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Abstract—The results obtained from a phenomenological analysis of the ratio of the elastic-to-total
cross sections for proton–proton (pp) and antiproton–proton (p̄p) scattering as a function of energy are
presented. Analytic functions proposed on the basis of studying low- and high-energy experimental data for
various scattering parameters make it possible to obtain a statistically acceptable quantitative description
of the energy dependence of this ratio over a broad energy region of

√
s ≥ 3 GeV for individual samples of

pp and p̄p collisions and over the region of
√
s ≥ 5 GeV for a combined ensemble of experimental data. On

the basis of the resulting approximations, the ratio of the elastic-to-total cross sections for pp collisions
are estimated at various values of

√
s up to an ultrahigh energy of

√
s = 10 PeV. The resulting estimates

may prove to be useful for experiments at currently operating and future hadron colliders, as well as for
measurements of ultrahigh-energy cosmic rays. An indication of the onset of the asymptotic region for the
cross-section ratio in question is observed in the region of

√
s � 5−10 PeV.

DOI: 10.1134/S1063778819010113

INTRODUCTION

Experimental data indicate unambiguously that,
in proton–proton (pp) and antiproton–proton (p̄p) in-
teractions, the elastic cross section (σel) grows faster
with collision energy (

√
s) than the total cross section

(σtot). As a result, that the survival probability for a
beam of (anti)nucleons grows with s; this experimen-
tal fact is of importance and is somewhat unexpected.
It should be emphasized that the nature of this effect
has yet to be clarified conclusively; moreover, an en-
hanced growth of σel(s) with respect to σtot(s) has
been studied less vigorously than the energy depen-
dence of the total cross section for pp and p̄p colli-
sions. The possible interplay between the behavior of
σel as a function of energy and, hence, the behavior of
the survival probability in (anti)nucleon collisions, on
one hand, and Bose–Einstein condensation and the
topology of the QCD vacuum, on the other hand, was
examined in [1]. As was discussed in [2], the structure
of the QCD vacuum may be characterized by highly
irregular fractal-like geometry. Moreover, one can
assume that the interaction region may have a com-
plicated geometric shape corresponding to fractal ge-
ometry rather than to the simplest cases of Euclidean
geometry. This entails the assumption that both the
topological properties of the QCD vacuum and the
type of geometry used to approximate the shape of
colliding particles exert influence on the s dependence
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of global parameters, especially cross sections for
hadron scattering. In general, this assumption im-
plies a fundamental interplay between geometry and
dynamics of strong-interaction processes. However,
these qualitative arguments should be tested via a
quantitative analysis of experimental data.

It is also important to study the asymptotic be-
havior of global parameters of hadron scattering—in
particular, pp and p̄p scattering—and to address the
problem of searches for the onset of the asymptotic
region in the collision energy. The asymptotic rela-
tions in question are based on fundamental properties
of quantum field theory—namely, the analyticity of
the scattering amplitude and the unitarity condition.
Further, processes in which the momentum transfer
is low make a dominant contribution to the cross sec-
tion for hadron interactions at high s. In view of this,
phenomenological investigations into the behavior of
the respective cross sections and their ratios versus
s open wide possibilities for analyzing QCD-based
models—in particular, the approach of a gluon (or
glueball) cloud at long distances.

Thus, study of the ratio of the cross sections σtot
and σel in hadron interactions as a function of the
collision energy is of importance both for the develop-
ment of strong-interaction theory—in particular, the-
ory of the soft-physics sector—and, in a more general
case, for analysis of the fundamentals of quantum field
theory.
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1. OBSERVABLES AND APPROXIMATING
FUNCTIONS

In the present study, the ratio of the elastic-to-
total cross sections,

Rel/tot = σel/σtot, (1)

is studied as a function of the collision energy in
pp and p̄p interactions. For pp scattering, the
experimental data sample used for the set Gpp ≡
{Gi

pp}2i=1 = {σpp
tot, σ

pp
el } of global scattering parame-

ters was formed by employing the database in [3],
while, for p̄p scattering, the data for the analogous
set Gp̄p were taken from [4]. For the experimental
points, we set the total errors to the values calculated
as Δ2

tot = Δ2
stat +Δ2

syst, where Δstat and Δsyst are,
respectively, statistical and systematic errors [5].

The dependences σtot(s) and σel(s) exhibit similar
basic features and functional behavior over a broad
energy range. In general, σtot for pp and p̄p colli-
sions behave qualitatively at high energies as lnα ε,
where 0 < α ≤ 2, ε ≡ s/s0, and s0 = 1 GeV2. This
dependence arises in various approaches [3–5]. On
the other hand, a term proportional to ε−β , which
was proposed within axiomatic quantum field theory
(AQFT) [6], makes it possible to describe reason-
ably experimental data at low energies down to

√
s =

3 GeV [4, 6]. Additionally, a detailed analysis of the
energy dependence of the diffraction-cone slope B in
elastic scattering shows that, in constructing approx-
imations in the region of low and intermediate values
of the collision energy s, a function proportional to
ln−γ ε leads to χ2 values per degree of freedom that
are close to those that are obtained in the case of
employing a power-law term [7]. Therefore, either of
the two functions under discission can be viewed as
a possible approximation for the low-energy behavior
of the parameters from the set Gpp/p̄p. With allowance
for the above arguments and for the form of the ex-
perimental dependences of the ratio in (1) on s in var-
ious collisions (see below), analytic approximations of
Rel/tot(s) are taken here in the form

Rel/tot(s) = a1 + a2 ln
a3 ε+ a4 ln

−a5 ε (2a)

or in the form

Rel/tot(s) = a1 + a2 ln
a3 ε+ a4ε

−a5 , (2b)

where the values of the free parameters ai, i = 1−5,
depend on the fitting range—that is, on the lower
boundary of the energy interval s ≥ smin. We assume
that the second terms in Eqs. (2) describe the high-
energy behavior of Rel/tot(s), while the third terms
describe the region of low and intermediate energies.

In [8], it was shown that the upper bound
on the inelastic cross section (σinel) for hadron in-
teraction at high energy is 1/4 of the respective
upper bound on σtot; that is, we have[
supσinel(s)/ supσtot(s)

]
s∈Sh⊂S

= 1/4 in the high-
energy subinterval Sh ⊂ S, assuming identical re-
gions in energy, S ≡ (4m2

p,∞), for all of the cross
sections being considered (σtot, σel, and σinel), where
mp is the proton mass [5] and the lower bound on
S, sl.b. ≡ 4m2

p, corresponds to the interactions being
discussed (pp and p̄p). On the basis of general
assumptions on the properties of the scattering am-
plitude for κ1 + κ2 → κ3 + κ4 binary processes, it
can be shown that, within AQFT, the cross sections
σtot(s) and σel(s) are locally integrable functions for
s ∈ S [9]. This means that these functions possess
the property of Riemann integrability for ∀[s1, s2] ⊂
S. By virtue of the necessary condition for Riemann
integrability, the cross sections σtot(s) and σel(s)
are bounded functions for ∀[s1, s2] ⊂ S (see, for
example, [10]). Because of the unitarity condition
σtot = σel + σinel and the linearity properties, σinel(s)
also possesses all of the aforementioned properties.
At the present time, a commonly prevalent opinion is
that it is reliably established—both theoretically and
experimentally—that all of the cross sections being
considered grow with s, at least at high energies [5].
Therefore, the following statements are valid: (i) ∀i
(i = tot, inel, el), ∃ lims→∞ σi(s) ≡ Li and Li is
finite; (ii) ∀i (i = tot, inel, el), sups∈Sh

σi(s) =

lims→∞ σi(s). We then have

sups∈Sh⊂S σinel(s)

sups∈Sh⊂S σtot(s)
=

lims→∞ σinel(s)

lims→∞ σtot(s)
(3)

= lim
s→∞

σinel(s)

σtot(s)
≡ lim

s→∞
Rinel/tot(s),

where Rinel/tot = σinel/σtot. With allowance for the
unitarity condition, this means that

[
Rel/tot(s)]s→∞ → 3/4. (4)

The two approximating functions in (2) exhibit the
same asymptotic behavior,

[
Rel/tot(s)]s→∞ ≈ a1 + a2 ln

a3 ε, (5)

since, for s → ∞, the contributions of the terms
corresponding to the low-energy region in expres-
sions (2a) and (2b) become negligible. As a conse-
quence, we obtain the relation

sa ∼ s0 exp
{
[(3/4 − a1)/a2]

1/a3
}

(6)
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Fig. 1. Energy dependence of the ratio of σel to σtot in pp collisions: (dashed curve) approximation by the function in Eq. (2a) at√
smin = 2 GeV, (thick solid curve) approximation by the function in Eq. (2b) at

√
smin = 3 GeV, (dotted curve) approximation

by a constant at
√
smin = 100 GeV (for a detailed description, see the main body of the text), (thin solid curve) ratio of the

approximation of σel(s) from [12] to the approximation of σtot(s) from [5], and (points) experimental data from [3].

for the collision energy at which one expects the onset
of the asymptotic regime in pp and p̄p interactions.1)

The experimental feature in (1) may also be re-
lated to the parameter κ(s) ≡ σtot(s)/8πB(s), which
is treated as a signature of the onset of the asymptotic
region for global scattering parameters such as σtot(s)
and B(s) [3], by the equations

κ(s) = 2Rel/tot(s)
[
1 + ρ2(s)

]−1
, (7)

lim
ρ→0

κ(s) = 2Rel/tot(s),

where ρ(s) ≡ ReF (s, 0)/ImF (s, 0) is the ratio of the
real-to-imaginary parts of the forward-scattering
amplitude. It is noteworthy that, in accordance
with experimental data, |ρ(s)| � 0.3(0.2) for

√
s �

5(3) GeV in pp (p̄p) collisions [4]. Therefore, the
limiting transition in Eq. (7) is valid over a broad
range of energies both in pp and p̄p scattering at a
precision level better than 0.1.

1)Obviously, the estimated lower boundary of the asymptotic
region, sa, is a physically objective quantitative feature that
is constant, at least for the observable being considered—in
particular, it is independent of a specific form of the approxi-
mating function for this observable. The form of this function
is determined exclusively by the respective relation between
the estimated asymptotic energy and the fitted values of the
adjustable parameters.

2. EXPERIMENTAL DATA AND RESULTS
OF FITTING

Figures 1 and 2 show the ratio in (1) as a function
of

√
s for respectively, pp and p̄p collisions [11]. Ex-

perimental data forRel/tot are available in the region of√
s ≥ 2.03 (1.89) GeV for elastic pp (p̄p) scattering.

The presence of a sharp peak in Rel/tot(s) near the
lower boundary

√
sl.b. for p̄p scattering (see Fig. 2) a

priori prevents the use of Eqs. (2) in approximating
all available data. Therefore, the lowest value of

√
s at

which the dependence Rel/tot(s) can be approximated
by the functions in (2) both for pp and p̄p collisions
should not be less than 2 GeV. Moreover, the exper-
imental data for Rel/tot in Fig. 1 agree qualitatively
with a constant in the region of

√
s ≥ 100 GeV; pos-

sibly, this statement is also valid for p̄p collisions,
but the number of experimental points is small here
(see Fig. 2). Therefore, the dependence Rel/tot(s) is
additionally approximated by a constant, Rel/tot(s) =

a0, at
√
smin = 100 GeV for reactions induced by

elastic pp and p̄p scattering.2) The fitted values of the

2)From Figs. 1 and 2, one can see that there is a large gap
between measurements at the highest energy of the ISR
(Intersecting Storage Rings) accelerator,

√
s ≈ 63 GeV, and

the closest right point at
√
s = 2760 (546) GeV for pp (p̄p)

interactions. Therefore, the value of
√
s = 100 GeV was

chosen by convention for the interval where a constant was
taken to be an approximant; this value is used below without
any loss of generality.
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Fig. 2. Ratio of σel to σtot as a function of
√
s for p̄p collisions: (dashed curve) approximation by the function in Eq. (2b) at√

smin = 2 GeV, (thick solid curve) approximation by the function in Eq. (2b) at
√
smin = 3 GeV, (dotted curve) approximation

by a constant at
√
smin = 100 GeV (for a detailed description, see the main body of the text), (thin solid curve) ratio of the

approximation of σel(s) from [12] to the analytic function describing σtot(s) in [5] and (points) experimental data from [4]. The
inset shows experimental data and an approximating curve for the narrow interval of

√
s = 1.86−2.36 GeV near the lower

boundary in energy.

adjustable parameters in the approximations of the
experimental dependences Rel/tot(s) by the proposed
functions are given in Tables 1 and 2 at various values
of smin for, respectively, pp and p̄p collisions.

At
√
smin = 2 GeV, the quality of the fit proves to

be low for both of the approximations in (2) for elastic
pp interactions, even though the function in (2a) leads
to a substantially better value of χ2/NDF than the
function in (2b) does; in the case of p̄p scattering,
the relationship between the χ2/NDF values for the
functions in (2a) and (2b) is opposite. From Tables 1
and 2, one can see that either of the two functions
in (2) provides an approximation of a statistically
acceptable quality for the experimental dependence
Rel/tot(s) in pp and p̄p collisions over a wide re-
gion of

√
s ≥ 3 GeV, which covers the energy region

where the approximation 1 + ρ2 ≈ 1 is valid at a pre-
cision level not poorer than 0.09 and 0.04, respec-
tively. Therefore, the discussion in the remaining part
of this paragraph is concentrated on the results for
values in the region of

√
smin ≥ 3 GeV (see Tables 1

and 2). For pp collisions, the behavior of the general-
ized logarithmic function in Eq. (2a) at high energies
is close to ln ε, especially at

√
smin = 3 GeV; at the

same time, the function in Eq. (2b) leads to a sub-
stantially faster growth in the region of high energies
at the respective value of smin—namely, the value of

a3 complies with 2.0 within two standard deviations.
In the case of p̄p interactions, the fitted values of the
parameter a3 exhibit a large spread (see Table 2): the
function in Eq. (2a) is close to ln ε at high energies for√
smin = 3 GeV, whereas the value of a3 agrees with

2.0 within two standard deviations at larger values of
smin; the function in Eq. (2b) leads to a large difference
between the approximating curves at different values
of smin at high energies—in particular, the fitted result
obtained on the basis of the function in Eq. (2b) at√
smin = 3 GeV exhibits a very fast growth. Although

the functions in Eqs. (2a) and (2b) lead to close values
of χ2/NDF, the behavior of Rel/tot(s) for low and
intermediate values of s is described somewhat better
by a power-law dependence on ε than by a power of
ln ε. At

√
smin = 100 GeV, a constant complies with

the experimental points for both collision types (pp
and p̄p) at a quantitative level.

A comparison of the approximating curves ob-
tained for the different functions in Eqs. (2) and
different values of smin makes it possible to draw
the following conclusions. According to numerical
results obtained upon applying the fitting proce-
dure (see Tables 1 and 2), the dependence on the
approximating-function type at a fixed value in the
range of

√
smin = 2−5 GeV manifests itself most

strongly at the smallest of the values considered
here for the lower boundary of the fitting interval
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Table 1. Fitted values of the parameters in Rel/tot(s) for elastic pp scattering

√
smin,

GeV
Parameter

a1 a2 × 103 a3 a4 a5 χ2/NDF

(2a)

2 0.1596± 0.0015 0.136± 0.016 2.26± 0.04 1.57± 0.04 2.71± 0.05 371/87

3 0.016± 0.009 15± 4 0.94± 0.08 0.74± 0.06 1.20± 0.10 55.5/55

5 0.052± 0.025 3.8± 1.6 1.33± 0.11 0.481± 0.019 0.95± 0.08 41.9/41

(2b)

2 0.1794± 0.0008 (7.4± 2.0)× 10−5 4.79± 0.09 3.91± 0.27 1.40± 0.04 516/87

3 0.164± 0.003 0.06± 0.04 2.55± 0.25 0.87± 0.14 0.76± 0.06 54.5/55

5 0.157± 0.005 0.16± 0.09 2.23± 0.19 0.44± 0.17 0.58± 0.11 41.6/41

constant

102 0.255± 0.004 – – – – 3.04/6

Table 2. Fitted values of the parameters in Rel/tot(s) for elastic p̄p scattering

√
smin,

GeV
Parameter

a1 a2 × 103 a3 a4 a5 χ2/NDF

(2a)

2 (2.50± 0.04)× 10−4 3.2± 1.2 1.52± 0.13 0.542± 0.007 0.86± 0.03 334/88

3 0.089± 0.017 8± 4 1.03± 0.13 0.69± 0.06 1.76± 0.09 32.3/28

5 0.137± 0.016 0.17± 0.09 2.33± 0.20 0.24± 0.08 1.2± 0.4 12.2/16

(2b)

2 0.025± 0.008 41± 6 0.60± 0.07 0.776± 0.024 0.61± 0.03 266/88

3 0.170± 0.005 0.0066± 0.0026 3.4± 0.8 1.5± 0.8 1.17± 0.22 31.6/28

5 0.058± 0.027 5± 3 1.331± 0.024 0.21± 0.06 0.19± 0.13 11.8/16

constant

102 0.217± 0.005 – – – – 7.03/4

in s and becomes weaker with increasing smin both
for pp and for p̄p collisions. At

√
smin = 2 GeV, a

sizable distinction is observed between the curves
obtained with the aid of the functions in Eqs. (2a)
and (2b) for

√
s � 100 GeV for pp collisions and

even for
√
s � 20 GeV for p̄p collisions. The range

within which the results based of the approximations
by the the functions in Eqs. (2a) and (2b) behave
similarly becomes substantially broader at larger
values of smin. The respective curves prove to be
close to each other in the region of

√
s � 10 (1) TeV

at
√
smin = 3 GeV and in the region of

√
s � 100

(10) TeV at
√
smin = 5 GeV for pp (p̄p) scattering;

that is, the approximating curves for pp or p̄p data
depend only slightly in the last case on the type of
the functions in Eqs. (2) at any energies reached
experimentally. The situation around the dependence
of the approximating curves on smin for a fixed type
of the functions in Eqs. (2) is similar for the elastic-
collision types being studied. In the energy range
measured experimentally, the curves obtained on the
basis of the function in Eq. (2a) behave similarly for
all of the smin values being considered, especially at√
smin = 3 and 5 GeV, the difference between the

approximations being somewhat greater for p̄p than
for pp interactions. For the function in Eq. (2b),
the approximating curve for

√
smin = 2 GeV differs

PHYSICS OF ATOMIC NUCLEI Vol. 82 No. 2 2019
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substantially from the other two, which are nearly
coincident in the region of 5 ≤

√
s < 105 (2000) GeV

for pp (p̄p) collisions. The qualitative relations
indicated above for various approximating curves are
generated primarily by the effect of low-energy data,
which are removed from approximated data samples
for

√
smin ≥ 3 GeV.

The smooth curves in Figs. 1 and 2 correspond
to the best fitted results at

√
smin = 2 and 3 GeV;

that is, the approximation by the function in Eq. (2a)
and the approximation by the function in Eq. (2b) for
pp collisions are shown in accordance with Table 1
at, respectively,

√
smin = 2 GeV and

√
smin = 3 GeV.

According to Table 2, the curves obtained on the basis
of the function in Eq. (2b) at either of the above two
values of

√
smin correspond to the elastic p̄p reaction.

The functions proposed in Eqs. (2a) and (2b) are in
reasonable agreement with experimental data up to√
smin = 2 GeV both for pp (Fig. 1) and for p̄p scat-

tering (Fig. 2). The approximating curves in Fig. 1 for
pp collisions behave similarly at all energies acces-
sible experimentally, whereas the approximation for
p̄p collisions at

√
smin = 2 GeV grows substantially

slower in the high-energy region than its counterpart
constructed at

√
smin = 3 GeV (see Fig. 2). The

inset in Fig. 2 shows in detail the change in the trend
exhibited by Rel/tot(s) near the lower threshold energy√
sl.b. for p̄p collisions and confirms the validity of

the approximations of available experimental data by
the functions in (2) in the region of

√
s ≥ 2 GeV.

As was indicated above, the approximating curve
constructed on the basis of the function in Eq. (2b)
at

√
smin = 3 GeV for p̄p collisions exhibits a very

fast growth in the region of multi-TeV energies in
relation to the other approximations for p̄p collisions
and in relation to the respective curve for pp colli-
sions. However, this distinction may be due to the
absence of experimental points for the first case in the
region of

√
s > 2 TeV. In order to draw more reliable

physical conclusions on the high-energy behavior of
Rel/tot(s) in Fig. 2, it is therefore highly desirable to
have new experimental data for p̄p collisions at multi-
TeV energies. The results of the present study are
compared with the ratio of the function approximating
σel in [12] to “standard” smooth approximations of
σtot for pp and p̄p reactions from [5] (thin solid lines
in Figs. 1 and 2, respectively). As might have been
expected, these curves lie somewhat lower than the
majority of the experimental points for

√
s < 10 GeV,

since the approximation in question was constructed
for σel only in the region of

√
s ≥ 10 GeV [12]. For

pp collisions, there is a sizable discrepancy between
the smooth curves based on expressions (2) and the
approximation based on the parametrizations from [5,

12] in the energy range of
√
s ∼ 0.3−30 TeV (Fig. 1).

New experimental data would be of use in choosing
a preferable approach. Such data could be obtained
at the Relativistic Heavy Ion Collider (RHIC) in the
range of

√
s ∼ 0.1−0.5 TeV and in the low-energy

mode at the Large Hadron Collider (LHC) at
√
s ∼

1.0 TeV. The curve obtained for pp collisions on the
basis of the results from [5, 12] exhibits a slower
growth for Rel/tot(s) in the ultrahigh-energy region
of

√
s � 100 TeV in relation to the functions in (2)

at various values of smin, and this feature may prove
to be of importance for assessing the onset of the
asymptotic regime. The approximating curve calcu-
lated for p̄p collisions on the basis of the parametriza-
tions from [5, 12] is very close to the curves charac-
terized by the best values of χ2/NDF and obtained
in the present study at

√
smin = 2 and 3 GeV in

the energy range of 10 � √
s � 2000 GeV, but some

discrepancy appears at higher energies (see Fig. 2).
This difference between the different approximations
of Rel/tot(s) for p̄p collisions grows with s.

Figures 1 and 2 show that the experimental de-
pendences Rel/tot(s) for pp and p̄p collisions behave
similarly, at least at a qualitative level, in the region√
s > 2 GeV—that is, over the whole region of

√
s

where a comparison is possible. For this reason, the
ratio in (1) was also analyzed for a combined data
sample that includes data for pp and p̄p interactions.3)

Figure 3 gives the experimental dependence Rel/tot(s)

for nucleon–nucleon scattering along with the ap-
proximations described in detail below. The fitted
values of adjustable parameters in the approximation
of Rel/tot(s) by the functions in Eqs. (2) are presented
in Table 3 for various values of

√
smin. At any value

in the range of
√
smin = 2−5 GeV, the χ2/NDF val-

ues characterizing the description of the data sample
for the ratio in (1) for nucleon–nucleon scattering
in terms of the functions in Eqs. (2a) and (2b) are
close to each other, but only at

√
smin = 5 GeV is

the quality of this description statistically acceptable.
Moreover, the function in Eq. (2b) provides a some-
what better fit, especially at

√
smin = 2 GeV, than

the generalized logarithmic function in Eq. (2a). In
contrast to the case of approximations of individual
data sets for pp and p̄p collisions, an approximation
of the ratio Rel/tot(s) for the combined set of data
on nucleon–nucleon collisions by a constant with a
statistically acceptable quality is possible only in the
TeV-energy range. Since experiments on pp scatter-
ing make a dominant contribution in this region of s,

3)For the sake of brevity, the combined data sample is also
referred to below as a data sample for nucleon–nucleon
scattering.
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Fig. 3. Ratio Rel/tot as a function of
√
s for a combined sample of data on (open symbols) pp and (closed symbols) p̄p collisions:

(dashed curve) approximation by the function in Eq. (2b) at
√
smin = 2 GeV, (thick solid curve) approximation by the function

in Eq. (2b) at
√
smin = 3 GeV, (dotted curve) approximation by a constant at

√
smin = 1 TeV, (thin solid curve) approximation

by a constant in the intermediate-energy range at
√
s1 = 10 GeV (for a detailed description, see the main body of the text), and

(points) experimental data from [3, 4]. The inset shows experimental data and an approximating curve for the narrow interval
of
√
s = 1.86−2.36 GeV near the lower boundary in energy.

the value of the constant a0 for the combined data
sample agrees, as might have been expected, within
the errors with its value for pp interactions. The inset
in Fig. 3 shows in detail the behavior of Rel/tot(s) near
the lower boundary

√
sl.b. for pp and p̄p interactions.

In this interval of s, the experimental points for pp and
p̄p interactions exhibit a large spread, which leads to
an unacceptably large value of χ2/NDF at

√
smin =

2 GeV. On the other hand, the experimental results for
collisions of the type being considered show similar
trends—specifically, a decrease in the ratio in (1) as
the collision energy grows—for

√
s in excess of 2.1

to 2.2 GeV, and this leads to a fast improvement of
agreement between data on pp and p̄p interactions.
Thus, a detailed analysis of the results for Rel/tot in
nucleon–nucleon collisions at low energies confirms
the qualitative conclusion drawn above that Rel/tot(s)

behaves similarly in elastic pp and p̄p reactions nearly
over the whole energy region where one can compare
experimental data on these two strong-interaction
processes.

There are the following qualitative relationships
between the approximating curves for the different
parametrizations in Eq. (2) and different values of
smin. In the case of the function in Eq. (2a), the
fitted curves behave similarly at all of the smin values
being considered for any s reached in accelerator ex-

periments. Moreover, this statement is also valid for
the parametrization in Eq. (2b), in contrast to what
we have in the case of individual samples for pp and
p̄p interactions. For nucleon–nucleon collisions, the
situation around the effect of the parametrization type
at a fixed value of smin is more ambiguous than that
for pp and p̄p interactions. At the values of

√
smin =

3 and 5 GeV, sizable distinctions between the two
curves corresponding to expressions (2a) and (2b) are
observed in the energy region of

√
s ≥ 10 TeV, the

distinction being much greater in the first case. But
for the smallest value of the lower boundary of the
fitting interval in energy,

√
smin = 2 GeV, the approx-

imating curves obtained on the basis of the different
functions in Eqs. (2) are very close to each other up to√
s ≈ 100 TeV, showing a sizable distinction only in

the region of
√
s � 0.5 PeV.

It is important to note that the hypothesis of the
s independence of a phenomenological parameter
associated with Rel/tot(s) at intermediate energies in
elastic pp and p̄p collisions [13] was considered before
the appearance of the results from the LHC. Indeed,
Figs. 1–3 show that the experimental dependence
Rel/tot(s) is nearly flat over a rather broad energy
range from

√
s ∼ 5−10 GeV to

√
s ≈ 63 GeV. In

order to obtain more comprehensive information, the
ratio in (1) was approximated by a constant in the
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Table 3. Fitted values of the parameters in Rel/tot(s) for a combined data sample for elastic pp and p̄p collisions

√
smin,

GeV
Parameter

a1 a2 × 103 a3 a4 a5 χ2/NDF

(2a)

2 (2.0± 0.6)× 10−4 7.8± 0.4 0.931± 0.017 0.638± 0.005 1.073± 0.013 3279/180

3 0.018± 0.006 9.9± 1.5 0.83± 0.06 0.64± 0.05 1.22± 0.12 230/88

5 0.153± 0.004 0.067± 0.028 2.30± 0.13 0.55± 0.17 1.92± 0.24 108/62

(2b)

2 0.155± 0.003 0.28± 0.11 1.80± 0.12 0.952± 0.026 0.822± 0.021 3191/180

3 0.169± 0.003 0.018± 0.003 2.7± 0.3 0.97± 0.18 0.91± 0.08 230/88

5 0.121± 0.006 1.0± 0.3 1.48± 0.11 0.207± 0.025 0.32± 0.04 105/62

constant

103 0.252± 0.003 – – – – 9.72/9

intermediate-energy range of s1 ≤ s ≤ 104 GeV2.
The results were the following: a0 = 0.1789 ± 0.0008
with χ2/NDF = 28.3/28 at

√
s1 = 10 GeV for pp

collisions; a0 = 0.1805 ± 0.0017 with χ2/NDF =
13.2/15 at

√
s1 = 5 GeV for p̄p collisions; and a0 =

0.1786 ± 0.0008 with χ2/NDF = 33.4/37 at
√
s1 =

10 GeV for nucleon–nucleon scattering. In the last
case, the resulting approximation is represented by
the thin line in Fig. 3, and the fitted values confirm the
hypothesis of the s-independent behavior of Rel/tot(s)

in either case of the individual samples for pp and p̄p
interactions and in the case of a combined data set for
nucleon–nucleon scattering at intermediate energies
in the range being considered. However, measure-
ments in the TeV-energy region indicate unambigu-
ously that the hypothesis of constant Rel/tot(s) is
valid only in some bounded energy range, and this
effect is due to (i) a broad and flat minimum in σtot(s)
and a nearly s-independent behavior of σel(s) in the
intermediate-energy range of 5 � √

s � 100 GeV
and/or (ii) a relatively small number of experimental
points in the region of

√
s > 0.5 TeV for pp and p̄p

collisions. Figure 3 confirms unambiguously these
conclusions, demonstrating a smooth increase in
Rel/tot(s) at energies in the region of

√
s � 5 GeV.

Therefore, the explicit effect of the invariability of
Rel/tot(s) is most likely explained by kinematical
(bounded range of s and large gap between two
subsets of experimental data) and/or methodological
(small volume of the data subset used) reasons rather
than by dynamical features of strong-interaction
processes. The growth of Rel/tot(s) is known to be
a strong argument against the geometric model and

can be viewed as a manifestation of the enhancement
of (anti)nucleon opaqueness with increasing s [13].

3. SEARCHES FOR THE ONSET
OF THE ASYMPTOTIC REGION

The analytic functions in Eqs. (2) and the fitted
parameter values in Tables 1 and 2 permit evaluating
the ratio Rel/tot at various collision energies. The es-
timates given below were obtained on the basis of the
Standard Model (SM) without invoking any hypoth-
esis concerning contributions from physics beyond
it. It is well known that no evidence of the presence
of physical processes and/or a particle beyond the
SM that could affect the energy dependence of the
parameters from the set Gpp,p̄p has been obtained to
date. Thus, the use of the SM-based approach seems
justified. It should be noted that a continuous growth
of the functions in Eqs. (2) with increasing s in the
region of

√
s ≥ 3 GeV is associated with the trend

observed in available experimental data. It is natural
to expect that a further increase in the collision energy
s would lead to a saturation ofRel/tot(s) near the onset
of the asymptotic regime. Obviously, this qualita-
tive effect cannot be taken into account in a model-
independent approximation. As was indicated above,
the absence of experimental data for p̄p collisions in
the region of multi-TeV energies leads to a substan-
tial uncertainty in the behavior of Rel/tot(s) at high
energies. Moreover, the majority of currently operat-
ing accelerator facilities (RHIC, LHC) and the inter-
national projects for a possible future hadron collider
rated to higher energies (Future Circular Collider—
FCC-hh; Super pp Collider—SPPC; and Very Large
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Table 4. Estimates of Rel/tot(s) for pp interactions on the basis of fitted results at
√
smin = 5 GeV

Func-
tions

√
s, TeV

RHIC LHC HE-LHC, LHC limit

0.20 0.41 0.51 0.90 14 28 33 42

(2a) 0.19± 0.05 0.20± 0.06 0.20± 0.06 0.21± 0.07 0.27± 0.11 0.29± 0.12 0.29± 0.12 0.30± 0.12

(2b) 0.188± 0.023 0.20± 0.03 0.20± 0.03 0.21± 0.04 0.27± 0.09 0.29± 0.11 0.29± 0.11 0.30± 0.12

SPPC, FCC-hh, VLHC-I, II

40 50 70.6 100 125 150 175 200

(2a) 0.30± 0.12 0.30± 0.13 0.31± 0.13 0.32± 0.14 0.33± 0.14 0.33± 0.15 0.34± 0.15 0.34± 0.15

(2б) 0.30± 0.12 0.31± 0.12 0.32± 0.14 0.33± 0.14 0.34± 0.15 0.34± 0.16 0.35± 0.16 0.35± 0.17

Ultrahigh-energy cosmic rays Energies in the PeV region

110 170 250 500 750 103 5× 103 104

(2a) 0.33± 0.14 0.34± 0.15 0.35± 0.15 0.37± 0.17 0.38± 0.17 0.39± 0.18 0.43± 0.21 0.46± 0.22

(2б) 0.33± 0.15 0.35± 0.16 0.36± 0.17 0.39± 0.20 0.40± 0.21 0.41± 0.22 0.49± 0.29 0.5± 0.3

Hadron Collider—VLHC) rely on proton beams [14–
16]. Therefore, the discussion given below is fo-
cused on pp scattering. Estimations for the energy
ranges in the projects Facility for Antiproton and Ion
Research (FAIR) and Nuclotron-based Ion Collider
fAcility (NICA) are not performed for the reasons
discussed in detail in [4].

A comparison of the different fitted curves shows
that the weakest dependence of the results on the
approximating-function type under the condition that
the respective values of χ2/NDF are statistically ac-
ceptable is observed at

√
smin = 5 GeV. For this rea-

son, the estimates obtained for Rel/tot(s) on the basis
of the results deduced by approximating the exper-
imental data sample used for pp scattering by the
functions in Eqs. (2a) and (2b) at

√
smin = 5 GeV

(Table 1) are given in Table 4. As might have been
expected, the values of Rel/tot(s) for the two functions
being considered agree within the errors at any s.
The ratio in (1) reaches the asymptotic level in the
region of

√
s � 5−10 PeV within 1.3 to 1.5 standard

deviations for the function in Eq. (2a) and within
larger uncertainties for the function in Eq. (2b), but
the median values of Rel/tot(s) are still substantially
smaller than 3/4 for either of the two functions in
Eqs. (2). Thus, the results in Table 4 can be viewed
only as an indication of the onset of the asymptotic
regime in elastic pp collisions at

√
sa ∼ 5−10 PeV. It

is noteworthy that available experimental data permit
obtaining a rather rough order-of-magnitude esti-
mate for the boundary of the asymptotic energy re-
gion. From this point of view, the present estimate of

sa agrees quantitatively with the results obtained for
the lower boundary of the asymptotic region in s for
the cross sections σtot, σel, and σinel in the approach
of partonic disks [17]. Moreover, the value obtained
here for sa is in reasonable agreement, at least at
a qualitative level, with the results of the analysis
performed in [18] in order to study the asymptotic
behavior of σtot within the AQFT approach, but it is
substantially smaller than the estimate that can be
obtained for sa with the aid of the parameter κ on the
basis of the Regge–eikonal model [3]. Thus, we see
that, by and large, the numerical results of the present
study confirm unambiguously the important conclu-
sion drawn on the basis of the other aforementioned
approaches that the onset of the asymptotic region for
global scattering parameters lies at energies in excess
of at least O(100 TeV) and, what is more probable,
is in the region of multi-PeV energies. New experi-
mental data of high statistical significance at energies
of

√
s ∼ O(100 TeV), as well as the development of

phenomenological models, are of paramount impor-
tance for refining estimates available for sa. Such data
can be obtained in future collider experiments and in
studies of ultrahigh-energy cosmic rays. Possibly,
the choice of appropriate parameters that are sensi-
tive to a transition to the asymptotic regime and a
subsequent simultaneous phenomenological analysis
of their s dependences would make it possible to
improve the accuracy of quantitative estimates for the
lower boundary of the asymptotic region in hadron
collisions.
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CONCLUSIONS

Summarizing the foregoing, we can draw the fol-
lowing conclusions.

A detailed analysis of the collision-energy depen-
dence of the ratio of the elastic-to-total cross sec-
tions, Rel/tot, has been performed for individual sam-
ples of pp and p̄p collision events, as well as for
a combined sample of these interactions. Analytic
approximations involving a generalized logarithmic
term, which describes the region of high energies,
and two different functional representations of the
low-energy term have been proposed in order to ap-
proximate Rel/tot(s). These functions provide a rea-
sonable description of all available experimental data
everywhere for pp and p̄p collisions, with the ex-
ception of a narrow interval,

√
s < 2 GeV, near the

lower boundary in energy for the latter case. The
parametrizations in question provide statistically ac-
ceptable fits of similar quality over a broad energy re-
gion of

√
s ≥ 3 GeV for pp and p̄p scattering. By and

large, similar statements are also valid for a combined
sample of nucleon–nucleon data, but the fit quality
proves to be statistically acceptable at a somewhat
larger value of the lower boundary of the fitting range,√
smin = 5 GeV. Nevertheless, the proposed functions

show reasonable agreement with qualitative trends
observed in the combined data sample. This is so at
almost all of the experimentally accessible energies
in the region of

√
s > 2 GeV. Thus, we see that, in

relation to other models, the parametrizations being
considered provide a substantial extension of the de-
scribed range toward the region of low energies. The
dependence Rel/tot(s) admits an approximation by a
constant within individual intervals at intermediate
and high energies for all of the data samples being
considered—that is, for pp, p̄p, and nucleon–nucleon
scattering—but this behavior of Rel/tot(s) is likely due
to the boundedness of the fitting range and/or an in-
significant number of experimental points in it rather
than to some dynamical features of strong-interaction
processes. Estimates for Rel/tot in elastic pp scat-
tering at various values of s up to

√
s = 10 PeV

have been obtained on the basis of the aforemen-
tioned approximations. These estimates show that
the parameter being considered reaches its asymp-
totic value within 1.0 to 1.5 standard deviations in
the energy region of

√
s � 5–10 PeV, a specific result

being dependent on the approximating-function type.
However, significant uncertainties in the estimates
at ultrahigh energies permit discussing the onset of
the asymptotic regime for the parameter Rel/tot in
elastic pp scattering only at a qualitative level. With
allowance for the last statement, values in the range

of
√
sa ∼ 5–10 PeV can therefore be viewed only as a

rough estimate for the lower boundary of the asymp-
totic region of energies. Anyway, the results of the
present study confirm the important conclusion that
the asymptotic region for hadron interactions lies far
from the energies reached both in collider experiments
and in cosmic-ray measurements.
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