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e A new approach to analysis of the infection expansion based on first integrals
of the mathematical model;

e Painlev analysis of the classic two-parameter SIR-model;

e The new general analytical solution of the model, structurally featured
through its clear relation to epidemiological data;

e Re-thinking the classic SIR model with application to SARS-Cov-2 case
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Abstract

A classic two-parameter epidemiological SIR-model of the coronavirus propaga-
tion is considered. The first integrals of the system of non-linear equations are
obtained. The Painlevé test shows that the system of equations is not integrable
in the general case. However, the general solution is obtained in quadrature as an
inverse time-function. Using the first integrals of the system of equations, analytical
dependencies for the number of infected patients I(¢) and that of recovered patients
R(t) on the number of susceptible to infection S(t) are obtained. A particular atten-
tion is paid to interrelation of I(t) and R(t) both depending on «/, where « is the
contact rate in the community and [ is the intensity of recovery/decease of patients.
It is demonstrated that the data on particular morbidity waves in Hubei (China),
Italy, Austria, South Korea, Moscow (Russia) as well some Australian territories
are satisfactorily described by the expressions obtained for I(R). The variability
of parameter N having been traditionally considered as a static population size is
discussed.
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1 Introduction

The SARS-Cov-2 pandemic has introduced an evident research boom into bio-
physical and mathematical modeling of infection expansions. Main efforts have
been related to identification of factors [1-12] that help prognosticate the pan-
demic development what is a clear concern in the atmosphere of anxiety and
social limitations. Among a variety of infection expansion model types, the
SIR- (susceptible-infectives-recovered, where infectives are indistinguishable
from ill) models occupy a particular place. On the one hand, they physiologi-
cally better correspond to the SARS-Cov-2 case with immunity for recovered
unlike the simplest SIS- (susceptible-infectives-susceptible) model type [13],
and on the other hand, they provide as a two-parametric tool an ultimately

transparent modeling compared to advanced and sophisticated multi-factor
models [14].

Although the SIR-model history is going to celebrate its centenary jubilee [15],
its purely analytical solutions have appeared just lately. One of them is repre-
sented by a time series expansion that has a need for an approximate analytical
continuation since the series are characterised by a limited convergence radius
and therefore inapplicable in the case of long durations [16]. Another one [14]
has a parametric form of inverse functions in gquadrature, featured through its
integration limits with a functionally modified time-dependent variable which
complicates both analysis and application. The model does not seem to have
ever undergone the Painlevé test.

The SIR-model in its classic formulation has the following form: the numbers
S(t) of those who are susceptible, I(t) for infectives and R(t) for recovered
(and deceased that belong to the same category group within the model), who
freely contact one another with the disease transmission factor contact rate
a and recover (and decease) with factor § within an isolated homogeneous
community, are interrelated through the following set of equations:

S, =—als, (1)
I, =alS— 81, (2)
thﬁf (3)

Despite a number of attempts having been undertaken to study the properties
of set (1)-(3), interdependencies between time functions S(t), I(t) and R(t)
still remain to a certain extent uncovered. Obtaining such compartmental re-
lations would give rise to applications of the SIR-model to discrete processes.
Besides that, the search potential for a better analytical time-dependent so-
lution has not yet been exhausted. The purpose of this paper is to deeply
consider analytical properties of the classic SIR-model and to assess its appli-
cability to the SARS-Cov-2 case.
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2 The Painlevé test and the first integrals of the SIR model

First of all, it is attractive to test the SIR-model for the Painlevé property
to estimate related analytical solution perspectives. Through differentiation
over t, Egs. (1) and (2) appear to be reducible to the second-order nonlinear
differential equation:

IIy—IP4+al’L+aBI?=0. (4)
A one-parameter analytical solution of Eq.(4) exists in the form

I(t) = Cy exp(—f1), (5)
where C~'1 is an arbitrary constant.

To understand the integrability of the SIR model we apply the Painlevé test
to Eq. (4), following to the Kovalevskaya algorithm [17-21]. Using the first
step of the Painlevé test, we have

1
J =

—m+..., (6)

where %, is arbitrary constant. As the second step, we find Fuchs indices cor-
responding to expansion of solution /(¢) in Laurent series, to be jio = %1.
However, upon substituting the Laurent series for solution /(¢) in the form

I_

_m+11+12(t—t0)+..., (7)

we find out that I; cannot be arbitrary, and there are no meromorphic solutions
of Eq.(4) for g # 0. With g = 0, Eq. (4) is transformable to the well-known
Riccati equation

L+al*>-CyI=0, (8)

where C, is the constant of integration. Eq.(8) is well-known to pass the
Painlevé test and to represent an integrable equation of the first order. Thus,
Eq.(4) is not integrable in the general case.

Nevertheless, there are two first integrals for the SIR model. Equality
Rt+It+St:0 (9)
is an obvious consequence of set (1) - (3) and gives rise to the first integral

S(t)+I(t)+ R(t) = N, (10)
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where N appears to be integration constant typically [15] set to the commu-
nity’s population. Eq.(10) enables us to transform Eq.(2) into

L=al(N—R—-1)-81. (11)

Should Eq.(4) be once integrated, Eq.(11) could serve for determination of
the integration constant since it helps transform Eq. (3) into Eq. (4). Another
first integral has the form

s+t-pm{p+ Tl rar=c (12)

which can be checked through direct substitution into Eq.(4). Most naturally,
C1 may be determined while linked to the extremal value of function I, at
t = t, provided epidemiological data with a peak were available:

Ci=B- B Wm{B} +al, (13)

That there is just one extremal point is a direct consequence of Eq.(12) and
to be easily proved through the assumption for a while that there are mul-
tiple extremal points. Further comments to determination of this integration
constant follow beneath.

3 Solution of the SIR model

It

Introducing function Y =

to the relation

Y(I)= {exp l%‘q = %W (—%eTcﬂ - 5} : (14)

where W(z) is Lambert function [22], which gives rise to the solution of the
SIR-model in quadrature with the still undetermined integration constant Ci:

Idl
t:t0+/ al—C 1 P ’
low |25 = 3w (=5%7)| - 5

The Lambert function W (z) introduces a quaintness into solution (15) as it
has an essentially negative argument giving rise to real-valued range space
with = € [—2;0) only. W(z) is a double-valued function thereby reasonably
referring to the values of ¢ before and after the peak of I(t). At the peak, both

branches of W (z) meet one another at x = —1.

we make a transition from the first integral (12)

(15)

Since W (x) possesses complicated asymptotics, solution (15) is not easy to
deal with. What can be said in general is that I(¢) is a bell-shaped function
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with a unique maximum. Therefore, we should use the chance to learn more
about the properties of the SIR-model through its first integrals (10) and (12).
Egs. (10) and (11) enable us to retrieve the following equations:

5+%ZQ(N_R—I):aS. (16)

which, while combined with the first integral (5), leads to

B 9!

I(9) ln{aS}—S—i-E. (17)

T a
Through division of Eq.(3) by Eq.(1), we obtain

dR 8

and further
R(S) = Cy — gm (s} (19)
Similarly, one can obtain Eq.(17) while dividing Eq.(2) by Eq.(1).

The integration constants are to be found from the initial conditions:
I(t=0) =M, S(t=0)=N— M, R(t=0)=0 (20)

so that C'; and C5 read

Ci=aN —-pln{aN—-aM}, C’gzgln{N—M}, (21)
and we can explicitly link both I and R with S:
“ves ()
I(S)=N S-I—aln N7 (22)
and 5 N_M
R(S) = "1 — . 23
(%) a ( S ) (23)
One can note that we have from Eqs.(22) and (23) the formula
I:N—R—(N—M)exp{—o‘Tf}. (24)

Egs. (22) - (24) can be used for fruitful analysis of epi-/pandemic expansion.
Indeed, the maximum number of infectives that follows from Eq.(22) is reached
at S, = g and equal to

Ip:N+§ [ln (ﬁ) —1]. (25)
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Fig. 1. Phase plane portrait of Eq. (4) for a = 0.1, 8 = 0.2, I;(t = 0) = 5.0,
I(t = 0) = 1.9 (curve 1), I(t = 0) = 1.6 (curve 2), I(t = 0) = 1.4 (curve 3),

I(t = 0) = 1.2 (curve 4)(on the left) and for o = 0.1, 8 = 1.2, Li(t = 0) = 2.0,
I(t = 0) = 1.1 (curve 1), I(t = 0) = 0.7 (curve 2), I(t = 0) = 0.6 (curve 3),
I(t =0) = 0.5 (curve 4)(on the right)

Thus, this peak value corresponds to the unique ¢ = £,, unlike all the other
magnitudes of I(t) due to the bell-shaped form of functions I(t) and I(.S).
Therefore, as it follows from the double-valuedness of Lambert function and

can be easily checked, the peak value of I(t) corresponds to that argument of
Lambert function in Eq. (15) where its branches meet one another.

With C) and Cs in Eq. (21), we can write solution (15) in its final form as

IdIl
t=to+ [
xp [au—m—m;{a(zv—Mﬂ " (

- B

(26)
Now we undertake some analysis and discussion of the two-parameter SIR
model solution.

1 a(I-N)—Bln{a(N—M)}

4 Results and Discussion

The second-order equation (4) for the number of infected individuals has a
single stationary point on the phase plane (I, I;) = (0, 0) what makes its phase
portrait look quite simple. In Fig. 1 we present some phase plane portrait for
this equation at &« = 0.1, = 0.2 (in the left hand side) and « = 0.1, § = 1.2
(in the right hand side). From Fig.1 it follows that the phase trajectories
depend on parameters o and 5 as well as being significantly sensitive to initial
conditions for the function () and its derivative.

Interpretation of data on infected, recovered and susceptible appears to be
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Fig. 2. Dependencies I(S) (on the left) and R(S) (on the right) for N = 3699, M =1,
« = 0.00001, 8 = 0.0165.
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Fig. 3. Dependencies I(R) at various values N at a = 0.00001, 5 = 0.015, N7 = 4000
(curve 1), No = 5100 (curve 2) and N3 = 6200 (curve 3)(on the left) and at
a = 0.00001, N = 4000, 5= 0.015 (curve 1), B2 = 0,002 (curve 2), B3 = 0.0025
(curve 3) (on the right)

convenient in terms of their interrelations rather than as time-dependencies.
Characteristic shapes of functions I(S) and R(S) are illustrated in Fig. 2.
Note that increase in susceptibles is always oppositely directed to the time
arrow for any SIR-model, if N = const.

An important feature of the SIR model, that seems to have been undereval-
uated so far is that to model the development of an epi-/pandemic, one does
not necessarily have to do this in terms of time-dependent functions. Thus,
employment of dependance I(R) for these purposes appears to be quite fruit-
ful as it follows from Fig. 3. We can see, how sensitive to initial data is the
SIR model. This circumstance is illustrated in Fig. 3, where the results of
calculating the dependencies I(R) are presented at various N and f3.

Furthermore, the results obtained make us re-visit the essence of parameter
N. Typically associated with the community’s population, N does not seem
to belong to given data for communities and, moreover, does not have to be
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necessarily constant which, in particular, has been noted in [23] earlier. Fig. 3
demonstrates how the changes in N, o and 3 lead to significant quantitative
changes in the number of infected and recovered individuals. The reasons mat-
ter why a and (8 can vary. Contact factor « is sure to depend on social structure
and population behavioural model. Indeed, it represents index a =< o > av-
eraged out over different groups. Identification of these groups represents a
separate task. For example, individuals older than 60 years may potentially
be characterised as more susceptible than younger individuals, what can po-
tentially result in asgg or ago, because, while infected, older people are to
have more probably to restrict their behavioural activities to a greater extent
consequently reducing the related subgroup contact rate.

Egs. (24) and (25) are to be used in the following manner. We calculate first the
ratio /3 at the peak value (25) for infected. To do this, we are to employ some
value of NV that, generally speaking, remains undefined. We define it as the
accumulated number of infected to be known at the moment N = N,+1,+ R,,.
The corresponding dependence I(R) is presented in Figs. 4-6 in green.

Furthermore, we use alternative definitions of N as well, among whose are
N = Npa (total number of infected during the whole epi-/pandemic) and a
bit greater N = 1.1 N,,4,. These new definitions of N have been introduced
to calculate new ratios «/f to be used to calculate the corresponding de-
pendencies I(R). Calculated values «/f are presented in the table, and the
corresponding curves are coloured red and blue.

Country / N, % Naa % 1.1 N,ew %
Region

China, 61682 | 3.74e-04 || 68135 | 2.08e-04 74949 1.37e-04
Hubei

Italy 178972 | 4.30e-05 || 228658 | 2.16e-05 251520 1.72e-05
Russia, 149607 | 1.16e-04 || 175829 | 5.51e-05 193412 3.94e-05
Moscow

Diamond 705 0.49 712 0.30 783 0.05
Princess

Northern 27 6.01 29 1.59 32 0.68
Territory,

Australia

Australia 5687 | 5.64e-03 7099 | 1.54e-03 7809 1.07e-03

The dependencies I(R) for Hubei (China) and Italy, for Moscow (Russia)
and cruise ship Diamond Princess, for Australian’n northern territory and
whole Australia are presented in Fig. 4, 5 and 6 respectively. The data origin
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Fig. 4. Dependencies I(R) due to formula (24) with the data for Hubei (China)
(on the left) and Italy (on the right). 1: data from the database [24], date intervals
from 22-Jan-2020 to 22-May-2020; 2: due to formula (24) for N = Np; 3 — (24) for
N = Npaz; 4 — (24) for N = 1.1 Nypas-
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Fig. 5. Dependencies I(R) due to by formula (24) with the data for population
of Moscow (Russia) (in the left hand side, date intervals from 15-Mar-2020 to 29-
May-2020) and for cruise ship Diamond Princess (in the right hand side, date inter-
vals from 22-Jan-2020 to 22-May-2020). 1: data from the database [24,25]; 2: due
to (24) for N = Np; 3t (24) for N = Npyaqe; 4: (24) for N = 1.1+ Ny

Northern Territory, Australia Australia
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I 3000 [

2000

4000 6000 8000

R

L .
0 2000

Fig. 6. Dependencies I(R) due to formula (24) with data for northern territory of
Australia (on the left) and for Australia as a whole (on the right). 1: data from the
database [24], date intervals from 22-Jan-2020 to 22-May-2020; 2: due to Eq. (24)
for N = Np; 3: (24) with N = Npyqa; 4: (24) with N = 1.1 Nyyp.
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Fig. 7. Dependencies 5 (N) for Hubei (China) (on the left) and Italy (on the right).
1: numerical results; 2: N = Nj; 3: N = Nyaz; 40 N = 1.1 Ny

for relevant communities is [24, 25]. From these figures we see that the two-
parameter SIR model, when applied to countries and big cities, gives a rather
satisfactory match with the data on infected and recovered individuals at
certain values of variable indicators such as contact rate & and characteristics
N of the community.

We found out that parameters N and a/f , while considered as phenomeno-
logical in the two-parameter SIR model, are dependent on one another. As
Ns change, so do the values of /3. These dependencies are shown for Hubei
(China) and for Italy in the Fig. 7. The green, red and blue markers in Fig. 7
correspond to the curves shown in Fig. 1.

5 Conclusion

In this paper, we have considered a classic two-parameter epidemiological SIR-
model and applied this to the case SARS-Cov-2. The model parameters, o and
B, represent the contact and recover/decease rates respectively. Besides those,
the results are being affected through the initial conditions to which belongs
N traditionally considered as the population size.

A analytical treatment enabled us to obtain the first integrals of the system
of non-linear equations, one of them does not appear to have been known
before. Despite the Painlevé test does not indicate integrability in the gen-
eral case, we have obtained a general solution of the model in quadrature as
an inverse time-function. Although the analytical form of the solution is not
perfect, it is free of some of disadvantages inherent to the analytical solutions
having been obtained before. A part of the general solution, function I(t) for
infectives, is expected to be linked to an epidemiological peak, providing the
broadest domain for the general solution. We have analyzed dependencies of
infectives and recovered on susceptible and found out that within the clas-

11
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sic two-parametric SIR-model the best fit with realistic epidemiological data
takes place when parameter N is considered close to the accumulated amount
of infectives, starting from the pan-/epidemic beginning. This is to be inter-
preted rather as a feature of the classic two-parametric SIR model than as an
effective reduction of those who are susceptible to infection because of self-
isolation of the rest. With such an interpretation of N, the data for particular
morbidity waves in Hubei (China), Italy, Germany, Russia and cruise liner
Diamond Princess considered as sample cases are satisfactorily described by
fitting dependencies I(R).

Generally speaking, the results obtained mean that the applicability of the
SIR-model is restricted because of indefiniteness of parameter N that appears
to depend, in fact, on communities behavioural characteristics. The latter can
produce the epi-/pandemic second and further waves whose description in
the framework of the SIR-model can follow through adjustment of the initial
conditions. Furthermore, indefiniteness of N makes it reasonable to perform
trial calculations for various values of the parameter.

The SIR-model is limited to relatively small populations for which it is capa-
ble of producing good results. This is a useful tool even when the I(R) curve
cannot be so well fitted because it might suggest how the basic SIR model
needs to be modified. To the model advantages belong its parametrical sim-
plicity as well as transparency in the sense of its solution expressed in terms
of compartmental relations on the basis of the first integral uncovered in this
study. Indeed, these relations represent the invariants and enable one to avoid
time-dependences what gives rise to description of irregular or even discon-
tinuous processes. The final equations for compartments are simple and can
serve for estimates to be performed by everyone.
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