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ABSTRACT

Numerous computations of the spectra of molecules are performed by mainstream methods based on the fundamental work by Lax [J. Chem.
Phys. 20, 1752 (1952)] for smoothing a series of individual transitions represented by delta functions. There is an assumption that the linewidth
of an individual rovibronic transition spectrum is many orders of magnitude smaller than the rovibronic bandwidth. However, the presence
of rotational-vibrational structure in the molecular spectrum masks the broadening of each individual rovibronic transition. In this work, in
the framework of harmonic approximation of potential energy surfaces, a new kind of contribution to homogenous broadening is considered
to describe the optical spectrum of any single rovibronic transition. Its origin is in zero-point oscillations and thermal fluctuations around
equilibrium positions of nuclei. Franck-Condon diagrams with slanting equidistant vibrational levels are proposed. Expressions of the spectral
intensity of a single vibronic transition are derived from the first principles. This theory was used to estimate the broadening magnitude of the
vibronic transition due to quantum uncertainty of nuclear coordinates of linear polymethine dyes with an extended 7-electron system. It was
shown that the calculated magnitude of the broadening is approximately two times smaller than the bandwidth observed in the experiment
but it has the same order of magnitude. The value of such broadening depends on the environment that restricts the vibrational and rotational
degrees of freedom of the molecule. It was demonstrated that an organic chromophore with an extended 7-electron system can be considered
to be a molecular optical parametric oscillator.

© 2021 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0047044

I. INTRODUCTION

In large molecules, the number of possible normal vibrations
is very large. Each of them has a rotational structure. Usually, spec-
tral measurements are performed for large ensembles of molecules
of this type, which are statistically distributed over energy levels in
accordance with the temperature of the medium and interactions
with the solvent molecules. Some excitation energies of molecules
are more probable and intense than others. Experiments show that
electronic-vibrational-rotational (rovibronic) terms overlap each
other so extensively that the molecular spectrum looks to be their
common envelope. Rovibronic transitions merge into absorption
and emission bands corresponding to the energy spectrum of a
molecule of this type (Ref. 1).

Thus, rotational-vibrational structure masks the broadening
of an individual rovibronic transition in the molecular spectrum.
Measuring the spectral width of an individual electron transition is
a difficult experimental problem. However, it is generally accepted
that the spectral width of an individual electronic transition is many
orders of magnitude smaller than the observed width of the spectral
band containing many closely spaced rovibronic transitions.

In this work, it is shown that the spectral width of an indi-
vidual transition in a molecule can be commensurate with the total
bandwidth. There is a mechanism of broadening of experimentally
observed terms, which is usually not taken into account in quantum
chemical calculations.

Here, we will consider vibronic (electronic—vibrational) terms
of molecules, but the same conclusions can be made in the general

AIP Advances 11, 035115 (2021); doi: 10.1063/5.0047044
© Author(s) 2021

11, 0351151


https://scitation.org/journal/adv
https://doi.org/10.1063/5.0047044
https://www.scitation.org/action/showCitFormats?type=show&doi=10.1063/5.0047044
https://crossmark.crossref.org/dialog/?doi=10.1063/5.0047044&domain=pdf&date_stamp=2021-March-4
https://doi.org/10.1063/5.0047044
http://orcid.org/0000-0002-7009-4319
mailto:petrls@yandex.ru
https://doi.org/10.1063/5.0047044

AIP Advances

case of rovibronic (electronic-vibrational-rotational) transitions.
We will also restrict ourselves to considering the absorption spec-
tra, but the broadening of the emission spectra can be obtained in a
similar way.

In the framework of adiabatic (Born-Oppenheimer) approxi-
mation (Refs. 1-3), the system of adiabatic equations is

[Te + U(r,q)]v(r.q) = V(9)y(r.q), (1)

[Tv + V(9)]¢(q) = Ep(q), 2

where T, and T are the kinetic energy operators of the electrons
and nuclei, respectively, and U(r,q) is the total potential energy
of the molecule. The electronic energy V(q) serves as the poten-
tial energy surface (PES) for the nucleus equation.” The total wave
function of an isolated molecule is represented by

¥(r.q) = y(r.9)¢e(q) (3)

where y(r,q) and ¢(q) are the electronic and nuclear wavefunc-
tions, respectively, and r and g are the electronic and nuclear (vibra-
tional) coordinates, respectively. The external electromagnetic wave
can produce a transition between the electronic-vibrational levels of
different electronic states in a molecule.

To calculate the PES of the ground state, V¢(g), it is necessary
to solve the electronic equation' for any admissible combinations
of nuclear coordinates q considered as slowly changing parame-
ters. The vicinity of the minimum of Vg(q) corresponds to the
ground electron state from which the vibration and rotational lev-
els are counted. To calculate the PES of the excited state, V,(q), it is
necessary to perform a similar procedure.

The probability of a transition between stationary states is
¥, < W4, where g denotes the ground electronic state and u, the
excited (upper) state, is proportional to the square of the matrix
element of the electric dipole-moment operator /. In addition,

2

M* = [(rlu(@)n' ) )
where |n) = ¢,(q) and |n') = ¢u(q). The frequency, wyw g, is deter-
mined by the energy of a transition from an initial vibrational level
n of the ground electronic state to a vibrational level n’ of an excited
electronic state,

wun’gn = Ffl (Eun’ - Egn)a (5)
where Eg, and E,, are the vibronic energies of ground and excited
states, respectively.

In the framework of the Herzberg-Teller approximation,

g =p(q) = (vu(r, @)litlve (r.q)), (6)

where coordinates of nuclei g are slowly varying adiabatic param-
eters in the vibronic transition problem. In the framework of
Franck-Condon (FC) approximation, transition dipole does not
depend on nuclear coordinates,

Z

#(q) ~ 1(qo) = (yu(r o) |tlyg (7. 90))- )
The oscillator strength of the transition is given by

2Me Wy 2
fun’gn = ne% > (8)
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where m, and e are the mass and electric charge of an electron,
respectively, and #. is the number of electrons that contribute
to transition. The spectral density of oscillator strength (spectral
intensity) in the absence of line broadening is determined by

Iun’gn(w) = fun’gn(s(wun’gn - w)» (9)

where § is the Dirac delta function. Equation (9) can be rewritten as

2Me Wy
I,mlgn((U) = ne%Mz8(wun’gn - (U), (10)
3e2h
where
hwuwgn = hwyg + (n' — n)hQy = Eyw — Egn (11)

is the energy of a “vertical” FC vibronic transition with fixed nuclear
positions during a very quick electron excitation process; hw,g is the
energy of the pure electronic (0-0) transition.

The adsorption band of a complex molecule broadens into a
quasi-continuum, which is an ordered collection of a great number
of closely spaced electronic-vibrational terms, g, — Wy,

I(w) = i Pnlun’gn(w)) (12)

n,n’=0

where P, is the statistical probability factor averaged over the initial
states (Ref. 1).

Each term under the sum in Eq. (12) is a very narrow sep-
arate vibronic band described by Eq. (10) with given numbers »
and n’. One can deduce that the envelope of this quasi-continuum
is a smooth spectral curve with a mean value of frequency and
variance.

From a practical point of view, a direct calculation of a great
number of individual lines I,;y/gs () and their summation in Eq. (12)
is an unreasonably task. The idea of obtaining an effective broaden-
ing of the vibronic spectrum given by Eq. (12) by smoothing of such
a set of vibronic lines can be illustrated by Lax’s approach, Refs. 4
and 5. This is a simple way to obtain a mean value and variance of
smoothing, which corresponds to Eq. (12).

Let us consider the vibronic problem with the Hamiltonians
of Eq. (2) taken for ground and excited states in the vicinity of the
minimum of their own PESs in harmonic approximation,

1J
Vg(q) = Vgo + EZMkQEk(CIk - ‘JgO,k)z’ (13)
k=1
1 2 2
Vu(q) = VuO + EZMkQuk(qk - Qu0>k) > (14)
k=1

where j is the number of degrees of freedom in the molecule, summa-
tion over k denotes the summation over all the normal oscillations,
q= (ql,...,qj) is the vector of normal coordinates, and M and
Q. are the reduced masses and nuclear vibrational eigenfrequencies,
respectively.
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Let us choose a certain initial nuclear configuration of the sys-
tem Q = (Qy,. .. ,Qj) in the vicinity of minima of PESs and expand
V¢(q) and V,(q) around Q (Ref. 5),

j 1d
Ve(q) = Vg(Q) + > Fopeqr — Qu) + EszQéc(Qk - Q)% (15)
k=1 k=1

Jj 12
Viu(q) = Vu(Q) + D" Fupe(q — Qi) + EZMink(Qk - Q)% (16)
k=1 k=1

where
IV,
ok = % = MkQErk(Qk - dgok)>
Ik qk=Qx (17)
oV,
Fu,k = % = Mkoik(Qk - ('Iuo,k)'
9k qk=Qx
In the framework of Lax’s model,
Qg = Qs = O (18)
It follows, therefore, that Eqs. (15)-(17) give
OVi(@) _ 9Ve(a) = F, — Fg = const. (19)

6qk 8qk

The equilibrium positions of the ground and excited electronic states
can be written as

Fok

Fu,k
M and  quox = Qk — (20)

MO}

qeok = Qk —

Therefore, the distance between equilibrium positions of two states
can be presented as

Fur— Fox
Adox = Quok — Geox = — —o— 2K 21
qok = Guok ~ 90,k M, Qi (21)
The dimensionless Huang-Rhys (HR) factor is determined by
MQ Fu— Fox)?
5, = Ml o  (Fuk — Fgx) (22)

on DT .02

The reorganization energy R (Fig. 1) can be expressed through
HR factors, taking into account Eqgs. (14), (18), and (22),

1J i
R = Vi(9) = Vi(Guo) = 52 MiQi(Bgog)” = 3 S (23)
k=1 k=1

Thus, the HR factor for mode k can be determined as the number
of vibrational quanta that are created on this mode upon vertical
vibronic transition. It is important to emphasize - in the case of 00-
transition, R = 0 - that vibrational quanta do not exist. It follows,
therefore, that the HR factor is zero.

A series of closely spaced vibronic transitions like the FC line
shown in Fig. 1 forms a spectral quasi-continuum, described by
the sequence of delta functions under summation in Eq. (12). Lax’s

VE
R = ShQ) V()
(o \ AN 7
= ‘\@‘/
v Ve
7

QgO Q quO q

FIG. 1. Franck-Condon diagrams of vertical FC electronic transitions between the
PES of the ground state V4(q) and the PES of the excited (upper) state V4 (q).
The quasi-continuous spectrum of a series of vibronic transitions located in the
vicinity of the FC transition and their envelope, which forms a common absorption
band, are shown on the left.

approach converts the quasi-continuum into a continuous spec-
trum (Fig. 1) by calculation of the envelope of this quasi-continuum,
which is a smooth spectral curve, with a mean value of frequency

J
Wm = Wyg + Y, Sk (24)
k=1

and variance

J
(0w)* = 3 8. coth A (25)

& 2kpT’

where kg is the Boltzmann constant and T is the temperature.

To obtain a smooth envelope using the parameters of Egs. (24)

and (25), Lax (Ref. 4) used an integral representation of the delta

functions given by Eq. (10), which are substituted under summation
in Eq. (12),

O Wuwgn — w) = / exp[i(a)unfg,, - w)t]dt (26)

and, taking into account Eq. (11), transformed the sum over

partial vibrational delta functions into an integral formula

oo

[ expli(wug — w)t + g(t)]dt, where g(t) is the so-called generating

function that contains information about nuclear vibrations,
J hQ
g => Sk{coth —k (1 - cos Out) — i sin th}; (27)
pet 2kgT

exp[g(t)] is a quantity whose Fourier transform generates the
absorption band shape.

The main simplifying assumptions of Lax’s smoothing proce-
dure are harmonic approximation of PESs in ground and excited
states in the vicinity of their minima [Eqgs. (13) and (14)]. Another
assumption is that the normal modes and harmonic vibrational
frequencies in both the considered vibronic states are identical
[Eq. (18)]. The generating function Equation (27) converts the
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quasi-continuous set of vibronic transitions Equation (10) into a
joint continuous band. This function arises from the distributions
of the adiabatic minima energy separations, Ag,,, Eq. (21).

Such an approach, called time-dependent treatment, was origi-
nally derived for electrons trapped in impurity centers in a crystal
lattice, Ref. 4. This approach is used in a wide range of applica-
tions in modern research, particularly for modeling the optical band
shape of organic dyes (Refs. 6-8). A more general expression for the
generating function within the model of harmonic surfaces and its
further generalization to the case of non-Condon transitions have
been obtained by Kubo and Toyazawa (Refs. 5 and 9). All these
approaches associate with more accurate calculations of matrix ele-
ments Equation (4) or going beyond adiabatic assumptions. In Refs.
10-16, authors have shown that by using Herzberg-Teller approx-
imation (dependence of the transition dipole on the nuclear coor-
dinates) and Duschinsky rotations (normal mode mixing between
states), one can obtain more exact values of vibronic energies rather
than in the framework of the FC transition.

All these methods have one thing in common. If there are many
individual vibronic transitions overlapping each other so extensively
that the entire spectrum looks to be their common envelope, then the
direct calculation of individual transitions and their summation to
obtain molecular vibronic spectrum becomes a very resource inten-
sive task. Such methods smooth out the quasi-continuum of closely
spaced vibronic transitions, approximately calculating the common
envelope of all vibronic transitions, and thus form the continuous
spectral band.

Consider an extreme case. If there is only one transition in the
spectrum due to the rovibronic structure of the line being absent
or very suppressed, then any smoothing is impossible. In this case,
Lax’s smoothing procedure results in a single delta function Equa-
tion (9) that is responsible for the transition. Indeed, in this case, the
reorganization energy Equation (23) is zero, and the HR coefficients
given by Eq. (22) are zero as well. Therefore, the generating function
Equation (27) must be zero,

R=0, S =0, g(t)=0. (28)

An example of the case that satisfied the conditions given
by Eq. (28) is zero-phonon (0-0) transition. Taking into account
Eq. (10), one can obtain the spectrum of this transition,

2m.woo
3e2h

Ioo(w) =N, M26(woo - w), (29)
where woo is a frequency of (0-0) transition. Lax’s time-dependent
treatment and other similar methods (by Kubo, Toyazawa, and oth-
ers) do not apply for smoothing the pure electronic zero-phonon
transitions. Describing the single transition broadening is beyond
the frameworks of all similar methods.

On the other hand, the individual optical line broadening
is considered to be homogeneous or inhomogeneous (Ref. 1).
Homogenous broadening is due to processes that broaden the opti-
cal lines in the spectrum of a single molecule (e.g., the finite life-
time of excited states in a transition, the Doppler effect). Inhomoge-
neous broadening arises from the effects of surroundings, for exam-
ple, fluctuations in solvatochromic shift (Refs. 17-19) due to heat
motion. It is generally accepted that all such broadenings are suf-
ficiently small (107 cm™'-10"" cm™"), many orders of magnitude

ARTICLE scitation.org/journall/adv

smaller than the observed width of the optical absorption band of
the molecule (10 cm™'-10° cm™!) (Ref. 20).

However, there is an example that the observed width of a
solitary optical transition in the molecule given by Eq. (29) can be
commensurable with the width of an ordinary rovibronic quasi-
continuous band, represented by Eq. (12). The J-aggregation of poly-
methine dye monomers is manifested by a dramatic change in the
spectrum. The J-band is strongly shifted to lower energies with very
small Stokes shift, showing no vibrational structure (Refs. 21 and
22). Small Stokes shift indicates that rovibronic structure is con-
siderably suppressed with the exception of (0-0) transition. Hypo-
thetically, forming a joint coherent 7-electron system in a compact
J-aggregate from the separate 7-systems of monomers leads to an
effective elongation of the chromophore [red shift of the (0-0) tran-
sition]. The width of the J-band is rather narrower than the width
of the corresponding band of the monomer. On the other hand,
although the vibrational structure in the J-aggregate is consider-
ably suppressed, both widths have the same order of magnitude.
Therefore, (0-0) transition in the J-aggregate has a broadening that
exceeds the generally accepted values of homogeneous and inhomo-
geneous broadenings of solitary optical transition by several orders
of magnitude.

Thus, the theory of molecular spectra has an unsolved prob-
lem of significant broadening of an individual optical transi-
tion in the molecules and their aggregates. The presence of a
rotational-vibrational structure in the spectrum masks the broad-
ening of each individual transition. Numerous computations of the
spectra of polymethine dyes have been performed by using one of the
methods for smoothing a series of delta functions that were consid-
ered above (by Lax and Kubo et al.) (Refs. 23-26). These methods, by
definition, do not describe the broadening of a single (0-0) vibronic
transition, such as the one possibly taking place in the J-aggregate. At
the same time, it is reasonable to assume that a certain narrowing of
the absorption spectrum of polymethine dyes upon J-aggregation is
precisely due to the suppression of the rovibronic structure of indi-
vidual monomers and the unique manifestation of the natural width
of a single rovibronic transition.

In this work, it is suggested that the wide broadening of the
single electronic transition may be associated with the parametric
dependence of the energy of fast electronic transition on the instan-
taneous values of slow oscillating nuclear coordinates. Even in the
case of solitary (0-0) transition, the nuclei of a molecule have zero-
point oscillations around equilibrium positions corresponding to
PES minimum. The fundamental idea is that zero-point oscillations
and thermal fluctuations in a signal-conducting system (nuclei)
broaden the spectrum of this signal (optical electrons).

Let us consider the classical radiotechnical analogy of this
effect. It can be represented by an electric oscillating circuit with
a lightweight metal spring, which works as the inductance coil
[Fig. 2(a) and 2(b)]. The spring is suspended vertically with a load
mass m at the free end. Such a spring pendulum is an analog
of vibrational moving of nuclei with an oscillating length H(t)

that depends on time: H(t) = Ho + A cos Qt; here, Q =
quency of spring oscillation and k is the spring stiffness coefficient.
Due to length oscillation, the magnetic inductance of the spring

depends on time: w(t) = ——~—; here, C is the electric capacity of

VL.(t)C

circuit, the inductance of the solenoid is L.(t) =

\/Z is a fre-
m

#oNS
H(t)

(in SI units),
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FIG. 2. [(a) and (b)] Detector radio-receiver with slow oscillating length of the inductance coil is a radiotechnical analog of a vibronic 7-conjugated molecular system (two
different phases of the spring oscillation). The resonant LC-circuit absorbs radio waves at a frequency w modulated by small parametric oscillation with frequency Q of the
spring pendulum, which acts as an inductor (2 < w). (c) The absorption frequency spectrum of the circuit if the attenuation of the spring oscillations can be neglected.

S is a cross-sectional area of the coil (spring), N is the number
of turns in the spring, and y, is the vacuum magnetic permittiv-
ity; w(t) > Q, Ho > A. Then, in the linear approximation, we can
derive

w(t) ~ wo + Aw cos O,

where
wo = Ho
* "\ uNsc
and
Aw = Awp cos Qt.
2H,

Then, characteristic relative broadening of the absorption radio
band in an oscillating circuit is given by 2‘%0. The spectral
probability-density distribution for a resonant frequency is shown
in Fig. 2(c). Turn points of the classical pendulum (at the edges
of the oscillating interval) provide the most probable values of
frequency.

This example taken from classical physics shows that a slowly
changing adiabatic parameter (length of spring) affects the resonant
frequency. In this case, the probability-density distribution func-
tion of this parameter profiles the frequency spectrum of the reso-
nant LC-circuit. The main difference between a quantum oscillator
and its classical analog is that even in the absence of vibrational
quanta in the oscillator, there are zero-point oscillations that pro-
duce stochastization of the spring length that leads to Gaussian-like
broadening of the frequency spectrum, with maximal probability-
density approximately at the central frequency value. It is clear that
classical molecular dynamics does not describe zero oscillations;
therefore, it cannot properly describe the oscillations that are pro-
vided to vibronic transition frequency broadening. Hence, the idea
to apply classical molecular dynamics to such a kind of vibronic line
broadening does not hold validity.

On the other hand, similar phenomena can be observed exper-
imentally in many other cases, for example, in Ref. 27.

To check the suggested assumption, the magnitude of paramet-
ric broadening of electronic (0-0) transition in polymethine dye is
estimated. Polymethine dye is a system with an extended 7-electron
system for which the energy of the electronic transition can be sim-
ply associated with the collective zero-point vibrations of nuclei in
the polymethine chain. Theoretical treatment of the optical band
shapes for chromophores with an extended r-electron system is still
a considerable problem in chemical physics.

Il. MODEL

Let us consider the vibronic energies that correspond to Hamil-
tonians of Eq. (2) in harmonic approximation given by Egs. (13) and
(14) taken for ground and excited states in a small vicinity of the
minimum of their own PESs,

1J
Eg(Aq) = Ty + Vo + EZMkQ;k(Aqk)z, (30)
k=1

1 j
Eu(AqQ) = Ty + Vi + EZMknik(Aqk ~Aquox)’,  (31)
k=1

where j is the number of degrees of freedom in the molecule and
Aq=(Aq,,... ,qu) is the vector of normal coordinate shifts; My
and Qy are the reduced masses and nuclear vibrational eigenfre-
quencies, respectively; the coordinate shifts are denoted by

(32)

Ay = gk — ggox  and  Adok = Guok — Geok 2 0,

where Ag, = const; by definition of the PES.
The nuclear coordinates oscillate in the molecule, and Ag, is
a function of time and has a stochastic distribution for the set
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of FC instantaneous transitions taking the ergodic theorem into
account. Therefore, the absorption energy AE,, of the instantaneous
“vertical” transition corresponding to coordinate shifts Aq can be
written as

AEug(Aq) = Eu(Aq) — Eg(Aq)
1d
~ Vi — Vgo + *sz
2 k=1
x [Qex(Agk — Aqor)” - Qz4(Ag)?],  (33)
where the expression under summation can be transformed as

Qu i (Aqe - Aqog)” — Q2 (Aqe)’
= (0 — Q) (Ag)” - 207 kAgosAqe + Q2 (Agox)’.

Denoting the constant (non-fluctuation) part of the energy as
1 2 2
AEyug0 = Vg — Vo + EZM,(QM,k(AqO,k) , (34)
k=1

one can rewrite Eq. (33) as
AEug(Aq) = hwug(Aq)
1J
= AEyg0— =Y My
2ia
x 200 AqoxAgi + (Qgc — Q) (Aq)’], (35)

where the term with summation describes the fluctuation part of
the transition energy due to Ag, being the quantum fluctuations of
nuclear positions in the molecule.

In the stationary case, the averaged magnitude of Eq. (35) can
be determined by the expression

J
AEug(n, l‘l,) = AEug,o + hz [(n'k + %)Quk - (Vlk + %)ng], (36)
k=1

where n = (n1,...,n) and n’ = (#},...,n’;) are the sets of the
vibrational quantum numbers of the ground and the excited states,
respectively. Transition given by Eq. (36) corresponds to frequency

J 1 1
wug(n, n') = wug,o + Z [(n'k + E)Quk - (Vlk + E)ng]) (37)
k=1

where wo = i~ AE,.

The probability-density distribution of nuclei in the initial
(ground) state f gn(Aq) on all possible sets of shifts Aq can be
determined by taking into account Eq. (3),

fen(AQ) = 9gn*(qgo + AQ) - 9 (g + AQ). (38)

Equation (38) is the probability of the transition with frequency
wug(Aq) given by Eq. (35). Thus, we can implicitly determine the

scitation.org/journal/adv

distribution density F(w,g) and then calculate the spectral intensity
distribution Equation. (10),

2m.
I“”'g"‘(w) =He SmZ:Min’gnF(w)) /F(a))dw = 1, (39)
e

where Mﬁn,gn is determined by Eq. (4),
2
Murgn” = |{nlptug ()0 (40)
where
#ug(q) = (Yu(r, Q) ity (r.q)). (41)

U, g(q) can be obtained in different approximations, for example, by
the simplest Franck-Condon approximation Equation. (7),

Pugo = ('lfu(ﬁquo)|ﬁ|‘l’g(r’qg0))’ )

or in the framework of the Herzberg-Teller approximation, if
required.

If the spectrum consists of several vibronic transitions, they
have to be summed by Eq. (12), taking into account the individ-
ual probability of each transition that is determined by temperature
dependent statistical factors P,.

In the one-dimensional case (j = 1), Eq. (35) can be rewritten
for given n and n’ as

1
wun’gn(Aq) = wun’gn,O - ﬁMPQiAQOAq + (Q; - Qi)(AQ)Z]
=a—p-Aq+y-(Ag), (43)

where A, B, and C are the constants,
2 1 2 2
&= Wuwgno, B =MQAG >0, y= EM(Qu—Qg).

The average frequency Equation. (37) is

1 1
Wyn'gn = Wyg,0 + |:(nl + E)Qu - (I’l + E)Qg:l (44)

In particular, for the (0-0) transition, Eq. (44) gives the expression
1
Wyogo = Wyg,o + E(Qu - Qg) (45)

Quantum uncertainty of the initial state described by f,(Aq),
Eq. (38), leads to broadening of the transition vibronic band. In
harmonic approximation, one can obtain

fan(Aq) = @gn*(qe0 + Aq) - pen(ggo + Ag) = fnz(AQ)’ (46)

where £,(Aq) is the harmonic oscillator eigenfunction. Using this
relation, one-dimensional probability density distribution of g
can be presented as

0Aq
8"Ju.n’gn

F(w) = & (Aq()) , (47)
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where, taking into account Eq. (43),

B /P a(a—w)y

Aq(w) = % with @ = Wuwen,  (48)
ong_ a
do /B —4(A-w)C )
Hence,
2
F(w):[gn(ﬁix/ﬁ2;4((x—w)y):| 1 60
y B —4(a-w)y

Taking into account Eq. (39), the spectral intensity of the
transition can be rewritten as

e

Iun’gn(w) =Ne

3e2h 2y
M?,
un’'gn (51)
B —4(a-w)y

The squared normalized wave function of the linear harmonic
oscillator (Ref. 28) is

exp(—qurofz)Hﬁ(Aq . rofl)
2nron!N/m ’

&2 (Aq) = (52)

<T55,,

2[ /) -y
N
wj\\i

<-I5Eg
ng aq quO q

(@) =

scitation.org/journal/adv

where H,,(Aq . ro"l) is the Hermite polynomial of degree n, the
radius of the oscillator is

ho\/2
i (MQ) ’ &)
g
and the normalizing condition is
[ £, (Aq)dAq =1, (54)
AR, 2
§(ag) = SRCAL0 ) 59)

roﬁ

In particular, for the (0-0) transition, Eqs. (51) and (55) give the
expression that describes the spectral broadening of this transition
due to zero-point oscillations of nuclei,

2
2MeMew B/ -4(a-w)y
I, o e ol -
00(@) 3y/mehrg exp[ ( 2919
MﬁOgO

(56)

V- 4a-w)y

If conditions given by Eq. (18) take place, then expression Eq. (43)
becomes linear,

Wun'gn(Aq) = a = - Ag, (57)
and Eq. (44) transforms to Eq. (11). In linear approximation,
a-w
Aq(w) = , (58)
B
| I
n=
7l AC)
N
'g n'=0
o
£
5 n=2
S I N v
8 =1 N1 1 I{g(q)
n= 0\
qgo AZJ quO q
(b) -

FIG. 3. Formation of a broadened spectrum of (0-0) vibronic transition in the presence of parametric dependence of the transition energy AE,q = Vi, — V4 on nuclear
coordinate shift Aq relative to the position of the ground PES minimum g0 [see Eq. (43)] due to zero-point oscillation of the nuclei. (a) Bending of equidistant (with distances

h Qg over the ground electronic state and 7 €, over the excited one) vibration levels of ground and excited states due to slow parametric dependence of the transition
energies E£4(Aq) and E,(Aq) on Aq [Egs. (30) and (31)], respectively, € 4 and SE,, are the broadening of energy levels of the ground and the excited states, respectively.
Red (blue) curve shows the probability-density of the electron distribution at the ground (excited) level as a function of shiftAg. (b) Another diagrammatic representation of
the same case, where the ground vibrational levels are drawn horizontally and the excited ones are plotted taking into account the local vertical distance to the ground level
according to the second-degree polynomial given by Eq. (43). The exited vibration levels are bent on the diagram according to AE,q(Aq) = A+ B - Ag+ C - (Aq)?. The
vertical arrows indicate examples of vertical vibronic (0-0) transitions at randomly chosen parameters Ag. The resulting (0-0) absorption band given by the green curve is
obtained by integrating all similar (0-0) transitions with respect to the parameter Ag, taking into account their statistical weight given by the red curve.
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FIG. 4. (a) Generally accepted diagram of Franck-Condon vertical vibronic transitions with horizontal energy levels. [(b) and (c)] The modified Franck-Condon diagram
where electron-vibrational levels are pictured by slanting lines due to their energy dependence on Aq by Eq. (57). The vertical transition of a discrete spectrum forms
non-broadened bands in a conventional diagram (a); the broadened lines of a discrete spectrum arise in (b) and (c). Therefore, the squared nuclear wave function £(Aq)
[with a quantum index n = 0 in the case of (b) and n = 1 in the case of (c)] of the vibrational level of the initial vibronic state adiabatically profiles the spectral shape of the

broadened vibronic line.

ST T
Iun’gn(w) = MNe §Z;;;Mﬁn’gn|:fn(a_ﬁw):| . (60)

The spectral intensity of the transition in linear approximation
Equation. (57) can be rewritten as

2
nemewM,m,gn )

xHﬁ(a_w).

Bro (61)

For the (0-0) transition, Eq. (51) gives

o —w

Bro

IuOgO(w) = (62)

2nemewMﬁog0
exp| —
3\/methfro

)|

Zero-point oscillations of nuclei in the ground vibrational
state described by the Gaussian-like eigenfunction determine the
Gaussian-like profile (corresponding to the squared eigenfunction
of the initial vibrational state) of the electronic energy of (0-0) tran-
sition. In general, the shape of the vibronic band is formed by
“reflection” of the squared vibrational wavefunction of the initial
state in the profile of probability-density distribution of transition
energy.

Parametrical dependence of vibronic transition energy on
nuclear coordinate shift Ag leads to slanting vibrational levels in the
FC diagram (Fig. 3).

The FC diagrams with slanting levels in linear approximation
Equation. (57) are shown in Fig. 4.

lll. CALCULATIONS

Let us estimate the characteristic magnitude of broaden-
ing of the vibronic transition due to quantum uncertainty of
the values of nuclear coordinates by considering the simplified
case: linear polymethine dye with an extended n-electron system.
Experimental optical spectra of a series of symmetrical polyme-
thine dyes [Fig. 5(a)] derived from benzothiazole are presented in
Ref. 29.

The specificity of an extended 7-electron system lies in the fact
that the energy and electric dipole-moment of any electronic tran-
sition strongly depend on the instantaneous characteristic length of
the 7-electron transition L [Fig. 5(a)]. This length is strongly deter-
mined by instantaneous values of oscillating coordinates g of the
nuclei [Fig. 5(b)]. These nuclear vibrations have very slow veloc-
ity in contrast to very fast optical electronic transition so that L
can be considered a time dependent parameter of the vibronic fre-
quency wyg = wyg (L(t)). Therefore, this vibronic system can be con-
sidered in the framework of the theory of adiabatic invariants with
parameter L (Ref. 30).

Consider a simple model of free electrons derived by Kuhn
for polymethine dyes (Refs. 31 and 32), Fig. 5(a). The vibrational
structure of the electronic spectra of these molecules is very weakly
resolved at room temperature due to considerable broadening. A
characteristic feature of the vibrational structure is the main con-
tribution of only one normal vibration to the electronic-vibrational
spectrum (Ref. 1).

In Kuhn’s model, the length of n-electron transition L is the
length of the chain between nitrogen atoms plus one bond dis-
tance on each side, i.e., L o< 2(j + 3)a, where a is the bond length
between atoms along the chain and j is the number of inserted links
[Fig. 5(a)]. Due to the easily polarizable benzene nuclei at both ends
of the polymethine chain, the potential energy of the m-electrons
increases less rapidly at the ends of the chain than when the nuclei
are absent. We take this into account by increasing the length L by a
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FIG. 5. (a) Structure of a series of symmetncal polymethine dyes (top); the scheme of the 7-electron chain of the polymethine chromophore in the free-electron model
(bottom). (b) Probability-density distribution &2 (AL) of characteristic length L of the linear quantum harmonic oscillator around its middle position L, with deviations
|AL| <« Ly for different numbers of vibration quanta n, where &,(AL) is the oscillator eigenfunction and g is the nuclear coordinate. (c) Intensities of vibronic adsorption

lines /(wn) modulated by adiabatic variations of oscillator length L, with a probability-density distribution &2 (AL); gn — un’ (wheren=0, 1,2, ..
= &;(AL) to an excited level |n")

vibrational transitions from the ground level |n)

constant amount %a (Ref. 31), i.e.,

L:2(j+3+%)a.

(63)

Each carbon atom in the chain contributes one m-electron, and the
two nitrogen atoms together contribute three. Thus, the number of

n-electrons on the length Lis N =

2(j +3).

The wave functions of an electron in the ground state (the
highest occupied molecular orbital, HOMO) are given by

o= Zoin(24), (o0

and the lowest unoccupied molecular
function of the excited state is

orbital (LUMO) or wave

Vu = \/Esin(njzzls), (65)

where s is the coordinate along the internuclear bonds in the chro-

mophore [Fig. 5(a)].

The excitation energy, frequency, and wavelength of absorp-

tion, respectively, are

TR (2j+7)

AR == (60
_mh(2j+7)

“0) = S, “

2mc 4m,cL?
M= Gy 0
M(L) ~ y(L)’<n|n') , (69)
u(l) = LZ—/O1 ygex - cos(30°) yudx, (69)

.) denote the electronic-

= &,(AL).

where c is the speed of light, x = sL™", and x - cos(30°) is the direc-
tion of the long axis of the molecule [Fig. 5(a)]. The oscillator
strength is

2m,AE(L)
f 2= 2;'12

Using Kuhn’s model, n, = 2 [in Eq. (70)] because two electrons
contribute to the transition. Hence,

M (L). (70)

f=n(2j+ 7)|<n| n'>|2[f01 sin(7(j + 3)x) sin(n(j + 4)x)xdx] .

(71)

The v1brat10nal frequency of the sesquialteral C-C bond is
approx1mately £ 1000 cm ™! because, in normal conditions, i.e.,
hQ > kgT, practlcally, only zero-point oscillation (n = 0) is realized;
this is because the contributions of # = 1 and the higher non-zero
vibrational modes have very small amplitudes because of the Planck
distribution.

The vibronic transition from the vibrational level n = 0 of the
ground state to n’ = 0 of an excited level most probably generates
an absorption band in such a system because the Franck-Condon
factor in Eq. (71) has a maximum value, i.e., |(0|0)|* = 1 [Fig. 6(a)].

Note that in the case of high temperature, the 1-0 transition
with the double-hunted form of band broadening, corresponding to
the first excited state of the harmonic oscillator wave function, can
also appear [Fig. 6(b))].

Let us estimate the broadening of the (0-0) transition spectrum
in the simplest linear approximation by Eq. (62).

The bond length between atoms along the chain can be written
in the form

a=ag+Aa, (72)

where aq is the average value of the sesquialteral bond length in the

polymethine chain (C-C or C-N bonds), where ag ~ 1.40;4 is the
mean length of the sesquialteral C-C bond. The radius of the oscil-
lator of one link of the polymethine chain, ry, can be estimated by
averaging the oscillation amplitude of the C-C bond in benzene:

ro ~ 0.046/0X (Ref. 33). To derive the effective oscillator radius of all

AIP Advances 11, 035115 (2021); doi: 10.1063/5.0047044

© Author(s) 2021

11,035115-9


https://scitation.org/journal/adv

AIP Advances ARTICLE

A E
| \
E .
2 N :
= TN o Eu-Eg
AE(g)
0 / \
0 Eg
LidL p. LgtSL q
@

scitation.org/journal/adv

A E
=]
g \,
g \
B -
2= N
= o Eu-Eg
- AE(g)
Eg
0 AN /1
0
Ly SL L+SL
() 0 Lo ) q

FIG. 6. Nature of the band broadening of electronic-vibrational transitions in an extended n-electron system due to the dependence of vertical-transition energy AE on the
instantaneous length, L, of a nuclei chain; there is a restricted continuum band linked to the energy interval E(Ly + 6L) to E(Ly — 8L). The length L has a continuous
interval of values between the turning points of the oscillator in the ground (Eg) state. (a) The graph describes the 0-0’ transition; (b) The graph describes the 1-0’ transition.
The vibronic lines are adiabatically broadened, taking the shape of their initial (ground) vibrational levels.

chains, one can use the rough approximation of independent oscilla-
tors [analogous to the Einstein independent oscillator approach for
solids, (Ref. 34)]. We use the representation Aq = Aa in Eq. (55).

In the framework of approximation of independent oscilla-
tors, the probability that all N = 2(j + 3) bonds of the chain have a

given oscillator phase Aa is proportional to [exp(—rg ZAaz)]20+3) =
exp(-2(j + 3)1’0_2Aa2).
Therefore, the effective oscillator radius of the chain is

Ry= ——2 (73)

V2(+3)
On the basis of dependence of w on Ag = Ag, one can derive from
Eq. (67) taking into account Egs. (63) and (72) that

(1—22—:). (74)

Under the assumption that the spectrum is narrow and close to
the delta function [Eq. (9)], the intensity differs significantly from
zero only in the region of the maximum frequency. Therefore, to
determine the maximum frequency and broadening, it suffices to
consider the properties of the exponential factor in intensity distri-

7R+ 7)  mh(2j+7)
T 8(j+3+13)2a2m,  8(j+3+13)2a’m,

2
bution Equation (62), exp[—( ‘Z‘T‘:) ], where coefficients & and § can
be obtained taking into account Eq. (74),

2 .
h(2j+7 2
. mhG+7) g 2 75)
8(j + 3 +13)2a¢’m. ao

The frequency and wavelength at the maximum of spectral
intensity are given by w,, = «,

2 .
h(2j+7
O = %’ (76)
8(j+3+13)%aim,
16(j +3 + 1) cagme
A = 20U 3% 3) caiym (77)

nh(2j+7)

The half-width at half-maximum of I(w) is

Swrjs = pRoVIn 2 = V22, (78)
ao\/j+3

roV2 In 2/\
an/i+3

Table I shows the theoretical estimations and experimental
magnitudes of broadening 8112 of (0-0) transition due to zero-
point oscillations in a polymethine chain of a series of symmetrical
polymethine dyes [see Fig. 5(a)], withj=0, 1, 2, 3.

The calculated magnitude of the broadening is approximately
two times smaller than the bandwidth observed in the experiment,
but it has the same order of magnitude. This indicates the essen-
tial role of the parametric broadening of vibronic transitions due to
zero-point oscillations and thermal fluctuations in the formation of
the observed bandwidth of the vibronic spectrum in molecules. It
was demonstrated that an organic chromophore with an extended
n-electron system can be considered to be a molecular optical
parametric oscillator.

5)L1/2 = ﬁRoV In2= (79)

TABLE I. Wavelengths Ap calculated from Eq. (77) and broadening 814, from
Eq. (79), with corresponding experimental values A [exp.] and 8A[exp. ] obtained by
Brooker et al. (Ref. 18) for a series of symmetrical polymethine dyes [see Fig. 5(a)],
with j = 0,1,2,3, dissolved in liquid methanol; f is the oscillator strength of (0-0)
transition derived from Eq. (71).

o o o o
i Am(A) Am[expl.(A)  Ship,(A)  GA[expl.(A) S
0 4100 4230 91 200 0.68
1 5389 5575 104 200 0.89
2 6680 6500 116 210 1.10
37970 7580 126 250 130
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IV. CONCLUSIONS

The shape of rovibronic absorption and the emission bands are
determined not only by the statistical distribution of the ensemble of
molecules in the solution over their energy levels (inhomogeneous
broadening) but also by the fact that each individual rovibronic tran-
sition of each molecule has its own wide spectrum due to zero-point
oscillations and thermal fluctuations. In this work, for the first time,
it was shown theoretically that although the magnitude of the broad-
ening of the individual rovibronic transition energy spectrum in the
molecule is smaller than a rovibronic bandwidth, it has the same
order of magnitude.

Notwithstanding, until now, it was conventionally assumed
that the homogeneous broadening is several orders of magnitude
less than the inhomogeneous one. Numerous computations of the
spectra of the molecules are performed by special methods (by Lax
and Kubo et al.) for smoothing a series of individual transitions rep-
resented by delta functions. All these methods have one thing in
common. Such methods smooth out the quasi-continuum of closely
spaced vibronic transitions, approximately calculating the common
envelope of all vibronic transitions, and thus form a continuous
spectral band. They do not work with the broadening of single
rovibronic transition.

In the framework of harmonic approximation of the poten-
tial energy surfaces, the new theory is proposed here describes the
optical spectrum broadening of any single rovibronic transition due
to zero-point oscillations and thermal fluctuations around equilib-
rium positions. Franck-Condon diagrams with slanting equidis-
tant vibrational levels are proposed to consider this effect. Expres-
sions of the spectral intensity of a single vibronic transition are
derived from first principles. The magnitude of the broadening
effect of this type is estimated using the example of linear poly-
methine dyes. The calculation showed that the quantum uncer-
tainty of nuclear positions leads to a broadening of the vibronic
spectrum with a magnitude that is comparable to the experimen-
tally observed linewidth. This effect cannot be neglected in the
optical spectra of any types of molecules, not only in the chro-
mophores with an extended 7-electron system, because it has fun-
damental origin associated with quantum uncertainty of nuclear
coordinates.

For the first time, we show that an organic chromophore with
an extended m-electron system can be considered as a molecular
optical parametric oscillator in the framework of adiabatic invariant
theory. This effect can be used in molecular electronics and optical
chemosensorics to determine the properties of surrounding media
by analyzing the shape of the vibronic spectral lines of fluorescent
molecular probes with an extended 7-electron system.

Further development of the proposed general method can be
associated with the use of quantum-chemical approaches to calculate
the vibrational and rotational frequencies and the multidimensional
PES corresponding to all significant degrees of freedom. On the
other hand, solid-state physics methods can also be used to deter-
mine the phonon spectrum in a large molecule. The separation of
collective phonon vibrational modes in large molecules and deter-
mination of the occupation number of phonons corresponding to
the vibrational and torsion degrees of freedom in the molecule are
associated with the methods of secondary quantization of an elastic
solid system.

ARTICLE scitation.org/journall/adv

In this paper, it was also shown that an organic chromophore
with an extended 7-electron system can be considered to be a molec-
ular optical parametric oscillator in the framework of adiabatic
invariant theory.

Special techniques associated with fixing the internal vibra-
tional and rotational degrees of freedom of the molecules by embed-
ding them into a transparent solid matrix or by laser excitation of
their chromophores in a very short optical waveband allow the nar-
rowing of these spectral lines (Refs. 35 and 36). It is clear that these
experimental results can be described in the framework of the pro-
posed approach. There is reduction of vibrational oscillating motion
amplitudes of the atoms in the chromophore by their interaction
with the environment, so the characteristic transition length L and,
consequently, the linewidth reduce too.

These effects can be used in molecular electronics and optical
chemosensorics to determine the properties of surrounding media
by analyzing the shape of the vibronic spectral lines of fluorescent
molecular probes with an extended 7-electron system.
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