experiment in ¥ BaCuO (z =

0.97) [42).

Fig.10. The total energy Eyo(k) = E’fh(k)+.€°(k]. Curve 1 - large phonon
dispersion (p > 1), curve 2 - small phonon dispertion (p < 1).

Fig.11. The imaginary part of dielectric susceptibility e2(w). An experi-
mental dependence [21] (a). The theoretical dependence (b).
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