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Abstract. Easily calculated texture components are necessary for solving problems of 
quantitative texture analysis (QTA). In the present work  we obtain closed-form approximation 
for the axial component of the canonical normal distribution on SO(3) with central  and non-
central scattering. 

1.  Introduction 
Modeling and interpreting the texture of polycrystalline materials by the component fit method  is 
based on the use of standard functions [1]. The latter describe the shape, the position in the orientation 
space and the scattering of texture components. The texture components in the form of the canonical 
normal  distribution  (CND) on  the rotation group SO(3) [2]  are widely used in quantitative texture 
analysis  
[3] – [6].  

     Let the quaternion [ ], cos sin
2 2

R n nω ωω = +
 

determines  the  rotation g  about the axis  n  by 

the  angle .ω  The peak component of the canonical normal  distribution with central scattering 
described by the parameter ε is given by the series [2] – [3]: 
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The corresponding axial component with the axis An  can be represented by the series of  Legendre 
polynomials   
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Application of texture components  (1) – (2) in the solution of the QTA problems is associated with 
large computational costs, as well as the necessity of truncating the series depending on the sharpness 
of the texture [4] – [6].  
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     A computationally convenient approximation for the distribution (1) was obtained in [7]:  
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In the case of a non-central character of the scattering, the canonical normal distribution on SO (3) is 
represented by the triple  series of generalized spherical harmonics [2]: 
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The coefficients of the series can be found only numerically, but its approximation has a rather simple 
form [7]: 
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where { }1 2 3, ,ε ε ε ε=


is a vector of scattering parameters, { }, ,α β γ  are the Euler angles of the 

rotation ,g associated with the quaternion [ ],R n ω  by the relation 
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However,  the texture contains not only the peak components generally. Usually, the model includes 
axial components as well. And quite often the texture is described by them only. This paper is devoted 
to obtaining a convenient approximation of the axial component for the canonical normal distribution. 
 

2.  The relationship between the peak and axial components 
 
The axial component is invariant with respect to rotations about a fixed axis. It is obtained by 
averaging the peak component over all possible rotations around the axis. If these rotations are 

represented by quaternion cos sin ,
2 2
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As  a result of  averaging,  An  becomes the axis of the texture.  
 

3.  Approximating function for the axial component of the central normal distribution 
 
The approximation of the axial component of the canonical normal distribution (2) is obtained by 
applying the averaging  to the distribution (3). In this case, as an argument of the peak component, we 
take the angle ,ω  corresponding to the product of the rotations 1 :Ag g−   
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Substituting (6) into (3) and performing the integration in (5), we obtain                                                                             
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In terms of rotation g , the approximating distribution (7) takes the form    
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If the axis of rotation ( )0,0,1An =


, then ( ), cos ,A Ag n n β=
 

 thus 
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4.  Approximation of the  axial component with  non-center scattering  
 
For the non-central distribution (4), the most interesting is the case, when ( )0,0,1 .An =



Averaging (4) 
over all possible rotations about this axis, we obtain   
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with 
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Note,  that in case 1 2 3 ,ε ε ε ε= = =  the distribution (10) goes into (9).  

5.  Conclusion 
 

In the paper, distributions (7) – (10)  approximating the axial component of the canonical normal 
distribution with the central and non-central scattering  are obtained. They obey closed form and are 
convenient in  calculations. These distributions can be recommended as standard functions for solving 
problems of quantitative texture analysis. 
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     It should be noted that everywhere above it was assumed that the maximum of the distribution 
corresponds to zero rotation. The displacement of the maximum to the point 0g  in the orientation 

space can be achieved by replacing 1
0 ,g g g−→  and respectively, 1

0 .R R R−→  
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