
Contents lists available at ScienceDirect

Results in Physics

journal homepage: www.elsevier.com/locate/rinp

Cubic-quartic optical solitons in birefringent fibers with four forms of
nonlinear refractive index by exp-function expansion
Yakup Yıldırıma, Anjan Biswasb,c,d,e, Anwar Ja’afar Mohamad Jawadf, Mehmet Ekicig,
Qin Zhouh,⁎, Salam Khanb, Abdullah Kamis Alzahranic, Milivoj R. Belici
a Department of Mathematics, Faculty of Arts and Sciences, Near East University, 99138 Nicosia, Cyprus
bDepartment of Physics, Chemistry and Mathematics, Alabama A&M University, Normal, AL 35762-7500, USA
c Department of Mathematics, King Abdulaziz University, Jeddah 21589, Saudi Arabia
dDepartment of Applied Mathematics, National Research Nuclear University, 31 Kashirskoe Shosse, Moscow 115409, Russian Federation
e Department of Mathematics and Statistics, Tshwane University of Technology, Pretoria0008, South Africa
fAl-Rafidain University College, Baghdad 10014, Iraq
g Department of Mathematics, Faculty of Science and Arts, Yozgat Bozok University, 66100 Yozgat, Turkey
h School of Electronics and Information Engineering, Wuhan Donghu University, Wuhan 430212, People’s Republic of China
i Science Program, Texas A&M University at Qatar, PO Box 23874, Doha, Qatar

A R T I C L E I N F O

Keywords:
Cubic-quartic solitons
Integrability
Birefringence

A B S T R A C T

This paper applies exp-function expansion algorithm to secure to cubic-quartic dark and singular optical solitons
in birefringent fibers that are studied with four forms of nonlinear refractive index. These solitons are listed
along with their existence criteria and are also classified.

Introduction

The study of solitons has made a lasting impression in the field of
optoelectronics. There are several mathematical methodologies that has
been successfully applied, that yielded prolific results, to study the
dynamics of optical soliton propagation [1–23] as well as in the field of
solitary wave dynamics in fluid dynamics [24,25]. In the field of non-
linear fiber optics, the concept of cubic-quartic (CQ) optical solitons
first appeared during 2017 and subsequently an avalanche of results
ensued [1–4,7–9]. Prior to this, it is only the concept of pure quartic
solitons that existed [5,6]. Such CQ solitons was introduced out of pure
necessity.

When chromatic dispersion runs low enough to be discarded, it is
third-order dispersion (3OD) and fourth-order dispersion (4OD) effects
that collectively compensate for this crisis situation. This enables the
delicate balance, between the effects of dispersion and self-phase
modulation, to be restored so that the transmission of stable solitons
across inter-continental distances is rendered possible. However, the
effect of birefringence due to differential group delay is unavoidable.

Therefore, it is imperative to address this problem by considering CQ
solitons in birefringent fibers. A few preliminary results have been re-
ported during 2020 [19]. This paper is thus a sequel to the previously
reported results. The current work implements exponential function
expansion to secure CQ dark and singular soliton solutions in bi-
refringent fibers having four forms of nonlinear refractive index. These
are Kerr law, parabolic law, quadratic-cubic law and non-local law. The
details of the soliton extraction process are enumerated in the rest of the
paper after a quick recap of the exp-function expansion algorithm.

Exp-function expansion: a quick overview

A quick overview of the method is enumerated as:
Step-1: A model can be taken as

… =S u u u u u u( , , , , , , ) 0t x tt xt xx (1)

which is reduced to

=G U U U U( , , , , ) 0 (2)

by using of
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= =u x t U x pt( , ) ( ), . (3)

Step-2: The solution of Eq. (2) is:

=
=

U A V( ) {exp( ( ))} .
i

N

i
i

0 (4)

In consequence of using balancing rule in Eq. (2), the number N is
obtained. The function V ( ) holds the following equation

= + +V V S V R( ) exp( ( )) exp( ( )) (5)

where S and R are constants. The strategic solutions of Eq. (5) are as

= + >V R
S

µ
S

µ
S µ( ) In

2 2
tanh

2
( ) , 0, 0,0

= + >V R
S

µ
S

µ
S µ( ) In

2 2
coth

2
( ) , 0, 0,0

= + + <V R
S

µ
S

µ
S µ( ) In

2 2
tan

2
( ) , 0, 0,0

= + <V R
S

µ
S

µ
S µ( ) In

2 2
cot

2
( ) , 0, 00

(6)

where =µ R S42 .
Step-3: As long as Eqs. 4,5 are inserted into Eq. (2), we get the

strategic equations. Thus, the important results which are imparted by
solving these strategic equations are obtained. Moreover, if these im-
portant results with Eq. (6) are substituted into Eq. (4), the optical
solitons are recovered.

Kerr law

The CQ nonlinear Schrödinger’s equation (NLSE) (CQ-NLSE) equa-
tion in polarization-preserving fibers with the Kerr law is:

+ + + =iq iaq bq c q q| | 0.t xxx xxxx
2 (7)

The constant a is the coefficient of the 3OD while the constant b is
the coefficient of the 4OD. Also, the coefficient c provides the Kerr law
of refractive index. Most optical fibers appear with this law non-
linearity.

The CQ-NLSE in birefringent fibers for Kerr law is:

+ + + + =iu ia u b u c u d v u( | | | | ) 0,t xxx xxxx1 1 1
2

1
2

+ + + + =iv ia v b v c v d u v( | | | | ) 0.t xxx xxxx2 2 2
2

2
2 (8)

The constants cj, and dj, ( =j 1, 2) account for self-phase modulation
(SPM) and cross-phase modulation (XPM) respectively. Also, the effect
of four-wave mixing is discarded.

Solitons for Eq. (8) are recovered with the exp-expansion function
methodology. To this end we decompose the dependent variables into
phase-amplitude form as

=u x t U e( , ) ( ) ,i x t
1

( , )1

=v x t U e( , ) ( ) .i x t
2

( , )2 (9)

In Eq. (9), the amplitude component is shown as U ( )j and the ve-
locity is given by

= x pt (10)

while the phase component is as

= + +x t k x w t( , )j j j j (11)

where the parameters k w, ,j j j sequentially correspond to the

frequency, phase constant and wave number.
If Eq. (9) is inserted into Eq. (8), we arrive at

+ + + + =b U a k b k U w a k b k U c U d U U(3 6 ) ( ) 0,j j j j j j j j j j j j j j j j j j
(4) 2 3 4 3 2

(12)

+ =a b k U p a k b k U( 4 ) ( 3 4 ) 0j j j j j j j j j
2 3 (13)

which emerges from real and imaginary parts. These read:

+ + + + =b U a k b k U w a k b k U c d U(3 6 ) ( ) ( ) 0,j j j j j j j j j j j j j j j j
(4) 2 3 4 3

(14)

=a b k4 ,j j j (15)

= +p a k b k3 4j j j j
2 3 (16)

by using of =U Uj j.
The balancing rule applied to Eq. (14), Eq. (4) gives

= + +U A A V A Vexp( ( )) exp( 2 ( )).j 0 1 2 (17)

After Eqs. (5) and (17) are inserted into Eq. (14), we recover
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Thus, the important results are
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= =
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5
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j

2
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which emerges from Eqs. (18)–(23). Moreover, if Eqs. (24)-(27) with
Eq. (6) are substituted into Eq. (17), the singular solitons are
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with

+ <b k b k a( 2 ) 0.j j j j j

Dark solitons are

with

+ <b k b k a( 2 ) 0.j j j j j

Singular periodic solutions are
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with

+ >b k b k a( 2 ) 0.j j j j j

Parabolic law

The CQ-NLSE equation in polarization-preserving fibers with para-
bolic law is given by

+ + + + =iq iaq bq c q d q q( | | | | ) 0.t xxx xxxx
2 4 (36)

The constant a is the coefficient of the 3OD while the constant b is
the coefficient of the 4OD. Also, the coefficients c d, provide the
parabolic nonlinearity effect which has been quite popular recently and
is known as a extended state of Kerr fiber nonlinearity.

The CQ-NLSE equation birefringent fibers with parabolic law is:
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with constants c e,j j and d g h, ,j j j which represent SPM and XPM re-
spectively. Also, the 4WM is discarded.

If Eq. (9) is inserted into Eq. (37), we get the equation
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By the aid of balancing rule in Eq. (38), Eq. (4) is
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Thus, the important results are
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(6) are substituted into Eq. (39), the singular solitons evolve as:

=
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(50)
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(51)

with

<SA A 0.1
2

0
2

Dark solitons are

=
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with

<SA A 0.1
2

0
2

Singular periodic solutions are
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>SA A 0.1
2

0
2

Quadratic-cubic law

The CQ-NLSE equation in polarization-maintaining fibers with the
quadratic-cubic law is given by

+ + + + =iq iaq bq c q d q q( | | | | ) 0.t xxx xxxx
2 (58)

The constant a is the coefficient of the 3OD while the constant b is
the coefficient of the 4OD. Also, the coefficients c d, provide the
quadratic-cubic law effect.

The CQ-NLSE equation in birefringent fibers with the quadratic-
cubic law is:

+ + + + + + + +
=

iu ia u b u c u u v uv u v d u e v
u

| | | | ( | | | | )
0,

t xxx xxxx1 1 1
2 2

1
2

1
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+ + + + + + + + =iv ia v b v c v v u vu v u d v e u v| | | | ( | | | | ) 0t xxx xxxx2 2 2
2 2

2
2

2
2

(59)

with the constants dj and ej which assure SPM and XPM respectively.
Also, the constant cj assures the existence of the quadratic media in
birefringent fibers where the first two terms correspond to SPM and
XPM sequentially while the last two terms refer to 4WM.

If Eq. (9) is inserted into Eq. (59), we arrive at

+ + + + + =b U a k b k U w a k b k U c U d e U(3 6 ) ( ) 2 ( ) 0j j j j j j j j j j j j j
(4) 2 3 4 2 3

(60)

which shows up from the real part equation along with

=U U ,j j (61)

= + +x t kx wt( , ) . (62)

In consequence of using balancing rule in Eq. (60), Eq. (4) is given
as

= + +U A A V A Vexp( ( )) exp( 2 ( )).j 0 1 2 (63)

When Eqs. (5) and (63) are inserted into Eq. (60), one notices
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3 (64)
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Thus, the important results are
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which comes from Eqs. (64)–(69) Moreover, if Eqs. (70)–(73)with Eq.
(6) are substituted into Eq. (63), the singular solitons fall out as
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Dark solitons are

=
+

×

+ +

+ +

+ +

+

+ + +

u x t

A

e

( , )

,

A A

A A A A x a k b k t

A A

A A A A x a k b k t

i kx t

0
2

4 coth ( ( 3 4 ) )

4

4 coth ( ( 3 4 ) )

A A A
A

A A A
A

k A b k A a k A A b k A A b kA A a

kA A a A A b A A A b A b

A

1 0

1 1
2 0 2

4 0 2 1
2

4 2
2 1 1

2 1 1
3

2 0
2

1 1
2 0 2

4 0 2 12

4 2
2 1 1

2 1 1
3

2

4
2
4 1 3

2
4 1 24 2 0 2

3 1 6 2
1
2

2
2 1 12 0 2

3 1
3 1

2
2
2 1 16 0

2
2
2 1 8 0 1

2 2 1 1
4 1

2
4

(76)

=
+

×

+ +

+ +

+ +

+

+ + +

v x t

A

e

( , )

A A

A A A A x a k b k t

A A

A A A A x a k b k t

i kx t

0
2

4 coth ( ( 3 4 ) )

4

4 coth ( ( 3 4 ) )

A A A
A

A A A
A

k A b k A a k A A b k A A b kA A a

kA A a A A b A A A b A b

A

1 0

1 1
2 0 2

4 0 2 1
2

4 2
2 2 2

2 2 2
3

2 0
2

1 1
2 0 2

4 0 2 1
2

4 2
2 2 2

2 2 2
3

2

4
2
4 2 3

2
4 2 24 2 0 2

3 2 6 2
1
2

2
2 2 12 0 2

3 2
3 12 2

2 2 16 0
2

2
2 2 8 0 12 2 2 14 2

2
4

(77)
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Singular periodic solutions are
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with

>A A A4 0.0 2 1
2

Non-local law

The CQ-NLSE equation in polarization-preserving fibers with the
non-local law is given by

+ + + =iq iaq bq c q q(| | ) 0.t xxx xxxx xx
2 (82)

The constant a is the coefficient of the 3OD while the constants b is
the coefficient of the 4OD. Also, the coefficient c provides the non-local
law effect.

The CQ-NLSE equation in birefringent fibers with the non-local
nonliearity is:

+ + + + =iu ia u b u c u d v u( (| | ) (| | ) ) 0,t xxx xxxx xx xx1 1 1
2

1
2

+ + + + =iv ia v b v c v d u v( (| | ) (| | ) ) 0t xxx xxxx xx xx2 2 2
2

2
2 (83)

with the constants cj and dj which are SPM and XPM.
If Eq. (9) is inserted into Eq. (83), we get the equation
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which comes out from real part equation along with =U Uj j.
From balancing rule in Eq. (84), Eq. (4) turns out to be

= +U A A Vexp( ( )).j 0 1 (85)

As long as Eq. (5) with Eq. (85) are inserted into Eq. (84 ), we get
the equations
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Thus, the important results are
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which are emerged from Eqs. (86)–(91). Moreover, if Eqs. (92)–(94)
with Eq. (6) are substituted into Eq. (85), the singular solitons are
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( ( ) )

k b k a
b

1 2 1 1 1
2 1 1

1 1 1 1 1 1
3 1( 2 1 1 1)

4 1
1 1

2 1 1
3

1 1
3 1 1 1 1 (95)

=

×

+

+ + +

+ +

+
v x t SA

e

( , ) A R b b k a k

Rb b k b k a x a k b k t

i k x k b k a t

2
( 6 3 )

2 12 ( 2 ) tanh ( ( 3 4 ) )

( ( ) )

k b k a
b

1 2 2 2 2
2 2 2

2 2 2 2 2 2
3 2( 2 2 2 2)

4 2
2 2

2 2 2
3

2 2
3 2 2 2 2 (96)

with

+ >b k b k a( 2 ) 0.j j j j j

Dark solitons are

=

×

+

+ + +

+ +

+
u x t SA

e

( , )

,

A R b b k a k

Rb b k b k a x a k b k t

i k x k b k a t

2
( 6 3 )

2 12 ( 2 ) coth ( ( 3 4 ) )

( ( ) )

k b k a
b

1 2 1 1 1
2 1 1

1 1 1 1 1 1
3 1( 2 1 1 1)

4 1
1 1

2 1 1
3

1 1
3 1 1 1 1 (97)

=

×

+

+ + +

+ +

+
v x t SA

e

( , ) A R b b k a k

Rb b k b k a x a k b k t

i k x k b k a t

2
( 6 3 )

2 12 ( 2 ) coth ( ( 3 4 ) )

( ( ) )

k b k a
b

1 2 2 2 2
2 2 2

2 2 2 2 2 2
3 2( 2 2 2 2)

4 2
2 2

2 2 2
3

2 2
3 2 2 2 2 (98)

with

+ >b k b k a( 2 ) 0.j j j j j

Singular periodic solutions are

=

×

+

+

+ +

+
u x t SA

e

( , )

,

A R b b k a k

Rb b k b k a x a k b k t

i k x k b k a t

2
( 6 3 )

2 12 (2 ) tan ( ( 3 4 ) )

( ( ) )

k b k a
b

1 2 1 1 1
2 1 1

1 1 1 1 1 1
3 1( 2 1 1 1)

4 1
1 1

2 1 1
3

1 1
3 1 1 1 1 (99)

=

×

+

+

+ +

+
v x t SA

e

( , )

,

A R b b k a k

Rb b k b k a x a k b k t

i k x k b k a t

2
( 6 3 )

2 12 (2 ) tan ( ( 3 4 ) )

( ( ) )

k b k a
b

1 2 2 2 2
2 2 2

2 2 2 2 2 2
3 2 ( 2 2 2 2)

4 2
2 2

2 2 2
3

2 2
3 2 2 2 2 (100)

=

×

+

+ +

+ +

+
u x t SA

e

( , )

,

A R b b k a k

Rb b k b k a x a k b k t

i k x k b k a t

2
( 6 3 )

2 12 (2 ) tan ( ( 3 4 ) )

( ( ) )

k b k a
b

1 2 1 1 1
2 1 1

1 1 1 1 1 1
3 1( 2 1 1 1)

4 1
1 1

2 1 1
3

1 1
3 1 1 1 1 (101)

=

×

+

+ +

+ +

+
v x t SA

e

( , ) A R b b k a k

Rb b k b k a x a k b k t

i k x k b k a t

2
( 6 3 )

2 12 (2 ) tan ( ( 3 4 ) )

( ( ) )

k b k a
b

1 2 2 2 2
2 2 2

2 2 2 2 2 2
3 2 ( 2 2 2 2)

4 2
2 2

2 2 2
3

2 2
3 2 2 2 2 (102)

with

+ <b k b k a( 2 ) 0.j j j j j
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Conclusions

The current work is about the extraction of CQ dark and singular
solitons in birefringent fibers that is studied with four forms of non-
linear refractive index. The exp-function expansion is the integration
algorithm that has been implemented successfully, in this context. The
results are a sequel to the ones that have been reported earlier [19].
Later, this method can be implemented into several additional forms of
nonlinearities by the aid of more powerful integration algorithms
[10–18,20]. One would also need to set up the model for CQ solitons,
having such nonlinearities, with DWDM topology. These results are
currently pending. Additionally, the model also needs to be studied in
birefringent fibers using numerical algorithms such as Laplace-Adomian
decomposition scheme, variational iteration method and many others
[8,16]. The results of those research are all under way. They will be
made available with time.
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