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Abstract
We revisit the dynamics of a nonminimally coupled scalar field model in case of
F(φ)R coupling with F(φ) = 1 − ξφ2, the potentials V (φ) = V0(1 + φ p)2 and
V (φ) = V0eλφ2

. We use an autonomous system to bring out new asymptotic regimes,
and find stable de-Sitter solution. Under the chosen functional form of F(φ) and
steep exponential potentials, a true de-Sitter solution is trivially satisfied for which the
equation of state wφ � −1, the effective gravitational constant Gef f and field φ are
constant that has been missed in the power law case and our previous study.

Keywords Dark energy · Modified theories of gravity · Phase space analysis ·
Nonminimal coupling

1 Introduction

The scalar fields play a vital role in cosmology. They are used in quintessence, inflation,
and in the dynamics of loop quantum cosmology (LQC) etc. [1–5]. In the framework
of LQC, the initial evolution of scalar field is divided into two different classes, one is
dominatedbykinetic energy andother is not. For kinetic energydominated case (except
a small subset), the evolution of universe before reheating can be categorized into three
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distinct phases: bouncing, transition and slow-roll inflation. This universal characteris-
tic is independent for a wide range of initial conditions and specific potentials of scalar
field, as long as it is dominated by kinetic energy [2–5]. In context of modified LQC,
the analytical solution with various approximation are obtained for different physical
variables and compared by the numerical ones in case of kinetic energy dominated
initial conditions of inflation field. The universal feature of dynamics, shared with
LQC, are established and properties of three different phases: bouncing, transition
and slow-roll inflation are studied [6,7].

The energy density of the minimally coupled scalar field to gravity imitate the
effective cosmological behavior. We make the extension in quintessence by including
the nonminimally coupled (NMC) scalar field to gravity. In the literature, it is known
as the scalar–tensor theory that has been studied for decades, and appeared in Brans–
Dicke theory to match the Mach’s principle with general relativity [8]. In this theory,
the Newtonian gravitational constant is not a constant but it is the function of scalar
field that appears into the action in a particular form with the curvature term as φ2R.
The NMC scalar field models due to interesting features are of great interest to dark
energy models [9–25], and have been widely studied in [26–47]. A familiar model of
a NMC scalar field system is given by F(φ)R coupling with F(φ) = 1− ξφ2. Many
authors have applied the NMC scalar field model in the context of late time cosmology
to address the dark energy problem as it avoids the coincidence problem, allows the
phantom crossing in some cases, and may provide the cosmological scaling behavior.
Phantom scaling solutions are generic characteristics of a NMC scalar field model
having F(φ) = 1 − ξφ2 [48].

Note that the methods of dynamical system theory are extensively used in the
literature to obtain a dynamical picture for various cosmological models. Using
these methods many asymptotic solutions are obtained and their stability has been
scrutinized with a simple programmed algorithm. Conclusively, a coalition of the
phase portrait and the stability is a standard way to obtain the viable cosmological
behaviors.

In this paper, we study the dynamics of a NMC scalar field model having a par-
ticular form of F(φ), power law and steep exponential potentials, and investigate the
stationary points and their stability. We restrict ourselves to the functional form of
F(φ) as F(φ) = 1 − ξ B(φ) with B(φ) ∝ φ2 and two different potentials such as
power law and steep exponential. We shall choose same autonomous system as has
been used in our previous paper for B(φ) ∝ φN (N ≥ 2) and power law potential
V (φ) ∝ φn [49]. In the present study, we shall obtain new asymptotic regimes and
generic features of the underlying dynamics that have been missed in our earlier paper.
In Ref. [49], we did not find a stable de-Sitter solution as Gef f is negative in case of
B(φ) ∝ φN (N ≥ 2) and V (φ) ∝ φn . However, in the current study, we find a true
de-Sitter solution as Gef f and φ are constant for B(φ) ∝ φ2 and V (φ) = V0eλφ2

that
trivially satisfied the de-Sitter conditions. However, in case of V (φ) = V0(1 + φ p)2,
the stationary point is not stable in the usual sense.

The paper is organized as follows. In Sect. 2, we discuss the background equations
for a NMC scalar field model, and construct the autonomous system that is useful
for phase space analysis. In Sect. 3, we obtain stationary points, stability and draw
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phase space trajectories for the model under consideration. We summarize our results
in Sect. 4.

2 Equations of motion

We consider the following action for a nonminimally coupled scalar field model [49]

S = 1

2

∫ √−gd4x
[
m2

Pl R − (gμνφμφν + ξ RB(φ) + 2V (φ))
]

+ SM , (1)

wherem2
Pl = (8πG)−1 = (κ)−1, the coupling constant ξ is a dimensionless parameter

and SM denotes the matter action.
The equations ofmotion in a spatially flat Friedmann–Leimetre–Robertson–Walker

background are obtained by varying the action (1), and given by

H2 = κ

3

(
1

2
φ̇2 + V (φ) + 3ξ(H φ̇B ′(φ) + H2B(φ)) + ρ

)
, (2)

R = κ

(
−φ̇2 + 4V (φ) + 3ξ(3H φ̇B ′(φ) + R

3
B(φ)

+ φ̇2B ′′(φ) + φ̈B ′(φ)) + ρ(1 − 3ω)
)

, (3)

φ̈ + 3H φ̇ + 1

2
ξ RB ′(φ) + V ′(φ) = 0. (4)

where p and ρ are the pressure and energy density of the matter with p = ωρ.
From the standard form of equations

Ri j − 1

2
Rgi j = 8πGef f (Ti j,φ + Ti j,m) = κT ef f

i j ,

The expression of the effective gravitational constant is given by [49]

Gef f = κ

8π(1 − κξ B(φ))
, (5)

We also define Ricci Scalar as R = 6(2H2+ Ḣ). For the sake of simplicity, we choose
κ = 6 [49].

Dividing Eqs. (2)–(4) by H2(1 − 6ξ B(φ)) and multiplying Eq. (4) by ξ B ′(φ), we
have

1 = φ̇2

H2(1 − 6ξ B(φ))
+ 2V (φ)

H2(1 − 6ξ B(φ))
+ 6ξ φ̇B′(φ)

H(1 − 6ξ B(φ))
+ 2ρ

H2(1 − 6ξ B(φ))
,

(6)

R

H2 = − 6φ̇2

H2(1 − 6ξ B(φ))
+ 24V (φ)

H2(1 − 6ξ B(φ))
+ 54ξ φ̇B′(φ)

H(1 − 6ξ B(φ))
+ 18ξ φ̇2B′′(φ)

H2(1 − 6ξ B(φ))

+ 18ξ φ̈B′(φ)

H2(1 − 6ξ B(φ))
+ 6ρ(1 − 3ω)

H2(1 − 6ξ B(φ))
, (7)
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0 = ξ φ̈B′(φ)

H2(1 − 6ξ B(φ))
+ 3ξ φ̇B′(φ)

H(1 − 6ξ B(φ))
+ R

H2
ξ2B′2(φ)

2(1 − 6ξ B(φ))
+ V ′(φ)ξ B′(φ)

H2(1 − 6ξ B(φ))
.

(8)

To cast above equations in an autonomous system, we choose the following dimen-
sionless parameters,

x = φ̇2

H2(1 − 6ξ B(φ))
, y = 2V (φ)

H2(1 − 6ξ B(φ))
, z = 6ξ φ̇B ′(φ)

H(1 − 6ξ B(φ))
,


 = 2ρ

H2(1 − 6ξ B(φ))
, A = B ′(φ)φ

(1 − 6ξ B(φ))
, b = B ′′(φ)φ

B ′(φ)
, c = V ′(φ)φ

V (φ)
,

(9)

where ′ designates the derivative with respect to φ. Hence, the equations of motion
(6), (7) and (8) can be written as

dx

d ln a
= x ′ = 12X

x

z
− 2x

(
Y

6
− 2

)
+ xz,

dy

d ln a
= y′ = yz

6ξ

c

A
− 2y

(
Y

6
− 2

)
+ yz,

dz

d ln a
= z′ = 6X + z2

6ξ

b

A
− z

(
Y

6
− 2

)
+ z2,

d A

d ln a
= A′ = z

6ξ
(b + 1) + Az,

d


d ln a
= 
′ = 


(
−3 − 3ω − 2

(
Y

6
− 2

)
+ z

)
, (10)

The higher order derivative terms having Ḣ and φ̈ in the autonomous system are

X ≡ ξ φ̈B ′(φ)

H2(1 − 6ξ B(φ))
, Y ≡ R

H2 , (11)

The expressions of 
, X and Y can also be expressed in terms of x, y, z and are given
by


 = 1 − x − y − z,

X(x, y, z) = − z

2
− z2

18(4x + z2)

(
−6x + 12y + z2b

2ξ A
+ yc

ξ A
+ 3(1 − x − y − z)(1 − 3ω)

)
,

Y (x, y, z) = 4x

4x + z2

(
−6x + 12y + z2

4ξ A

(
2b − yc

x

)
+ 3(1 − x − y − z)(1 − 3ω)

)
. (12)
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Fig. 1 The figure exhibits the evolution of potential (16) versus field φ. For even (odd) values of p, potential
shows minima at φ = 0 (φ = −1)

The energy density, pressure and the equation of state for a NMC scalar field model
are defined as

ρφ = 1

2
φ̇2 + V (φ) + 3ξ(H φ̇B ′(φ) + H2B(φ)), (13)

pφ = 1

2
φ̇2 − V (φ) − ξ

(
2H φ̇B ′(φ) + φ̇2B ′′(φ) + φ̈B ′(φ) + (2Ḣ + 3H2)B(φ)

)
.

(14)

wφ = pφ

ρφ

= x − y − z − 4ξ x − 2X − 2ξ A(Y/6 − 1/2)

x + y + z + 3ξ A
(15)

To obtain fixed points, we shall use autonomous system (10), and would be inter-
ested in stable solutions that can give rise the late time cosmic acceleration. In what
follows,we shall consider particular functional forms for the functions B(φ) and V (φ).

3 Phase space analysis: stationary points and their stability

3.1 Model 1: B(�) ∝ �2, V(�) = V0(1 + �p)2

For model 1, we consider following potential [50]

V (φ) = V0(1 + φ p)2 (16)

In these specific forms (Fig. 1), b = B ′′(φ)φ/B ′(φ) = 1 and c = V ′(φ)φ/V (φ) =
2pAp/2

(2+6ξ A)p/2+Ap/2 . For b = 1, a simple relation exists between x and z which is given
by
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x = φ̇2

H2(1 − 6ξ B(φ))
= φ̇2

H2(1 − 6ξ B(φ))

(6ξ B ′(φ))
2

(6ξ B ′(φ))2
φ(1 − 6ξ B(φ))

φ(1 − 6ξ B(φ))

= z2

72ξ2A
(17)

We put Eq. (17) and b = 1 in Eq. (12), and find


 = 1 − z2

72ξ2A
− y − z,

X = − z

2
− 1

1 + 18ξ2A

(
z2

12
(6ξ − 1) + yξ(12ξ A + c) + 3ξ2A
(1 − 3ω)

)
,

Y = 1

1 + 18ξ2A

(
z2

12ξ2A
(6ξ − 1) + 6y(2 − 3cξ) + 3
(1 − 3ω)

)
. (18)

Substituting Eqs. (17) and (18) in (10), we finally obtain

y′ = yz

6ξ

c

A
− 2y

( 1

6(1 + 18ξ2A)

(
z2

12ξ2A
(6ξ − 1) + 6y(2 − 3cξ)

+ 3

(
1 − z2

72ξ2A
− y − z

)
(1 − 3ω)

)
− 2

)
+ yz,

z′ =
(

−3z − 6

1 + 18ξ2A

( z2

12
(6ξ − 1) + yξ(12ξ A + c)

+ 3ξ2A(1 − z2

72ξ2A
− y − z)(1 − 3ω)

))

+ z2

6ξ A
− z

(
1

6(1 + 18ξ2A)

( z2

12ξ2A
(6ξ − 1) + 6y(2 − 3cξ)

+ 3

(
1 − z2

72ξ2A
− y − z

)
(1 − 3ω)

)
− 2

)
+ z2,

A′ = z

3ξ
+ Az. (19)

Now, the stationary points can be obtained by equating the left hand side of (19) to
zero, and the stability can be found by the sign of corresponding eigen values that will
be obtained numerically. Hence, we find following stationary points for p = 2.

1.

y = 1, z = 0, A = − 1

3ξ
, 
 = 0, (20)

The corresponding eigenvalues are given by,

μ1 = 0, μ2 = −3, μ3 = −3(1 + w), (21)
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One of the eigenvalue is zero. Hence, this point is not stable in the usual sense.
In this case Y = 12 and the expression of scale factor can be obtained by using
Eq. (11)

Y = R

H2 = 6

(
2 + Ḣ

H2

)
= 12 (22)

which tells us that

Ḣ

H2 = 0, (23)

and finally, we have

a(t) = a0e
H0(t−t0) (24)

To get the expression of φ(t), we use the following combination of the dimension-
less variables

z

6ξ A
= φ̇

φH
(25)

For the stationary point, z = 0 which implies that φ̇ = 0, and hence φ = φ0
(constant). One can see that Ḣ = φ̇ = 0, the point shows de-Sitter behavior but
looking the eigenvalues, it does not reflect a stable de-Sitter in the usual sense.2.

y = 0, z = 4ξ(1 − 3w)

1 − w − 4ξ
, A = − 1

3ξ
, 
 = 1 − 4ξ(1 − 3w)

1 − w − 4ξ
+ 2(3wξ − ξ)2

3ξ(4ξ + w − 1)2
,

(26)

The corresponding eigenvalues are given by,

μ1 = 4ξ(1 − 3w)

1 − w − 4ξ
< 0, for 4ξ(1 − 3w) < 0

μ2 = 3 − 16ξ + 3w(8ξ + w − 2)

2(4ξ + w − 1)
< 0, for 3 + 3w(8ξ + w − 2) < 16ξ

μ3 = −3 + 3w(w − 4ξ) + 20ξ

4ξ + w − 1
0, for 3w(w − 4ξ) + 20ξ < 3 (27)

The eigenvalues show negativity for above mentioned conditions. Therefore, this
is a stable point. For this point, we have Y = 3(1−w)(1−3w)

1−w−4ξ . The time dependence
of the scale factor can be obtained by using Eq. (11)

Y = R

H2 = 6

(
2 + Ḣ

H2

)
= 3(1 − w)(1 − 3w)

1 − w − 4ξ
(28)
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On integrating above equation, one can easily find the expression of a(t):

a(t) = a0 | t − t0 |
1

2− Y
6 (29)

where a0 and t0 are integration constant. For the stationary point under consider-
ation, we finally have

a(t) = a0 | t − t0 |
2(1−w−4ξ)

4(1−4ξ)−3w2 (30)

For the expression of φ(t), we use Eq. (25) with this stationary point, and get

φ(t) = φ0 | t − t0 |−
4ξ(1−3w)

4(1−4ξ)−3w2 (31)

where φ0 and t0 are integration constant. The expressions of a(t) and φ(t) give
power law solutions that do not satisfy the de-Sitter condition.

3.

y = 0, z = 12ξ − 2
√
36ξ2 − 6ξ, A = − 1

3ξ
,


 = 1 − 12ξ + 2
√
36ξ2 − 6ξ + (6ξ − √

36ξ2 − 6ξ)2

6ξ
, (32)

The corresponding eigenvalues are following, and show negativity for below con-
ditions.

μ1 = 12ξ − 2
√
36ξ2 − 6ξ < 0, for 2

√
36ξ2 − 6ξ < 12ξ

μ2 = 3 − 3w − 12ξ + 2
√
36ξ2 − 6ξ < 0, for 3 + 2

√
36ξ2 − 6ξ < 3w + 12ξ

μ3 = 6 − 36ξ + 6
√
36ξ2 − 6ξ < 0, for 6 + 6

√
36ξ2 − 6ξ < 36ξ

(33)

In this case Y = −6+ 72ξ − 12
√
36ξ2 − 6ξ , and the expression of a(t) and φ(t)

are found to be

a(t) = a0 | t − t0 |
1

3−12ξ+2
√

36ξ2−6ξ (34)

For the expression of φ(t), we use Eq. (25) with this stationary point, and get

φ(t) = φ0 | t − t0 |
−6ξ+

√
36ξ2−6ξ

3−12ξ+2
√

36ξ2−6ξ (35)

Again expressions a(t) and φ(t) provide power law solutions that do not qualify
for de-Sitter solution.
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3.2 Model 2: B(�) ∝ �2, V(�) = V0e��2

For model 2, we consider following potential [51]

V (φ) = V0e
λφ2

(36)

Equations (18) and (19) will remain same except the dimensionless parameter c. For
model 2, the expression of c is given as

c = λA

1 + 3ξ A
(37)

Now, the stationary point can be obtained by equating the left hand side of (19) to
zero, and the stability can be found by the sign of corresponding eigen values that will
be obtained numerically. Hence, we find following stationary point.

y = 1, z = 0, A = −λ + 12ξ

36ξ2
, 
 = 0, (38)

The corresponding eigenvalues are given by,

μ1 = −3(1 + w), (39)

μ2 = −3

2
− 1

2

√
18 + 7α + 84ξ

2 − α − 12ξ
, (40)

μ3 = −3

2
+ 1

2

√
18 + 7α + 84ξ

2 − α − 12ξ
, (41)

Above eigenvalues show negativity for the below conditions.

μ1 < 0 for w > −1 (42)

μ2 < 0 for

√
18 + 7α + 84ξ

2 − α − 12ξ
> 0 (43)

μ3 < 0 for

√
18 + 7α + 84ξ

2 − α − 12ξ
< 0. (44)

In this case Y = 12 and the expression of scale factor can be obtained by using
Eq. (11)

Y = R

H2 = 6

(
2 + Ḣ

H2

)
= 12

123
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which tells us that

Ḣ

H2 = 0, (45)

and finally, we have

a(t) = a0e
H0(t−t0) (46)

To get the expression of φ(t), we use the following combination of the dimensionless
variables

z

6ξ A
= φ̇

φH
(47)

For the stationary point, z = 0 which implies that φ̇ = 0, and hence φ = φ0.

Where a0, t0 are integration constants, and φ0 = ±
√

λ+12ξ
6ξλ

, H0 = ±
√

−λeλφ20

6ξ are

obtained from the system (2)–(4) for Ḣ0 = φ̇0 = φ̈0 = ρ = 0.
We next consider the behavior of Gef f , and can be written as in terms of dimen-

sionless parameters

Gef f = κ

8π(1 − κξ B(φ))
= καA

8πc
. (48)

It is remarkable to see that in the absence of curvature term B(φ)R in the action,
a family of de-Sitter solutions are obtained [52]. Our numerical work shows that in
the presence of curvature term B(φ)R, we also obtain a true de-Sitter solution for
B(φ) ∝ φ2 and V (φ) ∝ eλφ2

as Gef f and φ are constant.
A de-Sitter solution corresponds to Ḣ = 0, φ = constant, wφ � −1 and Gef f =

constant which is in our case trivially satisfied. However, in our previous study, a true
de-Sitter solution is not captured by the current autonomous system for B(φ) ∝ φN

and V (φ) ∝ φn [49].
The phase space trajectories for the stable point [Eq. (38)] for λ = 2, ξ = 2

and w = 0 are exhibited in Fig. 2 for which the eigen values are μ1 = −3, μ2 =
−1.5−1.44338i andμ3 = −1.5+1.44338i . In this case, all trajectoriesmove towards
the stable attractor point, and it behaves as an attractive focus.

The evolution of Gef f and wφ versus redshift z are shown in Fig. 3 in which the
evolution of Gef f remains positive throughout the evolution. Before approaching the
stable de-Sitter, the equation of state pass through a brief phantom phase in the past,
and at present epoch it gives observed value wφ � −1 with Gef f > 0.

4 Conclusion

In this paper, we have re-performed a dynamical analysis for a NMC scalar field
model described by F(φ)R = (1 − ξ B(φ))R with B(φ) ∝ φ2 and V (φ) =

123
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Fig. 2 Thefigure represents the stable fixed point formodel 2withλ = 2, ξ = 2 andw = 0. The eigen values
corresponding to the chosen parameters are μ1 = −3, μ2 = −1.5− 1.44338i and μ3 = −1.5+ 1.44338i
which exhibit that the stable point is an attractive focus. The black dot shows the stable attractor point
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G
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ln 1 z

w
Φ

Fig. 3 The figure shows the evolution of Gef f and wφ versus redshift z for model 2. The Gef f remains
positive during the whole evolution whereas wφ passes through a brief phantom phase in the past and
reaches at wφ � −1 around the present epoch that provides a stable de-Sitter solution. We choose λ = 2,
ξ = 2 and w = 0 in the numerical evolution

V0(1 + φ p)2, V (φ) = V0eλφ2
using a suitable set of dimensionless variables. We

used an autonomous system for a scalar–tensor model of dark energy with nonmin-
imial coupling that account for late time cosmic acceleration. This work is similar to
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our previous paper [49]. In our earlier work, we obtained a transient phase of dark
energy and a de-Sitter solution with Gef f < 0, and if a universe with Gef f < 0
exists then it will be different from our real universe. In the current study, we use same
autonomous system with B(φ) ∝ φ2 and power law, steep exponential potentials, a
true de-sitter solution with Gef f > 0 is found as Ḣ = 0, wφ � −1 and φ = con-
stant. However, in case of power law potential, one of the stationary point satisfies the
de-Sitter conditions but the point is not stable in actual sense.

The phase space trajectories of a stable point are presented in Fig. 2. All trajectories
around the current epoch converges to wφ � −1, and reaches to the stable attractor
point that behaves as an attractive focus. In the left panel of Fig. 3, we have shown the
evolution of Gef f versus redshift that gives Gef f > 0 during the entire evolution. In
the right panel of Fig. 3, we exhibited the evolution of wφ that provides the transient
phantom phase in the past and de-Sitter solution around the current epoch before
moving towards the stable attractor point.
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