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1. Introduction

Discontinuous solutions of the generalized Hopf equation

8v+8<p(v):0 1)

at ax
were studied in [1-5] in the case where the flux function ¢(v) has a single inflection point and in [6-12] in the case where
¢(v) has two points of inflection.

It is well known (see, e.g., [13]) that the Riemann problem for Eq. (1) can have an infinite set of solutions. The
Riemann problem is an initial value one with initial conditions specified by a piecewise constant function having only one
discontinuity. In many cases, the problem has a unique solution if the latter is constructed using only discontinuities with
a structure (see, e.g., [12,14]).

To study discontinuity structures, we use a generalized (in the sense of nonlinearity) KdV-Burgers (KdVB) equation,
which involves terms describing small-scale processes, such as dispersion and dissipation:
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m, i = const, m > 0, wn >0, v=v(x,t).

On the right-hand side of (2), the term involving the coefficient m describes the dispersion effects (m is the dispersion
parameter). The term involving the coefficient p takes into account the viscous effects and dissipation (i is the dissipation
parameter). The nonlinearity is specified by the flux function ¢(v).

For Egs. (1) and (2), the set of admissible values v_ behind a discontinuity that correspond to a given value v, ahead of
the discontinuity was considered in [6]. It was shown that if ¢(v) is not convex and has two inflection points, then the set
of admissible v_ consists of segments and isolated points. The number of isolated points and segments depends on p/m?,
specifically, it increases indefinitely with growing p/m2. The solution of the Riemann problem becomes nonunique for some
pairs of v, and the maximum number of solutions turns out to be equal to the number of isolated points. These results were
described in more detail in [15,16].

It was shown in [6] that the isolated points from the set of admissible v_ behind a discontinuity with a structure are
associated with certain values of the discontinuity velocity, which represents an additional boundary condition required for
the discontinuity to be of evolution type [17]. Discontinuities corresponding to isolated points were referred to as special
discontinuities.

A special discontinuity is one that satisfies relations following from conservation laws and obeys additional relations
required for the existence of its structure. On the phase plane, the structure of such discontinuities for Eq. (2) is represented
by an integral curve joining two saddles.

Special discontinuities, for example, combustion (deflagration) waves, have long been known. Structures of special
discontinuities that solve Eq. (2) are also known as undercompressive shock waves [3]| or nonclassical shock waves [2]. We
will use the term special discontinuities, which was introduced in [6]. Note that, in the general case, there are special
discontinuities that are not shock waves. Additionally, in [1-5,13] the solution of Eq. (2) corresponding to a stationary
discontinuity structure was referred to as a travelling wave solution. Along with this terminology, following Godunov [18],
we will use the term structure of discontinuity, or shock structure.

For Eq. (2) with ¢(v) =3, a solution in the form of a special discontinuity was first obtained in an analytical form
in [3]. For (v) =v?/(¥*> 4+ a(1 —v)?), the structure of a special discontinuity was numerically found and studied in [2].
Both these flux functions ¢(v) have a single inflection point, and only one special discontinuity with a structure can exist
for given parameters m and p. In [5] a piecewise linear flux function consisting of three parts was considered and an
analytical solution was obtained for the structure of a special discontinuity. Moreover, it was also shown that only one such
discontinuity can exist for given m and p.

An overview of works addressing solutions of Eq. (2) in the case of ¢(v) having a single inflection point can be found in
[1].

It was shown in [6-10,12,14] that, in the case of ¢(v) having two inflection points, Eq. (2) with given m and p can have
several (arbitrarily many) solutions representing structures of special discontinuities. The study of this case is motivated
by the fact that special discontinuities lead to a nonunique solution of the Riemann problem [6,7,19-22]. Examples of a
Hugoniot curve having two points of inflection were given in [23,24]. Accordingly, the study of properties of solutions to
model equation (2) for fluxes with two inflection points is not only of theoretical, but also of practical interest.

In [9-11,14] the stability of special discontinuities was analyzed using the Evans function in the case ¢(v) = v* — 12,
which has two points of inflection. It was found that all special discontinuities, except for one propagating at the minimum
velocity and having a monotone structure, are linearly (spectrally) unstable. It was conjectured that, for ¢(v) with two in-
flection points, only one special discontinuity is stable. Numerical computations showed that special discontinuities that are
unstable with respect to infinitesimal perturbations are also unstable with respect to finite perturbations. For stable special
discontinuities such that v(x, t) € [v, v;], it was found that ¢(v) has only one inflection point on the interval [v;, v;]. Note that
the only appearing special discontinuity considered in [2-5] is stable and the flux function ¢(v) has a single inflection point.

When the solution for a shock structure is obtained numerically, the Evans function allows one to conclude the stability
or instability of only this solution. Possibly, if the solution for the case of several special discontinuities is found in analytical
form, it would be possible to prove the stability or instability of special discontinuities. In this paper, such an analytical
expression is obtained for ¢(v) defined as a piecewise linear function consisting of four parts such that the traveling wave
solutions include the structures of several special discontinuities. An example of such a function is presented in Fig. 1. If,
for any x and t, a shock structure satisfies the condition v(x, t) > v4 or v(x, t) <vg (Where v4 and vg are the respective values
of v at the points A and B in Fig. 1), then the solution is constructed using only three parts of ¢(v) represented in Fig. 1 and
coincides with the solution found in [5].

This paper is organized as follows. In Section 2, an analytical solution for a discontinuity with a stationary structure is
obtained using a piecewise linear flux function consisting of four parts. In Section 3, we describe the solution corresponding
to shock waves and the first special discontinuity. Note that a piecewise linear flux function consisting of three parts was
considered in [5]. In that case, only one special discontinuity can exist. The solution for it is the same as for the first
special discontinuity obtained in this work. In Section 4, we show that new special discontinuities emerge as the dispersion
coefficient increases (in the case of viscosity). They appear in pairs and have a nonmonotone structure. As the dispersion
coefficient increases further, one of these discontinuities disappears. The main results concerning the properties of the
solution are proved in the Appendix A.
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2. Discontinuities with a stationary structure

In the case of large-scale phenomena, both terms on the right-hand side become small as compared with the left-hand-
side terms. When the right-hand side is neglected, Eq. (2) becomes (1).

Eq. (1) admits discontinuous solutions. Eq. (1) (like (2)) represents a conservation law. Therefore, the corresponding
relation across a discontinuity (shock) can be written as

w— Wl
[v]
Here, W is the shock velocity and the difference between the values of a function behind and ahead of the shock is

denoted by square brackets.
For p1# 0, making the substitutions

t > tym, x—xJ/m y=Jm/u
in Eq. (2) yields
o dep) v 1%

a T T Tad Ty
The stationary shock structure problem is stated as follows:

v=v(§). &=x-Wt

@v 1dv
dg2  y d&

lim v(§)=v, lim v()=v,.
E——o0 E—>+o00

=Wv-o@). 3)

On introducing
eW)=f(u—-v), v=u-v, Uu=v -1,
we write problem (3) in the form
u=u(), §&=x-Wt,

d>u  1du
@y =W @

lim u(€)=u, lim u(§)=0.
E——o0 E—+to0
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Fig. 2. f): (1)d=02, (2)d=0.1, and (3) d = 0.

If problem (4) is solvable, then, from a point of view of large length scales, its solution must represent a discontinuity with
a stationary structure such that u = u; and u =0 are the states behind and ahead of the discontinuity, i.e., for (x <0) and
(x> 0), respectively.

The states u; and u = 0 satisfy the relations across the discontinuity

fw) =wu. (5)

It was shown in [6,7] that Eq. (1) can have solutions representing special discontinuities if the graph of ¢(v) has
two points of inflection. In [7-10,12,20,21] solutions of problem (4) with the fixed state u=0 ahead of the discon-
tinuity were found numerically depending on the parameter y and the state u; behind the discontinuity in the case
fw) =@u-D%—(@u-1)>2

In this work, to obtain an analytical solution of problem (4), we define f{u) as a piecewise linear function, specifically,

—u ifu<05
u—1 if05<u<1

fw) = —u+1 ifl<u<15 .
u-2 if15<u

The plot of f{u) is shown in Fig. 1.
On the set R = {(u,d)|0 < d < 0.25} we introduce the function

u ifu<05-d de (0.025)
0.5(-1+d+ (u—05)2d") if05—d<u<05+d, de(0.0.25)
05 ifu=05d=0
u_1 if05+d<u<1—d de (0,025
- —0.5(d + (u—1)%d) if1-d<u<1+d de (0.0.25)
fludy=1, ifu=1,d=0 (7)
Cu1 if1+d<u<15—d de(0,0.25)
05(-1+d+ (u—152d") if15-d<u<15+d, de (0,0.25)
05 ifu=15d=0
u_2 if15+d<u, de (0,0.25)

The plot of f(u) ford=0.1, d=0.5, and d = 0 is presented in Fig. 2.
The properties of f(u) are stated in the form of Lemmas 2.1 and 2.2. Their proofs are given in the Appendix A.

Lemma 2.1. The function f(u, d) is continuous with respect to u and d on the set R.
Lemma 2.2. On R, |f(up, d) — f(uy.d)| < |uz — uql.
The function f(u, d) is continuous and satisfies

lim fau,d) = f(u,0) = f(u).
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Let i(£) be the solution of problem (4), i.e.,

d’n 1du ~ o~
@—;Ezwu_f(uad)a
Elirzl () =u, S1imﬂ(s)=o. (8)

If flu) in Eq. (4) is given by (6), then
lim (€., d) = u(8). (9)
where u(£) is the solution of problem (4).

Lemma 2.3. The solution (&, d) of problem (8) with f(u, d) given by (7) converges, as d — 0, to the solution of problem (4) with
flu) given by (6), i.e., (9) holds. The proof of Lemma 2.3 is given in the Appendix A.

By using Lemmas 2.1-2.3, we will study the structure problem in the case of f{u) given by (6). Then the shock structure
equation becomes

W+ 1u ifu<05
du  1du  JW-1u+1 if05<u<1
d&2  yde  \W+Du-1 ifl<u<15

W-TDu+2 if15<u

(10)

It follows from (5) that the minimum W = —1 is attained at u; = 0.5. For f{u) defined by (6), admissible are the values
W € (—1,1). The same value of W can be associated with different states u; (behind the shock), which are the roots of
Eq. (5). This equation has two roots for W € (-1, —1/3), three roots for W = —1/3, and four roots for W € (-1/3,0) (see
Fig. 3).

Let U; = 0.5, U, =1, and U; = 1.5. The intervals Sp, n =1,...,4, are defined as S; = {~c0c <u < U}, S, ={U; <u < Uy},
S3:{U2<U<U3}, and54:{U3<u<oo}.

Let & be a sequence of discrete values of & such that u(§,) = Uj, where j=1,2,3, § =0, &4 <&, and u(§)#U; for
any & € (§y41.&). An example of {£;} is given in Fig. 4, which shows the graph of the solution u(§) to problem (4) for
parameter values y = 9.5 and W = —0.136. As & decreases, it sequentially takes the values & =£,=E3=284=865=&4 and
u(&€) belongs to Sy, Sy, S3, S4, S3, S, and S3, respectively (in what follows, we use the notation $;=5,=53=5;=53=5,=353).

The finite sequence {§} thus constructed includes all points at which the solution has the values {U;}. Here,
k=1,2,...,K, where K is determined by the parameter y [6-8].

To determine which of the domains S,;, n=1,...,4, contains u(§) for & € (§,1, &), it is sufficient to know the value
u(€,) and its derivative g—g at the point & = &;. The value u(€,) determines the boundary between S, that contains

k
the solution at £ = &,. For example, if u(&,) = U; = 0.5, this is the boundary between S; and S,. Moreover, as £ decreases,
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Fig. 4. Shock structure for y = 9.5 and W = —0.136. The sequence {£,}, k=1,2,...6, and the domains S, ..., S4 are shown.

the solution moves into S, if g—g < 0 and remains in S; otherwise. Denote by u,,(§) the function u(&) defined on the

intervals (§;, &,_) with values in S,. Then

u(€)eS if g1 =U A %’ - > 0);
=Sk-1
U (§) €Sy if G =Ur A %’ <0 vE=Un %’ > 0);
Upe = =1 §=q (1])
us(§) e Sy if (Sk_1=U2/\% <O)V($k—1:U3/\%E : > 0);
=&k-1 =5k-1
ug(€) €Sy if (G =Usn g <0).
=&
With the notation introduced, problem (4) can be rewritten as
dzlln 1 dU11
dE "y dE =Wuy — fun), n=1,k=1,§ €[§,00)
un(§) =U; =05, sliT upn(§)=0 (12)
d?u 1du
dggk Ty dgk =Wup — f(un), § € [&, §1)
Unk (Ek—1) = Up -1 Ek1)s
Ay _ dttnjn k=2, Kn=1,...4 (13)

d§ €=‘§k—1_ 3 §=bx1
If £ >&, problem (12) has the solution
un(§) = U1€<17JW)5.

The solution of problem (13) is represented in the form
Upe () = Ape®E 4+ BpePd 1 Cyp, k=2,... K (14)

Here, the index n determines the domain S,, while the index k determines the interval (&, &,_1)-
Substituting (14) into (13) and taking into account (10), we obtain

Aqe7¢ + Byt u(§) €51

Uy (€) = Age% 4+ Bye2f — (W —1)71,  uy(§)e$,
k A3 + Bye25 + (W +1)71, ug(§) € S3
Age®E 4 Byeo=f —2(W — 1)1, ug(§) €Sy

(15)
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where
1 + +/ D]
O = Q3 = 011 = 2y (16)
1-./D;
Bik = B3k = 012 = 3y (17)
Oy = Oy = O —71+”D2
2k = Olgg = 021 = 2y
1-./D;
Bak = Par = 022 = T
Di=1+4y>(W+1), Dy=1+4y*>W-1) (18)
C=0, Cu=—-W-1", Cu=W+1)" Cu=-2W-1)"
The coefficients Ay, By for k>1 and n=1,...,4 in (15) can be found using the following recurrences, which ensure
the continuity of u(£¢) and its derivative du/d§ at & = &,_;:
Unk (§k1) = Ung—1(6x1) (19)
dunk _ dun,k—]

= 20
3 E=&q 3 E=& (20)

The recurrence procedure for determining u(§) is constructed as follows. Given up;_1(§_;) and du,,_{/d§ at
& = &,_4, conditions (11) are used to determine which of the domains S, contains u,,(§). Next, the solution in this domain
is determined using the corresponding equality in (15).

Now we determine the value of u,(§) at & = &;. If u,,(§)eS; or u,(&)eS,, then &, is found as a value satisfying the
condition &, < &,_; and being the largest root of the equation u,;(&,) = U; or u, (&) = Us, respectively. If u,(§)eS, or
un(§)€Ss, we find & satisfying &, < &, and being the largest root of the equation up (&) = upe(§x_1) or up () =Uj.
where U; is the value corresponding to the boundary of Sp and U; # up(§k_q1). For example, for the solution shown in
Fig. 4, the values of u(&¢) at £ (&5, £4) belong to S; and the equalities usz4(€4) = Us = 1.5 and u34(§5) = U; =1 hold on the
boundary of Ss.

This completes the construction of the solution u,(&).

3. Conditions for the existence of a special discontinuity

At a special discontinuity, an additional relation [6-8,15,16,25] ensuring its existence has to be satisfied. It was shown in
[6,7] that numerous special discontinuities can exist when y is sufficiently large. Let us find the condition for the existence
of the first special discontinuity.

If the solution satisfies

u(é) <3/2 (21)
for any &, then it can be constructed using only the first three parts of the piecewise linear function (6), i.e., we can use
the function

—u ifu<05
fi)=Ju—-1 if05<u<l1
—-u+1 ifl<u

Then, by applying a change of variables, the problem can be reduced to

d?u du 1
Va@:—@+f2(u)—f2(u,)—W(u—u,), ya:;, (22)
where
u ifu<o0
LW =10 ifo<u<1
bu-1u+2 ifu>1;

this problem was solved in [5]. Here, b is a parameter and u_ is the state behind the discontinuity.
In this section, we consider solutions satisfying condition (21). Therefore, they can be obtained from the solutions found
in Section 3 in [5]. For this reason, Lemmas 3.1 and 3.2 and Propositions 3.1 and 3.2 are given without proofs, since they
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are restatements or consequences of the results proved in Section 3 in [5]. Used in this paper, the shock structure equation
(4) is equivalent to Eq. (22), but differs from the latter in form and notation. This form is important to retain in order to
compare the results with those obtained in [7-10,12,20,21]. As will be shown below, condition (21) holds only for the first
special discontinuity. Accordingly, the other ones cannot be described by the solutions presented in [5] and are obtained
here for the first time.

The first special discontinuity propagates at the lowest velocity Wy (highest in absolute value) among all possible special
discontinuities [7]. The solution for the shock structure is constructed by applying the recurrence procedure described above.

For & < & <& =0 (see (15)), the solution has the form

Uz (§) = Ape™% + Bpe®2t — (W —1)"", upn(§)eS,
The coefficients A,, and B,, are determined using system (19), (20). For uy,(&), it becomes
Ap+Bpn—-W-1)"=U
A 071 + Bypoop =Uionp

Therefore,
2 /B~ Bs 4+ W (/D - B3)
A = 4,/D,(1-W)
; 2—/171+J172+W</171+/172>
22 =

4,/D,W - 1)

The second equality in (18) implies that 0 <D, <1 for 1 —1/(4y2) <W < 1. In this case, 05, and o, are real (since
D, > 0) and positive (since 1 — \/D72 > 0).

The condition 1 —1/(4y?2) <W is satisfied for any W e (—1,1) if y < 1/(2v/2) and is violated for any W € (-1, 0) if
y > 1/2. Therefore, o,; and o, are positive for y < 1/(2+/2) and complex for y > 1/2.

Lemma31. If§ <& =0Ay < 1/(2v2) AW € (—1,0), then uy(§)<U, and duy,(&)/dE <O.

Under the conditions of Lemma 3.1, the solution represents an integral curve in the phase plane that joins two special
points: a saddle (the state ahead of the discontinuity) and a node (the state behind the discontinuity).

According to (15), when &, is such that uy,(&,) = U, = 1, the analytical expression for u(£¢) changes.

By Lemma 3.1, U, is never reached if y < 1/(2+/2). In this case, o»; and o, are positive and the function uy,(&) varies
monotonically from U; at £ =0to 1/(1 -W) as & — —oo.

For 1—1/(4y?) <W <0, the solution of structure problem (4) has the form

U, et ifé>8=0

u(é) = {Azzeazp‘;-' + 32260-22%: — (W _ ‘l)—l if 52 < g < é] =0 (23)

where 0, and o, are positive real numbers.

An example of a shock structure obtained using formulas (23) is given in Fig. 5. In the phase plane, this solution
represents an integral curve joining two special points: a saddle (the state ahead of the discontinuity) and a node (the state
behind the discontinuity).

In the case of complex 05, and 0y, i.e., for W < 1 —1/(4y?), it is more convenient to write the solution as

&
2y -D
() = 5 [V T2+ W -1 yBysin (V52

2(W-1)
+(W+1)cos<\/j[;2§)] - Wl—l'

If uy,(£) <1 for & <&, then the state behind the discontinuity corresponds to a focus-type special point (Fig. 6).
The maximum value of uy,(£) is reached at

Ema (W, y) = \/Z—LDZ (arctan ( v\/_lJ:f) — 7'[)

and is given by
_ —Dy 1
it = g1 3 () ()

Suppose that, at W = W*, we have umex(W*, ) = 1. Then it follows from (24) that W*(0.5) =0 and W* — —0.5 as
y — oo. The plot of W* as a function of y is shown in Fig. 7.
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Lemma 3.2. upe(W, y)<1if0<y <05and -1 <W <0.
Let £, be the largest root (recall that £ <0) of the equation
Uy =upn(§) (25)
or
Uy = Appe™% + Byye®5 — (W — 1)1 (26)
Then, for & < &5, solution (15) has the form
us3(§) = Az3e” + B3ze”25 + (W + 1) (27)

According to Lemma 3.2, Eq. (25) has a solution only if y > 0.5. This condition is necessary and, as will be shown below,
sufficient for the existence of special discontinuities.
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Fig. 7. W* as a function of y; umex(W*,y) = 1.

The coefficients A3z and B33 can be found using conditions (19) and (20) for the continuity of u(£) and its derivative at
§=6:
Uy = As3e”1& 4 Byze®8 4 (W 4+ 1), (28)

A 021€7252 4 Byy 09267252 = Ag3 01167152 + Byy0ppe712% (29)

where 01 and o1, are real numbers of opposite signs (see (16)-(18)).
If B33 =0, then the constructed solution (27) remains in Sz for &£ € (—o0, &) and the integral curve joins two special
points of saddle type. In this case, Eqs. (28) and (29) yield

U2 :A33€J“E2 + (W + ])*1 (30)

A2021€7% 4 Byy0e72% = A3 01171 (31)
Eliminating A3z from system (30), (31) gives
Ax021€°7% + Byy 05507252 = (U — (W + 1) Doy, (32)

where 0,1, 097, Ay, and By, are explicit functions of W and y, while &, is an implicit function of W and y, which is
determined by Eq. (28). Thus, (32) relates W and y at the first special discontinuity.
Equality (30) is used to determine Assz. Since B33 = 0, we derive the expression

Us3(§) = (Up — (W + 1) e @&y W+ 1)1

Accordingly,
Uy eoé iféE>£=0
u(g) = { Appe + Byeons — (W — 1)1 if& <& <& (33)
Uy = W+ D) eGSR+ W+ 1)1 if & <&,

This completes the construction of analytical solution (33) for the first special discontinuity. Moreover, we have obtained
an additional condition for the existence of a structure in this special discontinuity (equality (32)) and the following result
has been proved.

Proposition 3.1. For the shock structure problem (4) in the case of f(u) defined by (6) with the state u = 0 ahead of the discon-
tinuity and a state u; from the interval (U,, Us) behind the discontinuity, the solution is a structure of a special discontinuity if
equality (32) holds.

Equality (32) is the condition for the existence of a structure of a special discontinuity and is an additional condition at
this discontinuity that follows from the requirement for the existence of a stationary structure.
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Fig. 8. Velocity of the first special discontinuity W, against y.
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Fig. 9. Shock structure for y ~2.006: (1) Wy ~ —0.1707, (2) W = —0.17, and (3) W = —-0.172.

Note that W and &, in (33) are implicit functions of y, which are determined by Eqs. (26) and (32). If y is given, W
and &, are determined by numerically solving algebraic equations (26) and (32) and the results are then substituted into
Egs. (33).

Fig. 8 shows the velocity W of the first special discontinuity as a function of y.

Proposition 3.2. For y <0.5, there are no special discontinuities. For y > 0.5, there is at least one special discontinuity. It has a
monotone structure and a velocity W € (-1/3,0) with W—0as y -05 and W —- —1/3 as y — oco.

In [10] in the case ¢ (u) = u* — u?, no special discontinuities were found in numerical computations for y <1.19 and it
was noted that, depending on the form of ¢(u), there is a minimum value of the dispersion coefficient at which special
discontinuities appear. In [5] this fact was proved for a piecewise linear flux function consisting of three parts.

An example of a shock structure for a special discontinuity Cy for y ~2.006 and Wy ~ —0.1707 is shown in Fig. 9. Addi-
tionally, the figure presents shock structures with velocities slightly different from W, (—0.17 and —0.172). Both discontinu-
ities have an oscillatory structure and correspond to a focus-type special point. The corresponding expression for the analyt-
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Fig. 10. Velocity of a special discontinuity as a function of y: (1) the first pair of special discontinuities and (2) the second pair of special
discontinuities.

ical solution in (15) is used for each of the domains Sj,..., S4. For W = —0.17 (curve 1), the solution sequentially belongs to
S1, S2, S3, and Sy (S1=S,=S3=54). In the case of the special discontinuity in curve 2, the solution does not reach S, and se-
quentially passes S;=>S,=>S3. For W = —0.172 (curve 3), the shock structure is associated with the sequence S;=S5,=53=35,).

4. Features concerning the appearance of the second special discontinuity

If W> W,, where Wy is the velocity of the first special discontinuity, then the solution at £5 reaches the value U; = 1.5.
This solution has the form of (27) for £ € (&3, &,). The coefficients A3z and Bs3 are found by solving system (28), (29), while
&3 is determined by the equation u33(&3) = Us.

For & e(§4, §3),

Uga(E) = Aga€®5 + Bygeo?5 —2(W — 1)1
The coefficients A44 and By4 are determined by system (19), (20), which becomes

Us = Agq€%% + Byge®2% — 2(W —1)!

A44021€785 4 By022€725 = A330711€71% 4 By30p2e7125
Let £4 be the second largest (in absolute value) root (after £3) of the equation
Agqe°25 4 Byge25 —2(W — 1)1 = Us
For & <&, the solution is given by the formula
uss(§) = A5 + B3se™?5 + (W + 1)

As was noted above, 0¢; >0 and o1, <0. Therefore, the constructed solution joins two saddle-type special points if B35 =0
(only in this case the solution is bounded as & — —o0). Then the smoothness conditions (19) and (20) for the function u(§)
yield the following condition for the existence of the second special discontinuity:

A35€U“E“ + (W + ])—1 — U3 (34)

A44021€75 + Byy0p€725 = As50qpe715e (35)
Eliminating Ass from system (34), (35), we obtain
A44021€°25¢ 4 Bag02pe°25 = oqy (Us — (W +1)71) (36)

where 051, 05;, and o7 are explicit functions of W and y, while Aa4, Bs4, and &4 are implicit functions of W and y, which
are determined by the above equations. Formula (36) relates W and y at the second special discontinuity (is an additional
relation at this discontinuity).
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Fig. 11. Structures of special discontinuities S;=>S,=>S3=S4=S3 for y = 9.5: (1) Wy ~ —0.0538 and (2) W, ~ —0.287.

Thus, we have proved the following result.

Proposition 4.1. The solution describing the structure of a special discontinuity for & € (—oo,&,_1) in the domain S3 has the
form

Uus(§) = W) = W+ 1) e EEeD 4 (W 1)~ (37)
and the condition for the existence of a special discontinuity is given by B3, = 0 or by the equivalent equation

du 1
Elome, on (U@IH) - m)

Equality (37) describes the structure of the first monotone discontinuity for k=3 and the structures of special
discontinuities propagating at lower (in absolute value) velocities (for k=15,7,9...).

Eq. (36) has a unique solution if y =y, two solutions if y; <y <y, and a single solution if y >y, (y1~6.85,
¥, ~10.95). These solutions are depicted by curve 1 in Fig. 10.

In the case under consideration, special discontinuities, except for the first one, appear in pairs. Both have a similar
structure, namely, the same numbers of maxima and minima and the same number of points &) at which the formulas for
the analytical solution change. As an example, Fig. 11 shows the structure of the pair of special discontinuities corresponding
to Eq. (36) for Y = 9.5 (S] :>52i53=>54:>53).

Both structures have a single maximum, which is reached in S, (for u > 3/2). Thus, for a fixed y, there can exist special
discontinuities with the same number of extrema.

A similar algorithm is used to obtain a condition for appearing the next pair of special discontinuities as y increases (an
analytical solution for them is derived using formulas (15) in the sequence of domains S;=>S,=S3=54=53=5,=S53). These
special discontinuities correspond to curve 2 in Fig. 10.

The second pair of special discontinuities appears at y3~9.32 and exists for y e(y3, y3). For y >y,, this pair
degenerates into the only solution corresponding to the lower (higher in absolute value) velocity.

Fig. 10 shows that both pairs of special discontinuities exist at y = 9.5. The structures of the second pair are presented
in Fig. 12. They have a maximum (in S4) and a minimum (in S,).

At y =y, when the velocities of the special discontinuities are reduced to zero (see Fig. 10), one of them in each pair
ceases to exist. Thus, the number of special discontinuities remains odd. For small values of W, the structures of the special
discontinuities from the first and second pair approach each other, as can be seen in Fig. 13.

A similar scenario of appearing a pair of special discontinuities (when the shock structures have an identical number
of extrema) was also observed for ¢(u) = u* —u? in [21]. In this case, there is no analytical solution, but the numerical
solution of the corresponding differential equations shows that the first pair of special discontinuities appears at y; ~10.52
and the profiles of u(¢) have only one extremum (maximum). These structures are presented in Fig. 14.
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Fig. 12. Structures of special discontinuities S;=>S,=S3=S4=53=5,=5; for y = 9.5: (1) Wy ~ —0.0707 and (2) W, ~ —0.136.
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Fig. 13. Structures of special discontinuities for y = 10.5: (1) $;=5,=53=54=S3 and (2) $1=5,=53=5,=53=5,=5;.

5. Conclusions

The nonlinearity in a model generalized KdVB equation was defined as a piecewise linear function. As a result, an
analytical solution of the shock structure problem was obtained and solutions representing stationary structures of special
discontinuities were examined in detail. Additional conditions on these discontinuities were found. The dynamics of
appearance and disappearance of special discontinuities were studied. It was shown that, as the parameter y increases,
special discontinuities, except for the first, appear in pairs and have similar structures. As y increases further, one of
the discontinuities disappears simultaneously with disappearing a discontinuity from the next pair. The total number of
discontinuities decreases, but then increases again when the next pair is formed.

For a piecewise linear function consisting of four parts and for a given dissipation coefficient, it was found that there is
a minimum dispersion coefficient at which a special discontinuity exists. This finding agrees with the results of Hayes and
Shearer [5], where the nonlinearity was defined in such a manner that only one special discontinuity existed.
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Fig. 14. Structures of special discontinuities near the point of appearance for y = 10.526: (1) u; = 1.2305 and (2) u; = 1.21013.

It was shown that the piecewise linear function describing the nonlinearity is close to ¢(v) = v* — v, for which the
structure problem was solved numerically [6-10,12] and the properties of these solutions were found to agree with those
of analytical solutions for the structures of special discontinuities obtained in this paper.

Appendix A. Appendices

Lemma 2.1. The function f(u, d) is continuous with respect to u and d on the set R.

Proof. Define
fiw) = —u, f(u,d) =0.5(-1+d+ (u—-05)*d"),
fr) =u—1, fa(u,d) =-0.5(d+ (u—1)*d™"),
fow) = —u+1, feu,d) =0.5(-=1+d+ (u—1.5)%d1),
fr(uw) =u-2.

Combining the continuity of fi(u), (1, d), f3(u), fa(u, d), fs(u), fs(u, d), f7(u) with the identities

f1(0.5-d) = f,(0.5-d,d), f,(05+d,d) = f3(0.5+d),
fs(1—-d) = fu(1-d.d), fu(1+d.d)=fs(1+d),
fs(1.5-d) = fsg(1.5-d,d), fe(1.5+d,d) = f(1.5 +4d),

we see that f(u, d) is continuous for d #0.

Since fi(u), f3(u), fs(u), and f7(u) are continuous and independent of d, we conclude that f~(u, 0) is continuous for u#0.5,
u+#1, and us1.5. To prove the continuity of f(u,d) at d = 0, it suffices to prove its continuity at u=0.5, u=1and u =1.5.

Let us do this for u = 0.5. It follows from (7) that f(0.5,0) = —0.5.

Consider an arbitrary € > 0. Let

&1 = min(e, 0.25). (A1)
Choose § = (g1)2/2. Let
(u—0.5)+d? < 8. (A.2)
If u<0.5—d, it follows from (7) that fN(u, d) = —u. Then, in view of (A.2), we obtain
(Fu,d) - F(0.5,0))? = (~u+05)? < 8 — & < (£1)*/4 - & < (e1)*,
By definition (see (A.1)), &1 <1; therefore, £} < &2 and

1
|(F(u, d) — F(0.5,0))| <&, <e.
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Thus,
|(f(u,d) — f(0.5,0))| < gif u < 0.5 —d. (A3)
If0.5+d <u<0.5-d, then, according to (7),
fu,d)=05(—1+d+ (u—0.5)%d"1).
Since |u —0.5| < d and d <§ by virtue of (A.2), we find that
(f(u,d) — f(—0.5,0))2 = 0.5(d + (u—0.5)2d") = 0.5(d* + (u—0.5))d"! <d < § < &2 < &2.
Therefore,
|f(u,d) - f(0.5,0)] <&if 0.5+d<u<0.5—d. (A4)
If05+d<u<1-d, then f(u, d) = u — 1. Therefore,
(fu.d) - £(0.5.0)% = (u—05)? < 62 — d? < (e1)*/4 — d? < (e)*.
We obtain
|f(u,d) - f(0.5,0)] <& if05+d<u<1-d. (A5)

The continuity of f(u, d) at d =0,u = 0.5 follows from (A.3)-(A.5). The proof for u =1 and u = 1.5 is similar. The lemma
is proved. O

Lemma 2.2. On the set R, If(uz, d) - f(ul, d)| < |uy —uq).
Proof. It follows from (7) that

-1 if u<0.5—d,de (0,0.25)
u—05)d ! if05-d<u<05+d,de(0,025)
undefined ifu=05,d=0

~ 1 if05+d<u<1-d, de(0,0.25)
of(u,d)  J-(u-1)d' ifl-d<u<1+d, de(0,025) (A.6)
ou | undefined ifu=1,d=0 :
-1 ifl+d<u<15-d,de(0,025)

(u-15)d' if15-d<u<15+d, de(0,025)
undefined ifu=15d=0
1 if1.5+d<u,de (0,0.25)

According to (A.6), for d € (0, 0.25), the derivative 8f(u, d)/du is continuous, bounded, and satisfies the condition
‘ df(u,d)

<1

ou
Then, for d (0, 0.25), the function f(u, d) satisfies the Lipschitz condition with respect to u:
|f(ua.d) — Fur. d)] < Kifuz —

where

Ki = sup =1

ue(—00,00)

‘Bf(u,d)
ou

Now consider the case d = 0.

Let Uy =0.5, Uy =1, and Uz = 1.5. Consider intervals S, n=1,..., 4, where S; ={-oc0o <u <U}, S ={U; <u < U},
53:{U2<u<U3},andS4:{U3<u<oo}. - -

It follows from (A.6) that the derivative o f(u, 0)/du exists for ueS; US, US3US, and |0 f(u,0)/du| = 1.

Let uq <uy, uj €S, and u; €Sy.

If k=n, then 0 f(u,0)/0u exists and is continuous and constant for u e [ul, u2]. Then

|f(u2,0) — f(ur,0)] = uy —uy (A7)
If n=k+1, then
|f(u3,0) — f(uy,0)] = | f(uz, 0) — f(Uy, 0) + F(Uy, 0) — f(uy, 0],

|f(uz,0) — f(Uy, 0)| + | F Uy, 0) — f(uy,0)]
luy — U + Uy — uq| = |uz — uyq] (A8)

=
=
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If n>k+1, then

n-1
|f(uz,0) = f(u1,0)] = |f(z,0) = f(Un_1,0) + > (f(U;,0) = f(Uj_1,0)) + f(U, 0) — f(ug,0)]
j=k+1
n-1
< |f(u2,0) = fUn-1,0)| + > |f(U;,0) = f(Uj_1,0)| + | f Uy, 0) — f(uy,0)|
J=k+1
n-1
<y =Upoal+ D U= Uja| + U —ug| = |uz — g (A9)
J=k+1

Relations (A.7)-(A.9) imply that |f(uy, d) — f(uy,d)| < |us — uq| for d = 0.
The lemma is proved. O

Lemma 2.3. The solution (&, d) of problem (8) in the case of f(u, d) given by (7) converges, as d — 0, to the solution of problem
(4) with flu) given by (6), i.e., (9) holds.

Proof. For i < 0.25, the function f(ﬂ, d) = —1i is independent of d (see (7)). Therefore, the solution of Eq. (8), namely,

17«/1+;;2(w+1) )(E—E

(&) = 0.25e ) Vd if £ > &, (A10)

is also independent of d. This solution satisfies the condition limg_, (&,d) = 0. Here, &, is an arbitrary constant.
Fix some &, and consider the family of integral curves (¢, d) described by (A.10). For & > &, these curves coincide and
Vd (&g, d) = 0.25. Therefore, all integral curves of the family are solutions of the Cauchy problem

2t 1di -

@—;EZWU—J((UJD,

~ du 1-/14+4y2(W +1)

U(&q, d) = 0.25, T le—e, = o.zs( 3y ) (A11)

Any solution of the boundary value problem (8) solves Cauchy problem (A.11). However, it will be shown below that
some solutions of problem (A.11) violate the condition limg_, _, u(§,d) =u;.
A problem equivalent to (A.11) can be written by using a normal system of differential equations:

dy
E - Y(y’ d)a
where
~ du
yi=uy = E

Yi(y1.¥2.d) = a2,

1 -
Y2(y1.¥2.d) = ?J’z + Wy — fOh. d).

Since Y1(y1, ¥, d) is a linear _function of y,, it is continuous and satisfies the Lipschitz condition with respect to y; and
V2. Yo(y1, Y2, d) is the sum of f(yq,d) and linear functions of y; and y,. By Lemmas 2.1 and 2.2, f(y;,d) is a continuous
function of y; and d that satisfies the Lipschitz condition with respect to y;. Therefore, Y,(y1, y2, d) is a continuous function
satisfying the Lipschitz condition with respect to y; and y,. Then Y(y, d) is continuous and satisfies the Lipschitz condition
with respect to y.

By the theorem on continuous dependence on a parameter,

limu(§, d) =u(§.0).

Since the set of functions (&, d) solving problem (8) is a subset of solutions @(£¢,d) of Cauchy problem (A.11), we
conclude that

lim (8, d) = u(§.0).

The lemma is proved. O
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