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ARTICLE INFO ABSTRACT

Keywords: This paper applies exp-function expansion algorithm to secure to cubic-quartic dark and singular optical solitons
Cubic-quartic solitons in birefringent fibers that are studied with four forms of nonlinear refractive index. These solitons are listed
Integrability along with their existence criteria and are also classified.

Birefringence

Introduction Therefore, it is imperative to address this problem by considering CQ

The study of solitons has made a lasting impression in the field of
optoelectronics. There are several mathematical methodologies that has
been successfully applied, that yielded prolific results, to study the
dynamics of optical soliton propagation [1-23] as well as in the field of
solitary wave dynamics in fluid dynamics [24,25]. In the field of non-
linear fiber optics, the concept of cubic-quartic (CQ) optical solitons
first appeared during 2017 and subsequently an avalanche of results
ensued [1-4,7-9]. Prior to this, it is only the concept of pure quartic
solitons that existed [5,6]. Such CQ solitons was introduced out of pure
necessity.

When chromatic dispersion runs low enough to be discarded, it is
third-order dispersion (30D) and fourth-order dispersion (40D) effects
that collectively compensate for this crisis situation. This enables the
delicate balance, between the effects of dispersion and self-phase
modulation, to be restored so that the transmission of stable solitons
across inter-continental distances is rendered possible. However, the
effect of birefringence due to differential group delay is unavoidable.
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solitons in birefringent fibers. A few preliminary results have been re-
ported during 2020 [19]. This paper is thus a sequel to the previously
reported results. The current work implements exponential function
expansion to secure CQ dark and singular soliton solutions in bi-
refringent fibers having four forms of nonlinear refractive index. These
are Kerr law, parabolic law, quadratic-cubic law and non-local law. The
details of the soliton extraction process are enumerated in the rest of the
paper after a quick recap of the exp-function expansion algorithm.

Exp-function expansion: a quick overview
A quick overview of the method is enumerated as:
Step-1: A model can be taken as
S (U, Uy, Uy, Uy, Uy, Usyy o) =0 (D)
which is reduced to
G(U, U, U", U", ) =0 )

by using of
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ulx, t)=U(@), §=x-pt. 3

Step-2: The solution of Eq. (2) is:
N
U®) =), Adexp(-V (®)}.
i=0 @

In consequence of using balancing rule in Eq. (2), the number N is
obtained. The function V (8) holds the following equation

V'(®) = exp(=V (8)) + Sexp(V(8)) + R 5)

where S and R are constants. The strategic solutions of Eq. (5) are as

V() = In:—% - z—ftanh(g(s + so))], S0, u>0,

V(9) = In:—% - Z—‘fcoth(%(s + so))], S#0, u>o,

V) = In:—% + Zﬂsﬂtan(?(& + 190))}, S#0, <o,

V) = In:—% - %cot(@(& + eo))], s#0 u<o

where u = R? — 48.

Step-3: As long as Egs. 4,5 are inserted into Eq. (2), we get the
strategic equations. Thus, the important results which are imparted by
solving these strategic equations are obtained. Moreover, if these im-
portant results with Eq. (6) are substituted into Eq. (4), the optical
solitons are recovered.

Kerr law

The CQ nonlinear Schrodinger’s equation (NLSE) (CQ-NLSE) equa-
tion in polarization-preserving fibers with the Kerr law is:
ig, + iaq,, + bq,, + clg’q=0. @)

The constant a is the coefficient of the 30D while the constant b is
the coefficient of the 40D. Also, the coefficient ¢ provides the Kerr law
of refractive index. Most optical fibers appear with this law non-
linearity.

The CQ-NLSE in birefringent fibers for Kerr law is:

iUy + iUy + bl + (¢ Wl + dy WP)u =0,
iV + i@V + byVe + (3 WP + dy lulP)v = 0. 8)

The constants ¢;, and dj, (j = 1, 2) account for self-phase modulation
(SPM) and cross-phase modulation (XPM) respectively. Also, the effect
of four-wave mixing is discarded.

Solitons for Eq. (8) are recovered with the exp-expansion function
methodology. To this end we decompose the dependent variables into
phase-amplitude form as

u(x, t) = Uy(9)eirr 0,
v(x, 1) = Up(B)el#2t0), 9

In Eq. (9), the amplitude component is shown as U;(8) and the ve-
locity is given by

9=x-—pt (10)
while the phase component is as
goj(x, t) = —ij+wjt+§j a1

where the parameters kj, {;, w; sequentially correspond to the
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frequency, phase constant and wave number.
If Eq. (9) is inserted into Eq. (8), we arrive at

bUY + Bajk; — 6bk)US — (wy + ik = bkHU; + U} + d;U;UZ = 0,

12
(@ — 4bjk)U} — (p + 3a;k} — 4bk})U; = 0 13)
which emerges from real and imaginary parts. These read:
bU® + Bajk; — 6k UT — (w + ajk; — bk Uj + (¢ + d)U; = 0,
a4
aj = 4bjk;, (15)
p = —3a;k} + 4bk} (16)
by using of Uy = Uj.
The balancing rule applied to Eq. (14), Eq. (4) gives
U= Ay + Aiexp(=V (8)) + Aexp(—2V (8)). 17

After Egs. (5) and (17) are inserted into Eq. (14), we recover
— 6RSA bk} + 3RSAia;k; + R3SAIb; + 14R2S?%A;b; + 8 RS?Ab; — 12
S2A bk} + 6S2Aa5k; + 16534, by + Agbjk} — Agajk} — Agw; + Ag
¢+ Agd; =0, 18)
30R’SAb; + 22R2SA b + 120RS?A,b; — 6 R?A; byk? + 3R?A;ajk; — 12
SAibjk} + 6SAia;k; + R*Ab; + 16S?A1b; + Abjk! — Aa;k} + 3
AGAG + 3AGAd; — Ayw; — 36RSA bk} + 18RSAak; =0, (19)

232R2SA;b; + 60RSA b — 24R*A; bk} + 12R2Aa5k; — 18 RA bjk} — 48
SAbik} + 9RA a;k; + 24SAra;k; + 16R*A;b; + 15R3Acb; + 136
S24b; + Aybik} — Asaik} + 3AGAyci + 3AGArd; + 3A0AL G + 3
AoALd; — Ayw; =0, (20)

Ajc + Ajd; + 120A:b;, 3AIAF ¢ + 3A1A7dj + 336 RAb; + 24A1b; = 0,

21

330R?A;b) + 3A0gA7 ¢ + 3A0ATd) + 3AL A ¢ + 3A Axd) — 36
Asbjk? + 60RA by + 240SA;b; + 18 Arajk; = 0, (22)

130R3A;b; — 60RAbjk + SOR?A1b; + 440 RSA;b; + 30RAa5k; + 6
AoALAy ¢ + 6A0AArd; + Al G + Al dy — 12A1bk} + 40SAb; + 6
Aajkj = 0. 23)

Thus, the important results are

, Ay = SA,,
5b; ’ ’ 24

[6b;k} + 20Sb; — 3a;k; _ A2d; +120b;

A ==£4, > = )
\ 5by ! A (25)
k2 (11967 k7 — 119a;b;k; + 36a;)
w; = — s
J 25b; (26)
U= R?2 — 4S8 = _W
5b; 27)

which emerges from Egs. (18)-(23). Moreover, if Egs. (24)-(27) with
Eq. (6) are substituted into Eq. (17), the singular solitons are
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6b1kZ +208b1 — 3a1ky
mzs\jli
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by
4, = 7 b1k b k
6b1kZ +20Sb1 — 3 I = =
‘q 1k{ 1—3alky i 3k (: ZblkHal)mnh 3k1(—2b1k1+a1) (x—(—3a1k12+4b1k13)t)
\ by by \ 20b1
u(x, t)=
2
N 204, S .
6b1kE+20Sb1 —3atky | [ 3ky(—2biki+a1) [ 3ki(=2b1k1 +a1)
| + . tanh| , | x— (=3a1k + 4b1kP)t
[V n \ b \ 2061 ( ( 1K} 1 1) )
k12(119b2k2—119a1bik1+36a2)
i| —kix 2551 t+4
X e , (28)
-
[6b2k3 +20Sb3 — 3azk
ZAZS\“‘ 2k5 ; 2 —3azk2
Sh = 7 bak2+208b k 7
6bak2 +20Sby -3 [ = =
2k3 2-3aks | ska(=2bgka+az) o [“3ka(=2b2kz +a2) (o= =302k + 4b2kD)D)
by \ by 200
v(x, t)=
, 204282
+ 2
6b2k3 +20Sby —3a2ka [ 3kp(—2baka + a2) 3ka(—2bokz + a2) >
| h —(- 4bak3
[J B +V by tan \/ 200 (x—(—3a2ky +4b2ks)1)
) k22 (11962k3-119az bk +36a3)
i| —k2x— 25by t+4
X e (29)
with
bjkj(—zbjkj + aj) < 0.
Dark solitons are
e,
|6b1kZ +205b1 — 3a1k
2AzS\“w‘ 1kf + : 1-3ark1
S42 = 7 b1kZ +20Sb k :
[6b1kZ +205b1 -3 [ = =
| 1k{ 1 aiky y 3k ( 2b1k1+u1)colh | 3k1(—2b1k1+ay) (x—(—3a1k12+4b1k13)t)
\ by \ by \ 20b1
u(x, t)=
204252
+ : 2
‘6b1k2+205b1—3u1k1 3k1(— [ =
| 1 1(=2b1k1+a1) |_3ki(=2biki+a1) . 2 3
[V by +\/ by coth \‘\ 205, (x = (=3ark{ + 4b1kp)0)
k12(119b2k2—119a1b1k1+36a2)
i| —kyx— 3%h] t+4
X e s (30)
[6b2K3 +208b2 — 3azkz
|0b2ky + 20582 — Sazka
w b
S = bak2 b k : 2
6bak2 +20Sby -3 [ = =
2Ky 2 —3a2k2 .| 3ka( Zl)zkz+az)mlh “‘ 3ka(—2b2k2 + a2) (x—(—3a2k22+4b2k23’)t)
by ‘ by ‘ 20b
v(x, t)=
, 204282
t 2
[6b2k3 +20Sby —3azky [ 3kp(—2baka + az) [ 3kp(=2bgka + a2) 5 3
[\j b + V‘ b coth| V‘ 200, (x—(—3a2ky +4b2k3)1)
) k2? (119b3k3 - 119a2b2k2+3643)
—kox 35h, +&H (31)
Xe
with
Singular periodic solutions are
-
6b1k{ +20Sb1 —3ark
ZAZSJ 1kf ; 1 k1
Shy = 7 bk +20Sb k :
[6b1k2 +20Sb1 -3 [3k1(= M3k (=
|6bikg 1-3akt (B (2bikitan (36 Zblkﬁ'al)(x—(—3a1k12+4b1k13)1)
\ b \ b1 20b1
u(x, t)=
204252
+ : 2
\‘6b1k2+205b1—301k1 [3kq (- —
| 1 1(=2b1ky +a1) 3k1(=2b1k1+a1) 2 3
- tan| | — (=3a1k{ + 4b1kP)t
[V o \/ o an | 206, (x—(=3a1kf +4b1kP)1)
[ oy Q9211901 b1 k1436 07) ,]
i| —k1x— +¢
25b1
X e s (32)
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-
|6b2k3 +205by — 3azk:
55| 2k 2 2k2
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\ b2
54, = [6b2k2 +20Sb3 — 32k
2 2-3a2k2  [3g(= [3ka (=
5 _ “‘Skz( 2b2ka +a2) tan “Skz( 2b2ka +a2) (x—(—3a2k22+4b2k23’)l)
b \ by \ 20b2
v(x, t)=
, 204252
. 2
‘6b2k22+205b2—3112k2 [3ka(—2b2k2 + a2) [3kp(—2b2k2+ a2)
- tan| | —(=3a2k3 + 4b2k3)t
[\j b2 V b2 o V 20b2 b= (Bazky 240
(s k2? (119b2k3—119a2b2k2+36 0F)
—hox— 25bp G
x e , (33)
-
|6b1kE +20Sby — 3a1k
ZAZS\Q‘ 1kf : 1-3arky
1
SAZ_ “6b k2 +20Sby —3ajk [3k b1k [3k b1k
—3a — —
|91 170AR (b ray) o f (3kaC2btktaD) sk 4 gk
\ b1 \ b1 \ 20b1
u(x, t)=
204,52
+— 3
w‘6b1k2+205b1—3a1k1 3k (- [ —
| 1 1(=2b1ky +a1) 3k1(=2b1ky +a1) 2 3
t — (=3ark{ +4b1 k)t
[V o +\/ o co \/ 205, Ce= (=3arkf +4b1ky)0)
|k lqz(l19blzklz—119a1blk1+3ﬁa12)r
H X 25b1 +
X e , (34)
e
s |6b2k3 +205b2 — 3azk2
S, |——2 = T ee
\ by
54 = [6b2k2 +20Sby — 3azk
= 3a; i — —
2K5 2 2K2 + “‘Skz( 2boka + a2) cot] ‘3k2( 2boka +a2) (x—(—3azk22+4bzk23)t)
b2 y by \ 2003
v(x, 1)=
N 20425%
L 2
[6b2k3 +20Sby —3azky  [3kp(—2b2ka+ a2) 3ka(—2baka + ap)
+./ t] — (=3azk3 + 4b2k3)t
[\j 5 | oy col | FE T (e (3aakg + 4bai)o)
) ko2 (11963k3 - 119 az bk +36a3)
i| —kpx— +&
25bp 35
xe (35)
with

Parabolic law

The CQ-NLSE equation in polarization-preserving fibers with para-

bolic law is given by
ig, + iaq,,, + bq,., + (clg? + d Igi*)g = 0. (36)

The constant a is the coefficient of the 30D while the constant b is
the coefficient of the 40D. Also, the coefficients ¢, d provide the
parabolic nonlinearity effect which has been quite popular recently and
is known as a extended state of Kerr fiber nonlinearity.

The CQ-NLSE equation birefringent fibers with parabolic law is:
iUy + 10 Uy + bl + (1 1P + dy WP)u + (e lul* + g Pl + hy

W*)u =0,
Wy + (G Vo + baVo + (2 WP + dy [UP)y + (e WI* + g, WUl + by
lu*)v =0 37)

with constants c;, ¢; and d}, g h; which represent SPM and XPM re-
spectively. Also, the 4WM is discarded.
If Eq. (9) is inserted into Eq. (37), we get the equation

bU® + Bak; — 6bk)UT — (W + aik} — bk Uj + (¢ + dj)

U+ (g+g+h)U=0 (38)
which emerged from the real equation along with Uy = U.
By the aid of balancing rule in Eq. (38), Eq. (4) is
U = A + Arexp(—=V (8)). 39
Upon substituting Egs. (5) and (39) into Eq. (38), we get the

equations

— 6RSA bk} + 3RSAajk; — Agw; + Aj G + AJd) + Aje + Adg + Af

hj + R3SAb; + 8RS?A1b; + Aobik} — Agajk; = 0, (40)
22R2SA1b; — 6R2Aibjk} + 3RPAia;k; — 12SA1 bk} + 6SAajk; + R*

Aby + 16S2A1b; + Aibik} — Araik? + 3AGAiq + 3AgAd; + 5

AgAe + SAG A + SAG Ak — Aw; = 0, (41)
Alej + Alg + Alhy + 24bjA = 0, (42)
5A0A e + 5A0Al g + SAcAh; + 60RAb; = 0, (43)

1045 A e + 10AFACg + 10AGA R + SORPA by + Al + Ald; — 12

Abk} + 40SAb; + 6 Ajajk; = 0, (44)
10A5A ¢ + 10A5Alg + 10AJ Al + 15R3A by — 18 RA bk} + 60
RSAb; + 9RA1a;k; + 3A¢Alc + 3A0ALd; = 0. (45)
Thus, the important results are
Ry _ Afg+ Ath; + 24b;
A Af ’ (46)
. _Add - 12A7bik} + 40SA7b; + 6 A% a;k; — 40A7b;
! Af ’ (47)
Albk? — 128A2 bk} — Afa;k} + 16S?Ab; + 6SA} ajk;
+ 12A5A7 bk} — 32SAGATb; — 6AGAL ajk; + 16 A4 by
w; = >
! Af (48)
4(SAE — A¢
L= R —4S=— (SA; - o)
Af (49)

which appear from Egs. (40)-(45). Moreover, if Egs. (46)-(49)with Eq.
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(6) are substituted into Eq. (39), the singular solitons evolve as:

SAZ
— i
u(x, H)=<Ag — —_——
Ao + JAZ — SAZtanh| |- ST A0 (x— (—=3ark? + 4b1kP)r)
0+ y40 { a2 1KY 17
APb1-125A3b1 kP~ AP ar kP +16 S%AP b1 +6 5Af a1k
+1242A2b1k2 32542421 -6 A2 A2ark1+16 A by
| —yer 0Af brkf 014 041 0% Ly
A
X e , (50)
SA?
— 1
v(x, )= A — —
Ao+ A2 —saZranh| =S40 ( (C3a0k2 4 abykd)e)
0+ \Ag — SAf \ e 2ky + 4b2ky
Afbakd - 12548 b2 kG- Aftaskd+16 %A by +6 A azka
. +12A3 AZb2k3-32SAZAZb2 6 AZ AL a2 ka+16A¢ b2
i| —kox+ i t+&
A
X e (G20)]
with
SAZ — A¢ < 0.
Dark solitons are
SAZ
{
u(x, t)— AO - —
Ao+ JAZ —saZcotn| |- FA 40 3ark +4bik3)0)
0+ Ag —54jco \‘r a2 (x— (=3aik{ 1k7)
APb1f 12543 b1 kP~ AP a1 kP +16 S%Af b1 +6 5Af a1k
+1242A2b1k2-325A2A2b1 -6 AZAZark1+16 A by
i| —kix+ 7 t+§
A
X e , (52)
SA?
— 1
v(x, )= Ay — —
Ao + JAZ — SAZ coth | _SA ~4g (x— (=3a2k? +4b2k3)t)
0+ yAg { \ a2 2k 2k
Afbak$-125ARbokZ-Af ar k3 +16S2Af by +6SAP az ke
) +12A3 AZb2k3-32SAZAZb2~6AZ AR azka+16A¢ b2
i| —kox+ i t+&
4
X e (53)
with
SAZ — A¢ < 0.

Singular periodic solutions are

2
SA7

ulx, )y={Ay — ——
[sA2— A2 [s4? -43 2 3
Ag — |[SAZ - AZ tan w2 (c—(=3a1kZ + 4b1kd)0)
1
A1k -125A4D1 K2~ At arkP+16 5240 b1 +6 SAf a1 k1
+12A3 A2b1kE—325A3 AZb1 -6 AZAZark1+16 A by
At

xe , (54)

i| —kix+

t+§

SA?

v(x, )= A — T
Ag — [SAZ —AZ tan \/TO (x— (=3a2k3 + 4b2k)1)
1

Aok —125A8 b2 k- Aftaskd+16 %A by +6 A azka
+12A3 Ab2k3-32SAGALb2 -6 AG AL azka+16A¢ b2
4

X e , (55)

i| —kpx+

+4
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SAZ
u(x, )={Ay — S
[saz —a2 s’ - Ag 2 3
Ao + |SAf — Ag cot \ /\12 (x—(=3aik{ +4b1k{)t)
Afbikf-12548by k- Afar kP +165%A48 by +65Af arky
+1243A2b1kP—32SA3A2b1-6 AZAZa1k1+16A¢ by
i| —kix+ 7 +§
A
X e , (56)
SA?
— 1
v(x, )= Ay — ——
Ao+ oA A eot] (54248 24 abok3
0+ ySAZ —AG cot \“ pr (x— (=3a2k3 + 4b2k3)1)
Afbokd 12544 b2 kG- Aftark3+16 %A ba+65Af azka
+12A3 A2b2k3-32SAZAZb—6AZAZazka+16A b2
i| —kox+ 4 t+4
A
T
X e (57)
with
SAE — A¢ > 0.

Quadratic-cubic law

The CQ-NLSE equation in polarization-maintaining fibers with the
quadratic-cubic law is given by

ig, + iaq,,, + bq,., + (clgl + d IgP*)g = 0. (58)

The constant a is the coefficient of the 30D while the constant b is
the coefficient of the 40D. Also, the coefficients c, d provide the
quadratic-cubic law effect.

The CQ-NLSE equation in birefringent fibers with the quadratic-
cubic law is:

iUy + iU + Drllpe + couv P + WP + w* + uv + (dy [ulP + e, WP)

u=20,

i + i@V + D2V + GUVIVE + WP + ' + v'u + (dy WP + e; luP)y =0
(59)

with the constants d; and ¢; which assure SPM and XPM respectively.
Also, the constant ¢; assures the existence of the quadratic media in
birefringent fibers where the first two terms correspond to SPM and
XPM sequentially while the last two terms refer to 4WM.

If Eq. (9) is inserted into Eq. (59), we arrive at

bjUj(4) + (3(1]]{ - 6bjkz) Uj” —(w+ ajk3 - bjk4)[]j + ZCJIJJZ + (dj + ej)Uf =0

(60)
which shows up from the real part equation along with
Uy = U (61)
o(x, t) = —kx + wt + . (62)

In consequence of using balancing rule in Eq. (60), Eq. (4) is given
as

Uy = A + Aiexp(=V (8)) + Asexp(=2V (3)). (63)
When Egs. (5) and (63) are inserted into Eq. (60), one notices
— 6RSk%A,b; + 3RSkAq; + R3SA by + 14R2S?A,b; + 8RS%Ab; — 12
Szszzbj + 6SZkA2aj + 16S3A2b] + k4A0bj - k3A0aj - WAO +2
Aozcj + Agdj + Agej =0, (64)
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30R’SA;b; + 22R*SA, by + 120RS?A,b; — 6 R%k2A by + 3R%kA;a; — 12
Sk2A1b; + 6SkAia; + R*A;b; + 16S?A,b; + k*Ab; — kK3Aiq; + 4
AoAiq; + 3AGAd; + 3AJAre; — wA| — 36RSk?Ab; + 18 RSkAqq;

=0, (65)

232R2SAb; + 60RSA b — 24R?k?A, by + 12R*kAza; — 18 Rk?A by — 48
Sk2A;b; + 9RkA a; + 24 SkAra; + 16 R*A, by + 15R3A; by + 136
S2A3bj + k*Ab; — K*Ara; + 4A0Arc; + 3AgAxd; + 3A0Are + 3

AgAld; + 3ApAl e — WA, + 2A%¢ =0, (66)

Ald; + Ajej + 120A:b;, 3BA1A7d) + 3A1A7 ¢ + 336 RA,b; + 24A1b; = 0,

67)
330R2A;b; — 36k2A,b; + 3AgA7dj + 3AcATe; + 3A2Ad; + 3
130R*4,b; — 60 Rk?A,b; + SOR?A;b; + 440RSA, by + 30 RkAya; — 12
K2Ai by + 6AcA A d; + 6A0AiAre; + Ald) + Ale; + 40SAb; + 6
kAlaj + 4A1A2Cj =0. (69)
Thus, the important results are
Aj%e; + 120b;
R:é’ S:ﬂ, dj:_zjizj,
Ay Ay A, (70)
ci = s
! A3 71)
k*Asb; — K3Aj a; + 24k?A0A3 b — 6kPALAFb; — 12kA0A3 a;
+ 3kAfAFa; + 16 AZAZb; — 8AoAP A by + Al
w= .
A (72)
44,4, — A?
u=R —45=-"02 1
A3 (73)

which comes from Egs. (64)-(69) Moreover, if Egs. (70)-(73)with Eq.
(6) are substituted into Eq. (63), the singular solitons fall out as

241 A9
Ay —
0 [AZ — 4A0A, tanh| | 44042 - A7 k2 4+ 4b1k3
A+ \;Al —4ApA; tan \“_Tzz (x—(=3ark{ +4b1kp)t)
ux, )= 44AG
+
2
—— | 4404y — A2
A1+ A — 4404, mnh[\g!Tl (x—(=3a1kE +4b1k{)t)
\ 2
K4adb1—k3ad a1 +24k240A3b1-6k%A2AF b1~ 12kA0AZ a1
+3kAPAZa1+16AGAZb1-8 A0 AL Axb+A{ by
i —kx+ 7 ¢
Ay
X e , 74
2A1A0
Ap —
0 o | 404 - A2
A+ \/Alz —4ApAz tanh V‘—T (x— (—3a2k22 + 4b2k23’)t)
2
v(x, t)=
2
N 4A2A4
2
p—
—_— | 4404y — A2
[A1 + A2 — 4404, tanh[\/—T1 (x = (=3a2k3 + 4b2k3)1)
2)
g by—k3ad az+24k240 A3 by —6k2A2 AZ by~ 12kA A az
. +3kAZAZ a2 +16AZAZb2—8 AgAL A2 bo+Af by
i —kx+ 7 t+¢
A
X e (75)
with

44,4, — A} < 0.

Dark solitons are
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241A¢
AO - Y
3 A1 A | 4A()A2—A1 2 3
A1+ A2 — 44047 coth \/74%%2 (x—(=3a1k2 + 4b1k)1)
u(x, )= 4448
+ R 2
—_— | 4A0A; - A2
AL+ \[A? — 4404y com[\j—% (= (=3ark? + 4b1k3)0)
2)
4,4 3,4 2 3 2,242 3
k Ay b1—k AS al+24k ApAy b1—6k ‘AfAg b1—12kA()A2 al
) ) +3kAZAZa1+16AGAZb1-8AQAL A2 b1 +A{ by )
i| —kx+ t+¢
A
X e s (76)
24 A
Ay — 140 :
—————— 4A0Ap — Af
Al + \JAR —4ApAr coth| | ———— L (x— (—3a2k3 + 4bak)t
] \/1 042 [\‘ g (x—(=3a2ks 2k3)t)
v(x, t)=
2
N 4MA8
t ‘ = 5
S | 4A0A2 — A
[Al +\AZ —a40k coth(v‘ g G- (3w 4b2k23)t)]]
2
Kby 13A% ax+24k2A0 A3 by~ 6k2AZAF by ~12kA0 AS ap
. +3kAZAZar+16AZAZb2—8 A9 AR Apbo+A{ by
i —kx+ 7 t+¢
Ay
X e 77)
with

4A0A;, — A? < 0.

Singular periodic solutions are

24A
Ay — _ Ao
Al — \J4ApAz — Af tan \ iz (x—(=3ark{ +4b1kp)t)
|
u(x, ) A%
0
+ — >
—_— 4404y — A
A1 - \[4404; - A tan Lzl (= (=3ak} + 4bikP)1)
\ a3
K4adb1-k3Ag a1 +24K%40A3b1-6k2A2AZb1 - 12kAp A a1
+3kAZAZa1+16AGAZb1 -8 A0 AL Ax b1 +A{ by
if —koc+ e t+¢
Xe s (78)
24140
Ag — —=
1= (iAot —AZuan| |2 (2 abighn
1 — \J4A0A — A V‘ anl ks 2k5
v, )= 4MA2
0
+ (4404 — A2 2
‘ [404; - A7
Al — \J4A0Ay — AR tan| [—— "L (x — (~3a2kF + 4b2k3)t
[1V02 { (V pye (x—(—3azks 2k3)t)
Kt agby—k3ad ax+24k240 A3 by —6k2A2 A3 by 12kA A ap
. N +3kAZAZar+16AZAZb2 -8 A0 AL A2 ba+A{ by )
i| —kx+ 7 t+¢
A7
X e ) (79)
24149
Ao = [4A4042 — A2
A1+ \[4A0A; — A7 cot[ f% = (—3arkp+ 4b1k13)t)]
/
u(x, )= 4A0A2
0
+ —— o
v |4A0Az — A2 ) N
Ap +\[4AgA2 — Af cot ‘72(x—(—3a1k1 +4b1kp)t)
\o4ag

K*agb1-13Ad a1+24k%40 A3 b1 - 6K2A2AZ b1~ 12kAg A a1
+3kAZAZ a1 +16AGAZb1 -8 A9 AL Az b1 +Aft b
4
A

X e , (80)

i| —kox+ t+¢
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241A
AO — ‘ 140 -
s 4A0Ay — Af ) 5
A1+ [4A0A2 — Af cot —aZz (x = (=3azks +4b2k3)t)
7]
v(x, t)=
2
N 4A2A3
- R 2
5 4A0Ay — A2
[A1 + 4404, — A2 cot[\ Tl (x—(=3a2k3 + 4bak3)1t)
K4 A$by— k343 ar+24k2A0 A3 by —6K2A2 AZby~12kA0 A a1z
) +3kAPAZ ax+16AGAZb2 -8 A0AL A b2 +Af by
i| —kx+ i t+¢
A
2
X e (81)
with

4404, — A? > 0.

Non-local law

The CQ-NLSE equation in polarization-preserving fibers with the
non-local law is given by
ig, + iaq,, + b, + c(1gP)g = 0. (82)

The constant a is the coefficient of the 30D while the constants b is
the coefficient of the 40D. Also, the coefficient ¢ provides the non-local
law effect.

The CQ-NLSE equation in birefringent fibers with the non-local
nonliearity is:

iU + iUy + bl + (1 (IUP)y + di (WP))u = 0,
iV + i@V + baVee + (2 (W) + & (Iul))v = 0 (83)

with the constants ¢; and d; which are SPM and XPM.
If Eq. (9) is inserted into Eq. (83), we get the equation

bU® + Bajk; — 6bkHUS — (w; + ajk} — bk U + 2
(¢ + d)UU)? + 2(g + d)UU} = 0 (84)
which comes out from real part equation along with Uy = U,.
From balancing rule in Eq. (84), Eq. (4) turns out to be
U = Ay + Aexp(=V (9)). (85)

As long as Eq. (5) with Eq. (85) are inserted into Eq. (84 ), we get
the equations

2RSAGA1¢; + 2RSAGA1d; — 6RSA bk} + 3RSA a;k; — Agw; + R?
SAib; + 8RS%Ab; + 252A0A7 ¢ + 25%A0Al dj + Aok} — Agajk
=0, (86)
22R2SA1b; — 6 R2A\bjk} + 3R2Aiajk; — 12SA bk} + 6SAiajk; + 2
RPAGA G + 2RPAG And) + 4SAGAvg + 4SAGAvd; + R*AL by + 16
S2A1b; + Aibk} — Aajk; + 2S?Af ¢ + 2S?A7 d; — Ayw; + 8

RSA(AZd; + 8RSAyAfci = 0, (87)
6A13Cj + 6A13d] + 24bjA1 =0, (88)
10RA}¢; + 10RAYd; + 10A0Af ¢ + 10A0Ald; + 60RAb; = 0, (89)

4RA} + AR?A} d; + 16RAgAL ¢ + 16RAGALd; + 8SAT G + 8
SAPd; + 50RAb; + 4AGAIG + 4AGAd) — 12A1bjk} + 40SAb; + 6
Aigjk; = 0, (90)
6R?AgAfc; + 6R?PAgAld; + 6RSAc; + 6RSA(d; + 15R*A by + 6
RAGAIG; + 6RAGA d; — 18RA bk} + 12SA0Al ¢ + 12SAgALd; + 60
RSA b + 9RAa;k; = 0. (91)
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Thus, the important results are

R?b; + 6bjk? — 3a;k; AR
§= AT T AU, = AR

4b; 2 92)

G4 T —kj (=bjk; + @),

(93)
by 99

which are emerged from Egs. (86)-(91). Moreover, if Egs. (92)-(94)
with Eq. (6) are substituted into Eq. (85), the singular solitons are

u=R?—4S

A1 (R?b1 + 6b1kE — 3ark1)

|3k

u(x, t)= SA, — ——1

’ T T —— 1(=2biki+a1) 2 3

2Rby + |/12b1k1(=2b1k1 + @) tanh \)7417 (x=( 3a1k1 +4b1k1 )
1

x el(kx—ki(bki+a)i+g) (95)

A1(R%b) + 6b2k3 — 3az2k2)

v(x, t)={ SA;, — —= -
2Rby + 122k (—2bzkz + @) mnh(V W = (-3 + 4b2k23)1))
i 2

X el(—kax—I3 (~bzka+a)t+5) (96)
with

Dark solitons are

A1 (R + 6b1kE — 3ark1)

u(x, t)={ SA;, — Bki(—2bikifal)
2Rb1 + \xmmm(\/w (- (3arkg+ 4b1k13>r>)
1
x ei(-kx—k(=bki+a)i+d) 97)
A1 (R%b2 + 6b2k3 — 3azk
v, )=l S4, — 1 (R°b 2ks —3azkz)
2Rby + \/mcmh(V %szzw (x— (—3azk22+4bzk23)t))
X el (—kax—I3 (~baka+az)i+) 98)
with

bjkj(—ijkj + aj) > 0.

Singular periodic solutions are

A1(R?b1 + 6b1kE — 3a1k1)
u(x, )= SA, — 1

73k1(—2b1k1 +a1)

2Rby — \/12b1k1 (2b1k1 — ap) ta
b1 — /12b1k1(2b1k1 — a1) n[\ by

(x—(-3a1kf + 4b1k13)t)]

x el(kx—ki(-biki+ani+) (99)

AL (R%b2 + 6b2k3 — 3az2k
v(x, =S4, — 1 (R°b2 + 6b2ks — 3azk2)

2Rby — \12b2kz (2bzks — az) tan(\#im(’”zkz *9) (- (“3ak+ 4b2k23)t))

4by

x el (—kax—Ig (-b2ka+a2)t+dy)

(100)

A1 (R?by + 6b1k12 —3ark1)

u(x, )= 54, - _ka(2bik+a)

by

2Rby + /12b1k1 (2b1k1 — a1) Lan(V (x— (—3011{12 + 4b1k13)t)]

: 3
—k1x—kf (~b1k
x el(-kix—ki' (=brki+aD)t+4)

(101)

A1(R%b2 + 6b2kF — 3a2k
v(x, £)=d SA, — 1 (R°b2 + 6b2ky — 3azkz)

2wtn-+ [T~ apn | I (o Caanigsanaidyo |
\ 2

% el (—kax—I5 (~b2ka+a2)i+8) (102)
with
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Conclusions

The current work is about the extraction of CQ dark and singular
solitons in birefringent fibers that is studied with four forms of non-
linear refractive index. The exp-function expansion is the integration
algorithm that has been implemented successfully, in this context. The
results are a sequel to the ones that have been reported earlier [19].
Later, this method can be implemented into several additional forms of
nonlinearities by the aid of more powerful integration algorithms
[10-18,20]. One would also need to set up the model for CQ solitons,
having such nonlinearities, with DWDM topology. These results are
currently pending. Additionally, the model also needs to be studied in
birefringent fibers using numerical algorithms such as Laplace-Adomian
decomposition scheme, variational iteration method and many others
[8,16]. The results of those research are all under way. They will be
made available with time.
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