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Abstract Here we develop a new strategy to analyze the
chemical freeze-out of light (anti)nuclei produced in high
energy collisions of heavy atomic nuclei within an advanced
version of the hadron resonance gas model. It is based on
two different, but complementary approaches to model the
hard-core repulsion between the light nuclei and hadrons.
The first approach is based on an approximate treatment of
the equivalent hard-core radius of a roomy nuclear cluster
and pions, while the second approach is rigorously derived
here using a self-consistent treatment of classical excluded
volumes of light (anti)nuclei and hadrons. By construction,
in a hadronic medium dominated by pions, both approaches
should give the same results. Employing this strategy to the
analysis of hadronic and light (anti)nuclei multiplicities mea-
sured by ALICE at

√
sNN = 2.76 TeV and by STAR at√

sNN = 200 GeV, we got rid of the existing ambiguity in
the description of light (anti)nuclei data and determined the
chemical freeze-out parameters of nuclei with high accuracy
and confidence. At ALICE energy the nuclei are frozen prior
to the hadrons at the temperature T = 175.1+2.3

−3.9 MeV, while
at STAR energy there is a single freeze-out of hadrons and
nuclei at the temperature T = 167.2 ± 3.9 MeV. We argue
that the found chemical freeze-out volumes of nuclei can be
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considered as the volumes of quark-gluon bags that produce
the nuclei at the moment of hadronization.

1 Introduction

The concept of hard-core repulsion plays an important role in
the statistical mechanics of classical systems since, despite
its simplicity, it allows one to correctly reproduce the basic
properties of real gases at short distances. Its importance in
describing the multiplicities of hadrons produced in the cen-
tral high energy nuclear (A + A) collisions is beyond any
doubts. In atomic physics it is clear that the hard core in
the intermolecular interaction has its fundamental origin in
the Pauli exclusion principle and the electron exchange cor-
relations between atoms and molecules (see, e.g., [1] and
references therein) which allows one to predict the compo-
sition and thermodynamics of inertial fusion plasmas due to
the account of the Pauli-blocking effect between atomic clus-
ters [2]. However, the application of the fundamental Pauli
principle on the quark level to account for a repulsive hard
core in the interaction among hadrons is still in its infancy
[3]. The account of the Pauli blocking effect for light clusters
in nuclear matter is meanwhile well-elaborated for not too
high temperatures [4] and for applications to the composition
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of supernova matter [5,6], where usually excluded volume
approaches are applied to account for light cluster abun-
dances [7–9]. Within the quantum statistical approach, the
second virial coefficient is addressed via a generalized Beth–
Uhlenbeck equation of state which accounts for medium
effects on the scattering phase shifts among clusters (cluster
virial expansion [10]). The latter not only describes system-
atically the in-medium modification of the hard-core inter-
action, but ultimately leads to the Mott dissociation of the
nuclear clusters due to Pauli blocking. The generalization
of this successful quantum statistical approach to the higher
temperatures by including all species of a hadron resonance
gas and the treatment of repulsive Pauli-blocking effects on
the basis of their fermionic quark substructure is a formidable
task that has just been started [11]. For the time being, one can
already get interesting insights for the discussion of chemical
freeze-out (CFO) of light clusters in the QCD phase diagram,
in the context of ongoing discussions of the puzzle why these
clusters freeze out in ultrarelativistic heavy-ion collisions at
CERN and BNL according to predictions of the thermal sta-
tistical model at the same high temperature TCFO ≈ 160
MeV like all the other hadrons while their binding energies
are at least an order of magnitude smaller.

This puzzle of the light nuclei production at LHC and
RHIC has been discussed in many recent papers [12–22],
from both alternative points of view: the coalescence of
nucleons (and hyperons, if applicable) in the final state after
thermal freezeout of the hadrons on the one hand, and the
CFO of the nuclei according to the thermal statistical model
together with the other hadronic species directly in the vicin-
ity of the hadronization transition in the QCD phase diagram
on the other.

When drawing the lines for the Mott dissociation of light
clusters as derived from the quantum statistical model into
the QCD phase diagram one observes [23,24] that at the con-
ditions of LHC and STAR experiments the medium modifi-
cations for nuclear clusters are not important, so that they can
be expected to follow the ordinary thermal statistical model
albeit including a hard core repulsion as in free space. There-
fore, we devote the present work to extending the concept of
hard core repulsion for hadronic systems with nuclear clus-
ters in a thermodynamically consistent way and will apply it
to the description of hadron and light cluster yields obtained
in these experiments.

The real breakthrough in achieving an unprecedented
accuracy in the description of hadronic yields measured from
the low AGS BNL collision energy (

√
sNN = 2.7 GeV) to the

LHC CERN one (
√
sNN = 2.76 TeV) is related to the hadron

resonance gas model (HRGM) with several hard-core radii
of hadronic species [25–28], i.e. with the multicomponent
hard-core repulsion. Indeed, using just two extra parameters,
the hard-core radii of pions Rπ and kaons RK , in addition
to the hard-core radii of baryons Rb and the ones of other

mesons Rm which are traditionally employed in the HRGM,
it was possible to achieve a very accurate description of all
independent hadron multiplicity ratios measured prior to the
LHC era with a χ2/dof which is in the range between 1.15
[26–28] and 0.96 [29]. The high accuracy achieved by the
HRGM with multicomponent hard-core repulsion allowed us
not only to elucidate the characteristics of the CFO of A+A
collisions, but also to reveal new irregularities of thermody-
namic quantities at the CFO and to formulate new signals of
two phase transitions [30–34] which are expected to exist in
strongly interacting matter.

We have to remind that traditionally the CFO is defined
as the moment after which the inelastic reactions stop to
exist, while the evolution of hadronic matter is dominated by
elastic reactions towards thermal freeze-out and decays of
resonances [35].

However, the multicomponent versions of the HRGM
based on the Van der Waals (VdW) approximation to the
hard-core repulsion, i.e. which employ the classical second
virial coefficients, are rather complicated and they take a lot
of CPU time, since for N different hard-core radii for each
iteration of the fitting process of experimental data one has
to solve the system of N + 1 transcendental equations which
involve hundreds of double integrals [25–29]. Therefore, the
application of the multicomponent HRGM based on VdW
approximation to cases of N � 1 is rather problematic. For-
tunately, an entirely new and efficient approach to treat the
multicomponent hard-core repulsion for large values of N
was invented in Ref. [36]. This novel approach based on the
induced surface tension concept has two important advan-
tages over the other multicomponent versions of the HRGM:
first, the number of equations to be solved is always two
and it does not depend on N and, second, it allows one to
go beyond the VdW approximation [37–40]. Note that the
classical virial coefficients are traditionally denoted as the
excluded volumes (per particle).

Despite the great achievements of the HRGM one impor-
tant problem of the CFO was not resolved until recently. It
is the CFO puzzle of light (anti)nuclei yields measured by
the STAR RHIC collaboration in Au + Au central collisions
[42–44] at the center-of-mass collision energy

√
sNN = 200

GeV and the ones obtained recently by the ALICE CERN
collaboration in Pb+Pb collisions at the center-of-mass col-
lision energy

√
sNN = 2.76 TeV [45–47].

There are many important aspects of the CFO puzzle of
light (anti)nuclei yields [19,21,22,49,50,57–62] measured
in A + A collisions, but in our opinion the central one, is the
value of their CFO temperature TA. This is so, since without
the reliable knowledge of their CFO temperature TA one can-
not formulate a physically adequate model for the production
of deuterons (d), helium-3 (3He), helium-4 (4He) and hyper-
triton (3

�H) and their antiparticles in A + A collisions and
a model of their thermalization as well. Other approaches
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in the literature which describe the production of nuclei in
heavy ion collisions obtain estimates for TA using extensions
of the HRGM that consider the nuclei as point-like particles
[57] or assume the hard-core radius of all light (anti)nuclei
to be equal to the hard-core radius of baryons Rb [58]. It is
of interest to go a step further and aim to describe nuclei in
a more realistic way.

In our previous work [60] a more elaborate HRGM has
been presented that is based on the concept of induced surface
tension [36–38]. It uses an approximate expression for the
hard-core radius of light (anti)nuclei denoted as bag model
approximation (see below). This restriction was overcome
recently in [62], where it was shown that the bag model
approximation can safely be used for pion-dominated matter.
However, the derivation of the equation of state (EoS) which
extends the induced surface tension concept to the classical
second virial coefficients of light (anti)nuclei as suggested in
[40] is a heuristic one.

In the present work we develop a mathematically rigor-
ous treatment of a mixture of hadrons and light (anti)nuclei
with hard-core repulsion based on the induced surface ten-
sion concept [36–38]. In addition, with the help of this newly
developed HRGM we analyze here not only the ALICE√
sNN = 2.76 TeV data on light (anti)nuclei [45–47], but

also the STAR
√
sNN = 200 GeV data [42–44]. Our expe-

rience on achieving the accurate description of the hadronic
data documented in Refs. [25–31,33,34,37,38] gives us a
confidence that an essential improvement of the light nuclei
data description will help the community to resolve the puz-
zles of the CFO of light nuclei.

The work is organized as follows. In Sect. 2 the mathemat-
ically rigorous derivation of the induced surface tension EoS
for the mixture of hadrons and nuclei with classical second
virial coefficients is presented. Section 3 contains the results
on two models of the CFO of light (anti)nuclei produced in
the central A+A collisions on LHC and RHIC. Section 4 is
devoted to the discussion of the obtained results and summa-
rizes our conclusions.

2 Self-consistent treatment of classical excluded
volumes

In this section, we briefly show how to extend the method
of self-consistent treatment of classical systems with multi-
component hard-core interaction to the case of interaction of
hadrons and light nuclei. It was introduced in [39] and suc-
cessfully applied in [40] to mixtures of classical hard spheres
and hard discs of different sizes.

There are three major reasons to consider the HRGM with
multicomponent hard-core repulsion as the most realistic
EoS of hadron matter at high temperatures and moderate
particle number densities. First, a long time ago it was found

that for temperatures below 170 MeV and moderate bary-
onic charge densities (below the nuclear saturation density)
the mixture of stable hadrons whose interaction is described
by the quantum second virial coefficients behaves almost like
a mixture of ideal gases of particles in which both the sta-
ble hadrons and their resonances are included, but the latter
should have the averaged vacuum values of masses [48]. As
it was demonstrated in Ref. [48] and recently discussed in
Ref. [49], the main physical reason for this kind of behav-
ior is rooted in an almost complete cancellation between the
attractive and repulsive terms in the quantum second virial
coefficients. Hence, the remaining deviation from the ideal
gas (a weak repulsion) can be modeled by the classical hard-
core repulsion.

Second, considering the HRGM as the EoS of hadronic
matter one can be sure that its pressure will never exceed
the one of the quark-gluon plasma. The latter may occur, if
the hadronic phase is modelled as the mixture of ideal gases
[38,51]. It is well-known that the number of spin-isospin
degeneracies of all known hadrons and their resonances with
the masses up to 2.6 GeV is so large that, if one ignores
the hard-core repulsion between them, at temperatures above
180 MeV their pressure will be larger than the pressure of the
quark-gluon plasma. An example of comparing the HRGM
EoS with the lattice QCD results can be seen in Fig. 8 of Ref.
[38].

Third, an additional and important reason to consider the
HRGM as the hadronic matter EoS in the vicinity of CFO is
a purely practical one: the hard-core repulsion is a contact
interaction and, hence, the energy per particle of such an EoS
coincides with the one of the ideal gas, even for the case of
quantum statistics [52]. Consequently, during the evolution
of the system after CFO to the kinetic freeze-out one will
not face a hard mathematical problem [53,54] to somehow
“transform“ the potential energy of interacting particles into
their kinetic energy and into the masses of particles which
appear due to resonance decays.

These are the main reasons which allow one to regard
the HRGM as an extension of the statistical bootstrap model
[55] supplemented by the hard-core repulsion, but for a trun-
cated hadronic mass-volume spectrum, and which allow one
to successfully apply it to the description of hadronic multi-
plicities measured in the central heavy ion collision experi-
ments.

Although during last few years several valuable results
were obtained with the help of HRGM [25–28,30–34,56], at
the moment the hard-core radii are well established for the
most abundant hadrons, i.e. for pions, for the lightest K±-
mesons, for nucleons and for the lightest (anti)�-hyperons.
Nevertheless, the HRGM based on classical virial coeffi-
cients is very successful in describing the properties of a
hadron gas at CFO temperatures above 50 MeV, hence it is
natural to apply it to the description of multiplicities of atomic
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nuclei measured in A + A collision experiments instead of
calculating their quantum virial coefficients.

However, even finding the classical excluded volumes of
light (anti)nuclei consisting of A baryons is, in general, a
highly nontrivial task, since there is no well-developed for-
malism to calculate the cluster integrals of the particles which
are clusters themselves. Due to this reason the usual Mayer
procedure to calculate such cluster integrals cannot be used
in the general case. Furthermore, even the classical excluded
volumes of light (anti)nuclei with hadrons are known the next
nontrivial task is to rigorously derive the corresponding sys-
tem of equations which can be used for the actual fitting of
the data.

Fortunately, the light nuclei of A baryons with A ∈ [2; 4]
are roomy clusters, i.e. their root mean square (rms) radii
Rrms = √〈r2〉 are rather large [63,64] as one can see from
the second column of Table 1. This fact allows us to easily find
out their classical second virial coefficient with the hadrons if
the hard-core radii of all constituents of the considered nuclei
are known. Assuming that the light nuclei of A baryons can
be considered as the quasi-classical particles which slowly
move around the common center-of-mass on the distance
Rrms, one can estimate the typical distance between the con-
stituents L(Rrms) in such nuclei. For the (anti)deuteron the
typical distance between the (anti)nucleons is L(Rrms) �
2(Rrms), while to estimate such a distance for triton, 3He,
3
�H and their antiparticles we suppose that they are the
equilateral triangles. In this case, Rrms is the radius of the
circle described around the equilateral triangle and, hence,
the classical distance between the constituents inside such
nuclei is L(Rrms) � √

3Rrms � 1.732Rrms. Similarly, for
the 4He nucleus and its antiparticle, we assume that the
nucleons form an equilateral tetrahedron with the radius of
the sphere described around it being Rrms. Then the classi-
cal distance between the constituents of the 4He nucleus is
L(Rrms) � 4Rrms/

√
6 � 1.633Rrms. These simple formu-

lae and the actual estimates of L(Rrms) for different light
nuclei are, respectively, given in the 3-rd and 4-th columns
of Table 1.

Comparing the typical distances L(RA
rms)between the con-

stituents of A baryons nuclei with the sum of largest hard-
core diameter of hadrons 0.84 fm [36,37] and the hard-core
diameter of baryons 2Rb = 0.73 fm [36,37], one concludes
that it is possible to freely translate the hadron with the hard-
core radius Rh around each of the nucleus constituent, i.e. a
baryon of hard-core radius Rb = 0.365 fm, without touch-
ing any other constituent of this nucleus [62]. Therefore, the
classical second virial coefficient (excluded volume per par-
ticle) of a hadron and a nucleus of A baryons can be written
as

bAh = bhA = A
2

3
π (Rb + Rh)

3 , (1)

Table 1 The rms radii of light nuclei Rrms (2-nd column) taken from
[64], except for the 3

�H nuclei which is an estimate of Ref. [65]. The
3-rd column shows the relation between the typical distance among the
constituents L and the rms radius Rrms of light nuclei, whereas the 4-th
column provides the actual estimates for L(Rrms). See text for details

Nucleus Rrms classical distance L
(fm) L(Rrms) (fm)

Deuteron 2.1421 ± 0.0088 2Rrms 4.280

Triton 1.7591 ± 0.0363
√

3Rrms 3.047
3He 1.9661 ± 0.0030

√
3Rrms 3.405

4He 1.6755 ± 0.0028 4Rrms/
√

6 2.739
3
�H 4.9 (Ref. [65]) ∼ √

3Rrms 8.487

where Rb is the hard-core radius of baryons.
Similarly, we introduce the classical second virial coef-

ficient (excluded volumes per particle) bh1h2 of hadrons of
radii Rh1 and Rh2 as

bh1h2 = bh2h1 ≡ 2

3
π
(
Rh1 + Rh2

)3
. (2)

Now we consider a mixture of hadrons and light nuclei as
Boltzmann particles with hard-core interaction. Neglecting
for a moment the nucleus-nucleus interaction, i.e. assuming
that bA1A2 = 0, one can write the total excluded volume of
such a mixture as

V tot
excl =

∑

k∈h1,A1

∑

l∈h2,A2

Nkbkl Nl , (3)

where Nk (Nl ) is either the number of hadrons of sort h or the
number of nuclei of A baryons. Note that in the sums in Eq.
(3) the antiparticles are considered as the independent sorts
of particles.

It is convenient to introduce the additional degeneracy of
nuclei of A baryons gkA and explicitly write the second virial
coefficient (1) as

bkhl = gkA
2

3
π
(
Rk + Rhl

)3 = gkA
2

3
π

×
(
R3
k + 3R2

k Rhl + 3Rk R
2
hl + R3

hl

)
, (4)

where gkA ≡ Aδk A + δkh, and gAAR
n
A = ARn

b , (5)

where δk A and δkh are the Kronecker δ symbols.
Using the fact that the mean number of light nuclei 〈NA〉 is

very small compared to the mean number of all other hadrons∑
h〈Nh〉, i.e. 〈NA〉 � ∑

h〈Nh〉, for light nuclei we can also
write

A〈NA〉 �
∑

h

〈Nh〉, (6)

which allows us to approximate Eq. (3) as
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V tot
excl � 2

3
π

∑

k∈h1,A1

∑

l∈h2,A2

NkgkA1

×
(
R3
k + 3R2

k Rl + 3Rk R
2
l + R3

l

)
Nlgl A2 , (7)

where we substituted the binomial expression (4) for nucle-
us-hadron interaction and a similar binomial formula for the
hadron-hadron interaction into Eq. (3). In addition in Eq.
(7) the double summation is extended by adding the second
degeneracy factor gl A2 to account for the nucleus-nucleus
interaction in a symmetric way which is convenient for fur-
ther evaluation. Due to the inequality (6) which is valid for
light nuclei the approximated Eq. (7) is rather accurate for A
+ A collisions.

Combining the first term in the brackets of Eq. (7) with
the last term, and the second term with the third one, it is
possible to identically rewrite the total excluded volume (7)
in a shorter form

V tot
excl � 4

3
π

∑

k∈h1,A1

∑

l∈h2,A2

NkgkA1

(
R3
k + 3R2

k Rl

)
Nlgl A2 ,

(8)

which can be used to determine the mean excluded volume
of the system per particle

V excl = V tot
excl

/∑

l∈h,A

Nl � V tot
excl

/∑

l∈h,A

Nlgl A � (9)

�
∑

k∈h1,A1

NkgkA1Vk +
∑

k∈h1,A1

NkgkA1Sk R, (10)

where we introduced the eigen volume Vk = 4
3πR3

k and
eigen surface Sk = 4πR2

k of the particle of hard-core radius
Rk and the mean hard-core radius R defined as

R =
∑

k∈h,A

NkgkARk

/∑

l∈h,A

Nl . (11)

To obtain Eqs. (9)–(11) we, apparently, employed the
inequality (6). In the thermodynamic limit Eqs. (10) and (11)
enable us to self-consistently determine the EoS of the con-
sidered mixture within the VdW approximation.

To proceed further, we assume that for an infinite system
one can replace all Nk values in (11) by their statistical mean
values 〈Nk〉 and write

R →
∑

k∈h,A

〈Nk〉 gkARk

/∑

l∈h,A

〈Nl〉. (12)

where 〈Nl〉 will be calculated self-consistently using the
grand canonical ensemble (GCE) partition function. This
means that using V excl (10) with R defined by Eq. (12) one
can calculate the GCE partition function regarding R as a
function of temperature T and chemical potentials {μk} and
afterwards one can find R from the calculated partition.

Denoting the chemical potential for the k-th sort of parti-
cles as μk , one can write the GCE partition function as

Z (T, {μk} , V )

≡
∞∑

{Nk }

⎡

⎢
⎣
∏

k∈h,A

[
φke

μk
T
(
V − V excl

)]Nk

Nk !

⎤

⎥
⎦ θ

(
V − V excl

)
.

(13)

In Eq. (13) the thermal density φk of the k-th sort of parti-
cles contains the Breit-Wigner mass attenuation. In the Boltz-
mann approximation φk can be written as

φk = gkγ
|sk |
S

∞∫

MTh
k

dm

Nk
(
MTh

k

)
	k

(m − mk)2 + 	2
k/4

×
∫

d3 p

(2π h̄)3 exp

[
−

√
p2+m2

T

]
, (14)

where gk denotes the degeneracy factor of the k-th sort of
particle, γS is its strangeness suppression factor [66], |sk | is
the number of valence strange quarks and antiquarks in this
sort of particle, while the factor

Nk

(
MTh

k

)
≡

∞∫

MTh
k

dm 	k

(m − mk)2 + 	2
k/4

(15)

denotes a normalization constant, in which MTh
k denotes the

decay threshold mass of the k-th hadronic resonance, while
	k denotes its width. Clearly, for the stable hadrons and light
nuclei the width 	k should be set to zero, which leads to the
familiar expression for the thermal density

φk = gkγ
|sk |
S

∫
dp3

(2π h̄)3 exp

[

−
√
p2+m2

k

T

]

. (16)

We would like to stress that the Breit–Wigner ansatz for
the mass attenuation is an approximation which is usually
valid for relatively narrow resonances only. However, the
expression for thermal density of unstable particles (14) in
the spirit of a Beth–Uhlenbeck EoS [67] is valid for more
general mass distributions which may replace this ansatz.
For some dynamical models of hadron structure such as the
NJL model, one could separate the resonant part of the inter-
action which would correspond to an unstable hadronic state
and can be approximated by a Breit-Wigner ansatz and the
residual, repulsive interaction [68–71]. This is fortunate if
the approach shall be combined with an excluded volume
model for the short-range repulsion, in order to avoid a pos-
sible double counting. The generalized Beth–Uhlenbeck EoS
can be rigorously derived for a mixture of hadron resonances
[72,73] from a cluster decomposition of the Phi-functional
approach [74], if the generalized Phi-functional belongs to
the class of cluster two-loop diagrams [11,75].
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Note that the Heaviside step function θ in Eq. (13) is very
important, since it ensures the absence of negative values
of the available volume (V − V excl) and provides the finite
number of all particles for finite volume of the system V .
However, due to its presence, the evaluation of the GCE par-
tition function (13) is hard. To overcome this difficulty one
should make the Laplace transformation with respect to V
to the isobaric partition (for an appropriate review see [76])
which is defined as

Z(T, {μk} , λ) ≡
∞∫

0

dV e−λV Z (T, {μk} , V ) . (17)

Below we show that the isobaric partition Z(T, {μk} , λ)

can be found exactly by changing the integration variable
dV → d(V − V excl). However, first of all it is necessary to
define the quantities 〈Nk〉 in the GCE variables. In terms of
the partial μk-derivative of the partition (13), one can define
〈Nk〉 as follows

〈Nk〉 ≡ T
∂

∂μk
ln [Z (T, {μl} , V )] . (18)

In terms of definition (18) Eq. (12) for R can be cast as

R =
∑

k∈h,A gkARk
∂

∂μk
ln [Z (T, {μl} , V )]

∑
k∈h,A

∂
∂μk

ln [Z (T, {μl} , V )]
. (19)

Changing the variable dV → d(V − V excl) in Eq. (17),
one finds

Z (T, {μk} , λ) =
∞∫

0

dV ′e−λV ′

×
∑

{Nk }

∏

k∈h,A

1

Nk !
[
φke

μk
T V ′]Nk

e−λV excl θ(V ′) . (20)

Substituting into Eq. (20) the expression (10) for V excl ,
one gets

Z(T, {μk} , λ)

=
∞∫

0

dV ′e−λV ′ ∑

{Nk }

∏

k∈h,A

[
φke

μk
T −λgkA(Vk+RSk )V ′

]Nk

Nk !

=
∞∫

0

dV ′ exp

⎡

⎣V ′
⎡

⎣
∑

k∈h,A

φke
μk
T −λgkA(Vk+RSk ) − λ

⎤

⎦

⎤

⎦ .

(21)

Integration with respect to variable dV ′ in Eq. (21) can be
done easily resulting in

Z(T, {μk} , λ) = 1

λ − F(λ, T, {μk}) , (22)

where the function F(λ, T, {μk}) which defines the system
pressure in the thermodynamic limit is given by

F(λ, T, {μk}) =
∑

k∈h,A

φk exp
[μk

T
− λgkA

[
Vk + Sk R

]]
.

(23)

The GCE partition function (13) can be found now by the
inverse Laplace transform

Z (T, {μk} , V ) = 1

2π i

χ+i∞∫

χ−i∞
dλ eλV Z (T, {μk} , λ)

= eλ∗V

1 − ∂F
∂λ

(λ, T, {μk})

∣∣∣∣
λ=λ∗

. (24)

As usual, in Eq. (24) the integration contour in the com-
plex λ-plane is chosen to the right-hand side of the rightmost
singularity λ∗, i.e. χ > λ∗ (more details can be found in Ref.
[76]). Since the number of hadronic states and light nuclei
used in the HRGM is finite [36,37], then the sum in Eq. (24)
contains the finite number of terms and, hence, as shown in
Ref. [76], the isobaric partition (24) has only the simple pole
at λ = λ∗. The latter is a solution of the equation

λ∗ = F (
λ∗, T, {μk}

)
. (25)

In the thermodynamic limit V → ∞ from Eq. (24)
one finds the system pressure as p ≡ Tλ∗ , since in this
limit the GCE partition behaves as Z(T, {μk}, V → ∞) ∼
exp(pV/T ) [77].

Using Eq. (25) one can write for the pressure

p = T
∑

k∈h,A

φk exp

[
μk − pgkA[Vk + RSk]

T

]

, (26)

which should be supplemented by the equation for the
mean hard-core radius R. Using Eq. (24) one can rewrite Eq.
(19) as follows

R =
∑

k∈h,A gkARk
∂

∂μk

[
λ∗V − ln(1 − ∂F

∂λ∗ )
]

∑
k∈h,A

∂
∂μk

[
λ∗V − ln(1 − ∂F

∂λ∗ )
] . (27)

In the thermodynamic limit V → ∞ the terms ln(1− ∂F
∂λ∗ )

in Eq. (27) are small compared to the term λ∗V . Hence,
finding the partial derivatives ∂λ∗

∂μk
from Eq. (25), in the limit

V → ∞ one can rewrite Eq. (27) as

R =
∑

k∈h,A gkARkφk exp
[

μk−pgkA[Vk+Sk R]
T

]

∑
k∈h,A φk exp

[
μk−pgkA[Vk+Sk R]

T

] . (28)
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With the help of Eq. (26) for pressure it is convenient to
cast the last result in terms of the induced surface tension
(IST) coefficient [36]

� ≡ pR

= T
∑

k∈h,A

gkARkφk exp

[
μk − pgkAVk − �gkASk

T

]
.

(29)

Rewriting equation for pressure similarly, one gets

p =
∑

k∈h,A

pk =

= T
∑

k∈h,A

φk exp

[
μk − pgkAVk − �gkASk

T

]
, (30)

where the partial pressures {pk} of each sort of particles
are introduced for convenience.

The system of Eqs. (29) and (30) for the IST coefficient �

and pressure p, respectively, defines the EoS of the mixture
of hadrons and light nuclei within the VdW approximation.
Note that in contrast to the heuristic derivation of such a
system suggested in [62] the present derivation of the sys-
tem (29) and (30) is rigorous and well-controlled. The appli-
cability range of the VdW approximation is, unfortunately,
rather narrow and, therefore, its usage at the packing fractions
η = ∑

k∈h,A gkAVkρk (here ρk = ∂p
∂μk

is the particle number
density) above 0.12–0.15 may lead to problems with causal-
ity [37,38,78] (a typical example of a causal HRGM can be
found in Ref. [79], see also its critique in Refs. [37,38]).

Fortunately, the applicability range of the system (29) and
(30) can be extended to higher values of packing fractions in
a simple way. The main idea of the IST approach [36–40] is
that at high pressures the mean radius R in Eqs. (26), (8) and
(29) should be suppressed stronger than it is provided by the
VdW approximation. Then for increasing pressure the mean
radius R should gradually vanish leading to a reduction of
the effective excluded volume of particle of k-th sort which
is defined as

V ef f
k = gkA

(Vk p + Sk�)

p

→
⎧
⎨

⎩

gkA(Vk + Sk R), for max[Vh ]p
T � 1,

gkAVk, for max[Vh ]p
T � 1.

(31)

In other words, a gradual vanishing of the mean hard-core
radius R should provide a slow transformation of the VdW
(excluded volume) approximation, which is valid at low
packing fractions η ≤ 0.1, into the eigen volume approx-
imation, which is valid at high packing fractions η > 0.5
[77,80]. As suggested in Ref. [36] and verified in Refs. [37–
40] such an additional suppression of R can be obtained by

replacing the term �Sk on the right hand side of Eq. (29) as

�Sk → �Skαk, where αk > 1, (32)

where the auxiliary parameters αk should be chosen in such
a way that they describe the higher virial coefficients. Under
this generalization Eq. (29) becomes

� =
∑

k∈h,A

�k

= T
∑

k∈h,A

gkARkφk exp

[
μk − gkA(pVk + αk�Sk)

T

]
,

(33)

where �k denotes the surface tension coefficient of k-th
sort of particles. In this way one can account not only for
the second virial coefficients, but also for the higher order
virial coefficients as demonstrated for systems with single-
component hard-core repulsion in Refs. [37–39] and for two-
component mixtures studied recently in [40].

The reason to chose all the parameters αk as αk > 1
becomes apparent after analyzing the effective excluded vol-
ume (31). Indeed, substituting Eq. (33) into Eq. (31) one finds
for hadrons

V ef f
k ≡ Vk + Sk

∑
l∈h,A pl Rle−(αl−1)Sl�/T

∑
n∈h,A pn

. (34)

This equation shows that in the limit of low packing frac-
tions, i.e. for � max[Sh]/T � 1, each exponential in Eq.

(34) is exp
[
− (αl−1)Sl�

T

]
� 1 and, hence, one recovers the

upper Eq. (31). However, it is easy to show that for high pack-
ing fractions an opposite inequality �Sk

T � 1 is valid for any
Sk > 0. In this case the condition αk > 1 provides the van-
ishing of the mean radius R ≡ �

p and, hence, in this limit
the effective excluded volume of each particle approaches its
eigen volume, V ef f

k → Vk . Thus, at high packing fractions
Eq. (34) leads to the lower Eq. (31).

The system (30), (33) is a generalization of the IST EoS
derived in Ref. [40] for the classical hard spheres onto
the multicomponent mixture of hard spheres (hadrons) and
roomy classical clusters which are the light nuclei of A
baryons. As one can see from the derivation above such a
generalization is not straightforward and contains some non-
trivial steps. In particular, the inequality (6) played a crucial
role in simplifying our derivation of the mean excluded vol-
ume per particle. Furthermore, the fact that the thermal den-
sity (14) of considered particles may, in principle, include
the finite width opens an entirely new possibility to apply
the present approach to the treatment of other roomy exotic
clusters which have even larger width, than the hypertriton
3
�H like, e.g., 4Li and 4H [6,41].

In fact, the system (30), (33) can be generalized further
in the spirit of Refs. [39,40] in order to extend it to very
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high packing fractions η � 0.45 − 0.5 by introducing into
treatment the induced curvature tension.

In Refs. [37,38] it is shown that even with a single parame-
ter αk = const = α = 1.245 Eqs. (30), (33) for the classical
hard spheres allows one to go beyond the VdW approxima-
tion, whereas in Ref. [40] one can find several examples on
how two auxiliary parameters enables us to go far beyond
the VdW approximation for two component classical sys-
tems. However, an extension of the system (30), (33) onto
the quantum mechanical treatment of light (anti)nuclei in the
spirit of Ref. [39] still remains a challenge for theoreticians.

3 Analysis of light nuclei multiplicities measured in
A+A collisions

The system (30), (33) is the IST EoS with classical excluded
volumes of (light) nuclei and, hence, hereafter it is called IST
EoS in order to distinguish it from another treatment of hard-
core repulsion developed in [60,62]. Although an approach
of Refs. [60,62] is approximative, nevertheless, we consider
it as a complementary one to the IST model. It is based on
the idea to introduce the equivalent hard-core radius Req

Ah of
a pair Ah by equating the excluded volume 2

3π(Req
Ah)

3 with
the equivalent hard-core radius Req

Ah to the actual excluded
volume of such a pair bAh given by Eq. (1). Then we get the
equivalent hard-core radius as [62]

Req
Ah = A

1
3 (Rb + Rh). (35)

From the expression for Req
Ah one can determine the effective

hard-core radius of a nucleus in a hadronic medium domi-
nated by pions

RA � Req
Aπ − Rπ � A

1
3 Rb + (A

1
3 − 1)Rπ � A

1
3 Rb. (36)

It is necessary to stress that this approximation is well justi-
fied for the A + A of high energies by the fact that pions are
the most abundant particles. In particular, this is the case for
the LHC and the highest RHIC collision energies. The term

(A
1
3 − 1)Rπ in Eq. (36) is a small correction to the effective

hard-core radius of nuclei RA � A
1
3 Rb, since the hard-core

radius of pions Rπ � 0.15 fm [36,37] is essentially smaller
than the one of baryons Rb = 0.365 fm and the hard-core
radii of kaons RK = 0.395 fm and other mesons Rm = 0.42
fm. Therefore, for low values of baryonic chemical potential
(roughly for μB < T ) the pions are the least suppressed by
the hard-core repulsion and, consequently, for any A ≤ 4 the

correction (A
1
3 − 1)Rπ ≤ 0.088 fm in Eq. (36) can be safely

neglected for the pion-dominated hadronic medium.
The hard-core radius of light (anti)nuclei (36) is similar to

the expression of the Bag Model radius (BMR) [81] of large
bags of quark-gluon plasma and, hence, hereafter this model
is called the BMR EoS. Despite the fact that it is an approxi-

mative approach, it is, however, simpler because with the help
of the hard-core radius (36) the IST EoS allows one to treat
the nuclei and hadrons exactly on the same footing. More-
over, a simultaneous use of IST and BMR approaches allows
us to introduce a new strategy to locate the CFO of light
(anti)nuclei. Since in the pion-dominated hadronic medium
the BMR approach should give the same results as the IST,
we have to search for the region of parameters at which both
approaches provide a similar quality of the data description.

For the BMR approach the system (30), (33) should
be slightly modified. Then formally considering the light
(anti)nuclei as the primed sorts of hadrons h′

A (with A =
2, 3, 4), we can write

p =
∑

k∈h,h′
A

pk = T
∑

k∈h,h′
A

φk exp

[
μk − pVk − �Sk

T

]
,

(37)

� =
∑

k∈h,h′
A

�k

= T
∑

k∈h,h′
A

Rkφk exp

[
μk − pVk − αk�Sk

T

]
, (38)

where the hard-core radii of primed hadrons are given by Eq.
(36).

The partial values pk and �k entering the system (30),
(33) (or (37), (38)) allow one to write the particle number
density of k-th sort of particle in a simple way

ρk ≡ ∂p

∂μk
= 1

T
· pk a22 − �k a12

a11 a22 − a12 a21
. (39)

For the system (37), (38) the coefficients akl are given by
[37]

a11 = 1 + 4

3
π

∑

k∈h,h′
A

R3
k
pk
T

, a12 = 4π
∑

k∈h,h′
A

R2
k
pk
T

, (40)

a21 = 4

3
π

∑

k∈h,h′
A

R3
k
�k

T
, a22 = 1 + 4π

∑

k∈h,h′
A

R2
kαk

�k

T
,

(41)

while in order to calculate the particle number densities for
the system (30), (33) in Eqs. (40) and (41) one has to make
the following replacements

R2
h′
A

→ AR2
b, R3

h′
A

→ AR3
b, (42)

for the powers of hard-core radius of A baryons nucleus.
After finding all partial values {pk} and {�k}, from the
expressions (39)–(41) one can determine the thermal yield
Nth
k = Vρk of the k-th sort of particles. For hadrons, how-

ever, one has also to add the contribution coming from the
decays of resonances. For the known branching ratios Brl→k

of hadronic decays l → k one can write the total yield of k-th
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sort of hadrons as follows

Ntot
k = V

(
ρk +

∑

l �=k

ρl Brl→k

)
, (43)

where V is the CFO volume. Since all details of the fitting
process are well presented in the original works [37,38], here
we discuss the most important issues only.

To analyze the ALICE data [45–47] we use the setup of
Ref. [37], while for the analysis of the STAR data that of
Ref. [38]. The main difference in fitting the hadrons and the
A-baryon nuclei is that for hadrons we use the ratios

Rtheo
kl = ρk +∑

n �=k ρn Brn→k

ρl +∑
n �=k ρn Brn→l

, (44)

of yields of hadrons of sorts k and l. On contrary for the A
baryon nuclei we employ the yields. Hence the total χ2

tot (V )

used in the present work is

χ2
tot (V ) = χ2

h + χ2
A(V )

=
∑

k �=l∈h

[
Rtheo

kl − Rexp
kl

δRexp
kl

]2

+
∑

A

[
ρA(T )V − Nexp

A

δNexp
A

]2

.

(45)

Here χ2
h and χ2

A denote, respectively, the mean deviation
squared for hadrons and (anti)nuclei. Note that χ2

tot (V ) is a
function of the CFO volume V . This is an important differ-
ence from our previous analyses of [25–27,29,37,38], which,
as we will show below, allows us to elucidate the new details
on the CFO of light (anti)nuclei. Since now on we also con-
sider a single value αk = 1.25 [37,38].

First, we apply the single CFO model to the ALICE data
description. The hadronic data were taken from Refs. [82–
85]. In the HRGM it is traditionally assumed that the CFO
occurs for all particles simultaneously. The principal results
are given in Table 2 and Figs. 1 and 2. To get these results we
calculated the χ2

tot using 2 fitting parameters, i.e. the CFO
temperature and the CFO volume of nuclei V = VA, for
11 hadronic ratios and 8 yields of light (anti)nuclei. All the
chemical potentials are set to zero, while γs = 1 is fixed
according to Refs. [37,38]. The hard-core radii of hadrons
are taken from our previous works [37,38] (are listed above).

These values provide an excellent description of hadron yield
ratios from AGS to LHC energies.

As one can see from Fig. 1 and from Table 2 the qual-
ity of ALICE data description obtained for the single CFO
scenario is similar for the IST and BMR EoS. Moreover,
the corresponding CFO temperatures are very similar, since
the χ2

tot is completely defined by the hadronic contribution to
χ2
tot . Although the obtained overall description is satisfactory

with χ2
tot/dof |I ST � 1.627 and χ2

tot/dof |BMR � 1.336,
there are two surprising features in this scenario. First,
χ2
tot/dof |I ST found by the advanced model is somewhat

larger than χ2
tot/dof |BMR . Second, the CFO volumes of

light (anti)nuclei are essentially larger than the CFO volume

Vh = Nexp
π+

ρπ++∑l �=k ρl Brl→π+ � 8165 ± 600 fm3 of hadrons

found from the experimental multiplicity of positive pions
Nexp

π+ . This is best seen, when applying the new strategy
to determine the common CFO volume for nuclei which is
found to be VA ∈ [11100; 13260] fm3. Comparing VA with
Vh one finds that min VA � 11100 fm3 is sizably larger than
max Vh � 8765 fm3. This means that at the same CFO tem-
perature the emission volume of hadrons and nuclei are rather
different, i.e. the nuclei are freezing out in a much larger vol-
ume which means that there is no common hyper-surface of
CFO. In our opinion, both of these features evidence for the
internal inconsistency of the single CFO scenario at ALICE
energy of collisions. Therefore, following the original idea
of Ref. [60], we verify the hypothesis of separate CFO of
light (anti)nuclei.

From Fig. 1 one can see that at high CFO temperatures the
quantity χ2

A(VA(TA)) has a deep minimum not only for the
IST and BMR EoS, but even for the vanishing size of nuclei.
In other words, the existence of a minimum of χ2

A at high
temperatures is a generic feature of the advanced versions
of HRGM. In the scenario of separate CFO of nuclei, there
are three fitting parameters, namely the CFO temperatures
of hadrons Th and nuclei TA, and the CFO volume of nuclei
VA. As one can see from Table 2 and from Figs. 1 and 2
one can see that the hypothesis of separate CFO of nuclei
provides an excellent fit with χ2

tot/dof |I ST � 0.656 and
χ2
tot/dof |BMR � 0.675. Thus, compared to the single CFO

scenario the value of χ2
tot/dof in this case decreased by 50%.

Table 2 The results obtained by the advanced HRGM for the fit of ALICE data measured at
√
s = 2.76 TeV. The CFO temperature of hadrons is

Th , the CFO temperature of light (anti)nuclei is TA, while their CFO volume is VA. The last column gives the fit quality

Description Th, MeV TA, MeV VA, fm3 χ2/dof

Single CFO, BMR 150.35 ± 1.91 150.35 ± 1.91 11241 ± 2016 1.336

Single CFO, IST 150.06 ± 1.94 150.06 ± 1.94 13357 ± 2277 1.627

Separate CFO, BMR 148.12 ± 2.03 168.41 ± 5.60 2997 ± 1164 0.675

Separate CFO, IST 148.12 ± 2.03 198.59 ± 30.47 1544 ± 1027 0.656
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Fig. 1 Upper panel: Ratios of hadronic yields measured at
√
sNN =

2.76 TeV (symbols) vs. the results of IST EoS (30), (33) (bars, for more
details see the text). The CFO temperatures TA = Th = 150.1 ± 1.9
MeV are for the singe CFO IST EoS. Insertion shows the deviation
of theory from data in the units of experimental error. Middle panel:
Temperature dependence of χ2

tot , χ2
h and χ2

A for the IST EoS. Lower
panel: Same as in the middle panel, but for the BMR EoS

Fig. 2 The yields of nuclear clusters measured at
√
sNN = 2.76 TeV

vs. theoretical description in the scenario of separate CFO of light
(anti)nuclei. Upper panel: The min χ2

A(V ) corresponds to the BMR
EoS (third row in Table 2). Lower panel: Same as in the upper panel,
but for the IST EoS (forth row in Table 2)

However, the minimum of χ2
A|I ST is located at essentially

larger CFO temperature than the one found for the minimum
of χ2

A|BMR . Moreover, the found TA for IST EoS is so large,
that one can doubt the existence of hadrons and nuclei at
this CFO temperature. Fortunately, with the help of the new
strategy introduced in the preceding section one can resolve
this problem easily. Indeed, similar results for the description
of light (anti)nuclei by the IST and BMR EoS can be achieved
in the vicinity of the common CFO temperature T com

A defined
by the equality

χ2
A(V (T com

A ))|I ST = χ2
A(V (T com

A ))|BMR ⇒ (46)

⇒ T com
A = 175.1+2.3

−3.9 MeV, (47)

where the common CFO temperature still corresponds
to a very accurate description of the ALICE data for
light (anti)nuclei χ2

A(V (T com
A ))|I ST � 3.2 and V com

A =
VA(T com

A ) � 2660+1010
−1160 fm3. The upper and lower deviations

from T com
A = 175.1 MeV in Eq. (47) were found numer-

ically by increasing the value of χ2
A(V (T com

A ))|I ST � 3.2
on 1σ . Note that for T com

A = 175.1 MeV the total value of
χ2
tot/dof = 12.123/16 � 0.758 is rather small, i.e. it still
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Table 3 The results obtained by the advanced HRGM for the fit of STAR data measured at
√
s = 200 GeV. The CFO temperature of hadrons

(nuclei) is Th (TA), the CFO baryonic chemical potential of hadrons (nuclei) is μh
B (μA

B ), while the CFO volume of nuclei is VA. The last column
gives the fit quality

Description Th, MeV TA, MeV μh
B , MeV μA

B , MeV VA, fm3 χ2/dof

Single CFO, BMR 167.16 ± 3.87 167.16 ± 3.87 29.99 ± 3.25 29.99 ± 3.25 1692 ± 364 1.429

Single CFO, IST 167.28 ± 3.93 167.28 ± 3.93 30.05 ± 3.26 30.05 ± 3.26 2155 ± 411 1.482

Separate CFO, BMR 166.51 ± 4.07 178.62 ± 14.63 28.84 ± 5.37 32.63 ± 4.94 979 ± 605 1.607

Separate CFO, IST 166.51 ± 4.07 240.29 ± 21.38 28.84 ± 5.37 44.08 ± 6.81 545 ± 537 1.330

corresponds to an unprecedentedly accurate description of
the ALICE data. Furthermore, the found range of T com

A is
consistent with the values of CFO temperature found for
the RHIC collision energy [37,56,57,86] and it is a few
MeV above the upper estimate for the cross-over temperature
Tco � 147 − 170 MeV predicted by the lattice formulation
of QCD at vanishing value of the baryonic chemical poten-
tial [87,88]. Therefore, we are confident that the HRGM is
applicable at these values of the common CFO temperature.

It is necessary to mention that the above numbers dif-
fer slightly from our preliminary results of a similar analy-
sis reported in Ref. [62]. The main difference is that in the
present work we use the non-vanishing width for all hadronic
resonances, while in Ref. [62] the solutions of systems (29),
(30) and (37), (38) were found for zero width of all hadronic
resonances in order to fasten the fit process. However, the
value of T com

A = 175.1 MeV found here and the result
T com
A = 174.6 MeV found in [62] are practically the same,

whereas its uncertainty determined here is a couple of MeV
larger than in Ref. [62].

The results of a similar analysis of the STAR data mea-
sured at

√
s = 200 GeV are presented in Table 3 and Figs. 3

and 4 . The STAR data consist of 10 hadronic ratios that are
taken from Refs. [90–92] and are shown in the upper panel of
Fig. 3, yields of (anti)deuterons [44], and 5 light (anti)nuclei
yield ratios [42,43]. For the single CFO scenario, we have
3 fitting parameters, i.e. CFO temperature Th = TA, CFO
baryonic chemical potential μA

B = μh
B and the CFO volume

of nuclei VA. The strange chemical potential and the one of
third projection of isospin are set to zero for simplicity, while
γs = 1 according to Ref. [38].

The results obtained for the hadronic ratios are depicted
in the upper panel of Fig. 3, while the CFO temperature
scan of χ2

tot (V (TA = Th))|I ST is shown in the lower panel
of this figure. As one can see from Fig. 3 all hadronic ratios,
except the ratio �+�̄

�
, are well reproduced by the IST EoS.

From Table 3 one can see that the CFO temperature Th , the
CFO baryonic chemical potential μh

B and χ2
tot/dof obtained

for the IST and BMR EoS are practically the same. But the
most striking result is that for the single CFO scenario, the
value of common CFO volume V com

A = 1898.5 ± 157.5
fm3 (see Table 3) is only 30 percent smaller compared to the

corresponding value V com
A � 2660+1010

−1160 fm3 found above for
the ALICE energy. We believe this is a remarkable finding,
since the collision energy of the ALICE data is about 14 times
larger than the one of the STAR data. At the same time for
this scenario, the CFO volume of hadrons Vh = 2808 ± 253
fm3 found via the density of positive pions is slightly larger.

Fig. 3 Upper panel: Ratios of hadronic yields measured at
√
sNN =

200 GeV (symbols) vs. the results of IST EoS (bars) (30), (33) (for more
details see the text). The CFO temperatures TA = Th = 167.28 ± 3.93
MeV are given for the singe CFO IST EoS. Insertion shows the deviation
of theory from data in the units of experimental error. Lower panel:
Temperature dependence of χ2

tot , χ2
h and χ2

A for the IST EoS
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Fig. 4 Upper panel: Yield of (anti)deuteron and ratios of yields of
light (anti)nuclei measured at

√
sNN = 200 GeV (symbols) vs. the

results of IST EoS (bars) (30), (33) (for more details see the text). The
temperatures TA = Th = 167.28 ± 3.93 MeV are for the singe CFO
with IST EoS. Insertion shows the deviation of theory from data in the
units of experimental error. Lower panel: Same as in the upper panel,
but for the separate CFO with IST EoS for TA = 240.29 ± 21.38 MeV

For the scenario of separate CFO of light (anti)nuclei,
the CFO temperature of nuclei is substantially higher than
the one of hadrons as one can see from Table 3. Although
the higher value of TA provides a better description of the
light (anti)nuclei yields as it is seen from Fig. 4, the value
of χ2

tot (V (T com
A ))/dof |I ST = χ2

tot (V (T com
A ))/dof |BMR �

1.61 withT com
A � 180±11.25 MeV is about 10 percent larger

than for the scenario of a single CFO. The reason is that for
the scenario of separate CFO there are two additional param-
eters, namely the temperature of nuclei TA and their baryonic
chemical potential μA

B were fitted in this case. As a result, the
number of degrees of freedom in this case is 17 − 5 = 12.
Therefore, in contrast to the ALICE data, the STAR data do
not demonstrate any preference for the separate CFO of light
(anti)nuclei. Furthermore, in our opinion, there is no rea-
son to expect that CFO of light (anti)nuclei can occur at the
CFO temperatures above 175–180 MeV, since the hadronic
description at those CFO temperatures is rather problem-
atic according to the contemporary lattice version of QCD
[87,88]. The recent lattice QCD result for the continuum-

extrapolated chiral susceptibility at vanishing values of bary-
onic chemical potential define with high accuracy the pseudo-
critical transition temperature Tpc = 156.5 ± 1.5 MeV [89]
from its peak position. However, it also demonstrated that
this peak has a full-width at half maximum of about 40 MeV.
Therefore we conclude that the STAR data which favor the
single CFO scenario with T com

A |ST AR � 167.22 MeV and
V (T com

A )|ST AR � 1898.5 fm3 (see Table 3) is not in contra-
diction with the lattice QCD result of Ref. [89].

It is necessary to point out that the lower quality of the
description of STAR data is generated by the ratios 3

�H/3He
and 3

�H/3He (see Fig. 4). This is an old puzzle [93,94] which
still awaits for its solution. It is clear, however, that an increase
of the CFO temperature above 175–180 MeV is not a viable
solution and hence one has to look for another explanation.

The most intriguing question of this work is: how can
one interpret the common CFO volume of light (anti)nuclei
V com
A ? Of course, at the present stage of research, this ques-

tion cannot answered with confidence, since neither the
mechanism of light nuclei production nor the mechanism of
their thermalization are well established. However, our edu-
cated guess is that the thermal production of light (anti)nuclei
is most naturally caused by the hadronization of quark-
gluon bags [60,95] formed in A+A collisions which have
the Hagedorn mass spectrum [55]. Since the Hagedorn mass
spectrum is a perfect thermostat and a perfect particle reser-
voir [96] any particle or cluster emitted by the bags with
such a mass spectrum will be produced in full chemical and
thermal equilibrium with the emitting bag. Such a hypoth-
esis is not only able, in principle, to explain the fact that
the light nuclear clusters appear in full chemical and ther-
mal equilibrium, but also the fact that the CFO tempera-
tures extracted here from the ALICE and STAR data coin-
cide. Moreover, in a recent preprint [97] based on a sim-
plified transport model which, nevertheless, accurately takes
into account the microscopic reactions between hadrons and
heavy resonances with the Hagedorn mass spectrum it is
shown that such an approach is able to reasonably well repro-
duce the ALICE data on hadronic and light nuclei multiplic-
ities [45–47] with the common CFO temperature of hadrons
and nuclei Tcom = 149 MeV for the Hagedorn tempera-
ture TH = 167 MeV. Note that this value of Tcom almost
coincides with the result Th = TA = 150.35 ± 1.91 MeV
obtained within a single CFO scenario for the ALICE data
(see Table 2). Unfortunately, the authors of Ref. [97] have not
analyzed the case of different CFO temperatures for hadrons
and light nuclei, but the results obtained in the present work
clearly demonstrate that this scenario is more favorable.

Therefore, in accordance with our hypothesis, the found
values of V com

A can be considered as the total volume of
all quark-gluon bags from which the light (anti)nuclei are
produced. If this is the case, we can predict that the entropy of
quark-gluon bags produced at the collision energies

√
sNN =
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2.76 TeV and
√
sNN = 200 GeV are related to each other

as

SAL ICE

SST AR
� V com

A · (T com
A )3|AL ICE

V com
A · (T com

A )3|ST AR
� 1.609. (48)

Since during the hydrodynamic expansion of a perfect fluid
the entropy is approximately conserved, the ratio of entropies
at CFO of nuclei should be equal to the ratio of initial
entropies formed at the moment of thermalization of quark-
gluon bags. Therefore, the relation between initial entropies
(48) can be either verified by the hydrodynamic simulations
or, alternatively, it can help to fix the value of initial energy
density which is used in the integrated Hydro Kinetic Model
[98].

In fact, the common CFO volumes obtained for two dif-
ferent energies of collision allow us to determine the number
of emitting sources of nuclei. From the ratio of two com-

mon CFO volumes
V (T com

A )|AL ICE

V (T com
A )|ST AR

= 1.4015 � 7
5 = 14

10

one can find the radius of emitting source Rsource
A � 4.49

fm for the number of 7 sources for the ALICE data and 5
sources for STAR data, or Rsource

A � 3.566 fm for the num-
ber of 14 sources for the ALICE data and 10 sources for
the STAR data. Of course, it may be just a coincidence, but
the radius of emitting source Rsource

A � 3.566 fm is just
0.25 percent smaller than the coalescence model parame-
ter δr = 3.575 fm used in Ref. [99] to model the forma-
tion process of light (anti)nuclei. Therefore, according to
our hypothesis that the light (anti)nuclei are produced from
the quark-gluon bags with Hagedorn mass spectrum at the
moment of their hadronization the radius of the emitting
source Rsource

A � 3.566 fm is, most likely, the radius of
such bags. However, an additional verification of the found
emitting source radius is necessary.

4 Conclusions

In this work, we suggested and exploited an entirely new
strategy to elucidate the CFO parameters of light (anti)nuc-
lei produced in A+A collisions of high energy, in which the
medium of secondary hadrons is dominated by pions. This
strategy is based on two different approaches to model the
hard-core repulsion between light nuclei and hadrons. The
first approach is based on an approximate treatment of equiv-
alent hard-core radius of roomy nuclear clusters and pions.
The second approach is rigorously derived here using a self-
consistent treatment of classical excluded volumes of light
nuclei and hadrons. In other words, here we generalized the
induced surface tension concept to the mixtures of hadrons
of different hard-core radii and light (anti)nuclei of different
sizes and masses, and derived the corresponding equation of
state.

Since in the pion-dominated hadronic medium both
approaches should give the same results by construction,
we employed such a strategy to determine the simultaneous
(common) description of the same experimental data by two
different approaches. In all scenarios of CFO studied here we,
indeed, always found the region where these two approaches
provide a simultaneous and good description of the data. Such
a strategy allows us to get rid of the existing ambiguity in the
light (anti)nuclei data description and to determine the CFO
parameters of nuclei in A+A collisions of high energy with
high confidence. In particular, for the ALICE data measured
at

√
sNN = 2.76 TeV we found that the separate CFO of

nuclei provides unprecedented accuracy in the description of
hadronic multiplicity ratios and the light (anti)nuclei yields
using only 3 fitting parameters with χ2

tot/dof � 0.758. The
found CFO temperature of nuclei is T com

A = 175.1+2.3
−3.9 MeV

and their CFO volume is V com
A = 2660+1010

−1160 fm3, while the
CFO of hadrons occurs at essentially lower temperature.

On the contrary, from the analysis of the STAR data
measured at

√
sNN = 200 GeV, we found that the single

CFO of hadrons and nuclei with 3 fitting parameters pro-
vides a better description which, in addition, is internally
self-consistent. In this case the best description of the STAR
data is achieved for the following CFO parameters of nuclei:
T com
A = Th = 167.2 ± 3.9 MeV, V com

A = 1898.5 ± 157.5
fm3 and χ2

tot/dof � 1.45.
Based on the idea that the light (anti)nuclei are produced

from the quark-gluon bags with an exponential mass spec-
trum, we interpret the found CFO volumes of nuclei as the
sum of volumes of quark-gluon bags. From this interpre-
tation, we estimated the ratio of initial entropy of thermal-
ized bags for A+A collision energies

√
sNN = 200 GeV and√

sNN = 2.76 TeV and the number of the emitting sources
of nuclei, which, in principle, can be verified by the hydrody-
namic or hydro-kinetic approaches. Surprisingly, if the num-
ber of such sources is 14 for the ALICE energy and, conse-
quently, 10 for the STAR energy, as it is required by their
common CFO volumes, then the radius of emitting sources
of nuclei is 3.566 fm, which practically coincides with the
value of the coalescence distance used in a successful trans-
port code simulating the production of nuclei [99].

In the present work we demonstrate that the experimen-
tal data for the yields of hadrons and light nuclei produced
in heavy-ion collisions at RHIC and LHC energies can be
described with unprecedented high accuracy, if one uses a
formulation of the HRGM that employs the classical second
virial coefficients corresponding to a hard-sphere model of
nuclei and hadrons. At the same time it is shown that the
determination of the CFO temperature of light nuclei is a
rather delicate issue since the result depends on the underly-
ing scenario of their CFO.
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The simple model of hard spheres for the repulsive interac-
tions between hadrons and nuclei as employed in the present
work can of course only be considered as an intermediate
step in our understanding of the formation of hadrons and
light nuclei from a hadronizing quark-gluon plasma. Micro-
physical approaches should be further developed which treat
hadrons and nuclei as multi-quark clusters and would allow
for a deeper understanding of the hadrochemistry on the
quark level. One aspect of a description on this level would
be the explanation of the short-range repulsion by quark
Pauli blocking among hadrons (see, e.g., Ref. [3]), eventu-
ally augmented by repulsive multi-pomeron exchange forces
that have proven essential to describe large-angle nucleus-
nucleus scattering at the Fermi energy and in resolving the
hyperon puzzle of neutron star structure [100]. From the fur-
ther systematic analysis of light nuclei production measured
in the heavy ion collision experiments a picture may emerge
in which the puzzling result of a high CFO temperature finds
its explanation by a hadronization of multi-quark states from
the QGP, as it was already anticipated in Ref. [95] and empha-
sized again in Ref. [59] in the light of the recent experiments.
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