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Abstract: In the present paper, a modification of the standard mean-field model is considered, allow-
ing for the description of the formation of a dynamic equilibrium between infected and recovered
persons in a population of constant size. The key point of this model is that it highlights two-infection
transfer mechanisms depending on the physical nature of the contact between people. We separate
the transfer mechanism related directly to the movement of people (the so-called transport processes)
from the one occurring at zero relative speed of persons (the so-called social contacts). Under the
framework of a physical chemical analogy, the dependencies for the infection transfer rate constants
are proposed for both purely transport and social mechanisms of spread. These dependencies are
used in discussing the formation of quasi-stationary states in the model, which can be interpreted
as endemic equilibrium states. The stability of such endemic equilibria is studied by the method of
Lyapunov function.
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1. Introduction

In the present work, the modification of the standard SEIR model for the spread of
infectious diseases [1–5] was used to study the formation of dynamic equilibrium between
infected and recovered persons in a population of constant size under the influence of
external and intra-population factors. In the present paper, we used a model called the
“SEIS model” since we excluded from consideration fully recovered persons who may
be immune to the disease in question. From a medical point of view, such a type of
equilibrium, when the population simultaneously acts as a source and environment for
disease development, may be treated as some form of endemicity [1,5]. In this case, there is
a category of persons who, being carriers of the virus, do not yet show obvious symptoms of
the disease and are in the latent phase of the disease. A typical example of such a disease can
be tuberculosis [6,7], which, despite enormous efforts to eradicate it, remains an inevitable
attribute of modern society. This example highlights the importance of identifying the role
of such a hidden factor in the development of infectious diseases.

It should be expected that both the transition to an epidemic and the disappearance
of the disease in such a population are possible. The implementation of the disease devel-
opment scenario is mainly determined by the ratio of the constants for the corresponding
epidemiological transitions determining the transmission of the infection (see, for exam-
ple, [2,3,8–10]). Therefore, determining dependences for the epidemiological constants
of a different nature is a key point for establishing the infection transfer mechanism and
achieving endemic equilibrium in the population.
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The formal similarity between equations of epidemiological mean-field models [1,5]
and chemical kinetics allows us to establish such dependencies based on a physical kinetics
approach that has been used for determining the rate constants of chemical reactions (see,
for example, [11] and the references therein). In the framework of such an analogy, one can
assume that some epidemiological constants may be represented in a form analogous to
the Arrhenius formulas, which determine the rate of chemical reactions. However, in these
epidemiological dependencies, the role of temperature will be played by some physical
factors characterizing the population as a whole, for example, the average distance between
people—a.

In the framework of the modified SEIR model, we worked out such an analogy for
estimating the epidemiological constants that are responsible for the transmission of the
infection. In this way, it would be of interest to examine what new endemic states emerge
in such modified mean-field models due to the influence of these epidemiological constants.
Also, it is of interest to discuss the stability of these states.

2. Formulation of the Endemic Problem

To modify the SEIR model equations for a closed population of a constant size (i.e.,
without considering birth, death, and migration processes), we will adjust part of the
equations [1–5] to explicitly highlight the transmission of the infection across persons who
are in the symptomatic stage of the disease and from people who have just been infected
(so-called latent sick persons). One can assume that the transmission of infection for each
category of people comes about in different ways, and these processes are characterized by
different rate constants of infection transmission. Indeed, the latent sick persons often inter-
act with other people during their movements, while those who have been symptomatic
for some time tend to have contacts limited to their immediate surroundings. Moreover,
unlike the standard SEIR model, we disregarded the group of persons with either innate
immunity or acquired immunity post-recovery. This means that recovered persons can
be re-infected.

In this case, the main SEIS model equations, expressed in terms of the specific propor-
tions of infected and healthy persons, can be reduced to the following:

dS
dt

= −(β ISI + βESE) + γI + αE, (1)

dE
dt

= β ISI + βESE − (δ + α)E, (2)

dI
dt

= δE − γI, (3)

where S is the proportion of susceptible persons in the population at the current time t
(i.e., uninfected persons; in fact, this is the group of healthy people), E is the proportion
of exposed persons (i.e., persons already infected but not yet sick; in fact, this is the latent
group), and I is the proportion of infectious persons (i.e., individuals who are sick at
the current time t). The constant β I describes the transmission rate of the virus from
sick persons to the healthy persons, βE characterizes the transmission of the disease from
infected persons, γ is the constant characterizing the rate of transition from the group of
sick persons to healthy individuals, α is the constant for the transition from the latent group
to the category of healthy persons, and δ is the constant rate for the transition from infected
to the group of sick persons.

It is worth noting that the system of (1)–(3) automatically ensures the constancy of the
population under consideration:

S + E + I = 1 (4)

for any moment of time t ≥ 0.
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For the system of (1)–(3), we shall consider the Cauchy problem; that is, there is initially
some number of infected and sick persons in the population. The initial proportions are
assumed to be such functions as follows:

S(t = 0) = S0 > 0,E(t = 0 ) = E0 ≥ 0, I(t = 0) = I0 ≥ 0, (5)

that the conditions (4) must be fulfilled. In this case, the epidemiological constants βE and
β I are treated as some governing parameters defining the system’s evolution.

It should be noted that the assumption of a constant population size shall be acceptable
if the average duration of a disease in the considered population is sufficiently short
compared to the average time of generational change. Such an approximation shall also be
acceptable in the case where the birth rate is approximately equal to the death rate. That
is a natural restriction for the SEIS model worked out, which leaves many diseases out
of consideration that have existed in the population for many years. Therefore, it is also
necessary to consider models where demographic processes would be taken into account
explicitly. We hope to discuss these questions in our forthcoming works.

3. Basic Epidemiological Constants

First of all, we established the allowable range for the values of βE and β I proceeding
from the point that in the order of magnitude, they must coincide with the similar constant
β used in the standard SEIR model. According to [12–14], the value of the constant β
lies in the range of 0.1 to 1.5 days−1, regardless of the type of infection: for the seasonal
flu, this value can range from 0.3 to 1.5 days−1 [15–17]; for the COVID-19 pandemic, the
characteristic value of β is in the range of 0.1–0.5 days−1 [18–20]. Although it looks like
the value of β weakly depends on the nature of the virus, in reality, the rate of infection
transmission mainly depends on the type of virus and the contact rate within the popula-
tion. Nevertheless, for sufficiently close types of pathogens, in a first approximation, βE
and β I may be assumed to be independent of the nature of the infection and the individual
medical–biological characteristics of people by considering only the influence of the physi-
cal and social conditions in which the population under consideration is located. That is, in
the present work, we only focused on the contact rate within the population.

So, we tried to explicitly establish such a dependence for the infection transmission
rate constants βl , here, l = E, I, on the gas–kinetic parameters of aerosols, which are
an integral part of human respiration, as well as the average distance between persons
for a well-mixed population of constant size, where it is not necessary to separate the
contacts of infected from healthy persons. In this case, the virus transmission rate βl in
Equations (1)–(3) is determined by the product of the average number of contacts νl for
category l per unit time, capable of leading to infection transmission (in essence, this value
is analogous to the collision frequency in physical kinetics), and the probability of infection
transmission w in a given contact:

βl = νlw. (6)

Here, we assume that the probability of infection transmission is the same for all
categories of infection carriers. That is, here, the distinctions in βE and β I arise due to the
different nature of the contact frequency νl . However, this is a purely physical point of view;
in reality, one should take into account some socio-cultural factors that determine possible
routes of infection transmission [21]. We briefly will touch on these points in Section 8.

To determine the value of w, we proceeded from the point that the infection is spread
only by aerosol particles during human breathing, and an infectious contact was defined
as a healthy person entering a certain zone around an infected person. The characteristic
volume of this area is assumed to be the volume of a cone (see Figure 1) with a height
lx and a cross-sectional area σep = πl2

y, Vep = πlxl2
y/3 ≈ lxl2

y, where lx is the distance
that an exhaled aerosol particle can travel horizontally relative to the ground surface,
and ly is the distance that this particle can move vertically under the influence of gravity.
The dependence of lx and ly on the characteristics of aerosol particles and environmental
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conditions was discussed in [22,23]. These studies showed that, depending on the weight
of the aerosol particle and the Reynolds number, lx varies within 0.2 ≤ lx ≤ 2 m, and the
maximum vertical displacement ly is around 2 m. These spatial measures shall be used
later in evaluating w.
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Knowing the value of a, by analogy with the Loschmidt number [24,25], we can
calculate the characteristic volume per person and hence estimate the characteristic density
of people in the considered population as n = a−3. This allows us to make a rude estimation
for the characteristic volume occupied by the entire population as Vpl = N/n = Na3. Here,
N is the number of persons in the taken population (it is worth noting that 1 ≪ N < ∞). So,
the probability of infection is Vep/Vpl for a person entering into the volume Vep. Herewith,
the probability of remaining healthy for this person is 1 − Vep/Vpl . Then the probability of
not becoming infected from this volume for N people is estimated as follows:

p
(
a, lx, ly

)
=
(

1 − Vep/Vpl

)N
=

(
1 −

lxl2
y

Na3

)N

. (7)

For N ≫ 1, this relation reduces into the following:

p
(
a, lx, ly

)
= lim

N→∞

(
1 −

lxl2
y

Na3

)N

= exp

(
−

lxl2
y

a3

)
, (8)

Using this value, we arrive at the following estimate for the full probability of infection
by the effective volume:

w = 1 − p = 1 − exp

(
−

lxl2
y

a3

)
(9)

It is worth noting that this expression describes a physically reasonable dependence
for the infection probability on the parameters a, lx, and ly. Indeed, in the limit of (1) a → 0
and lx, ly → ∞ , we have w → 1 , whereas in the case of (2) a → ∞ and lx, ly → 0 , we
obtain w → 0 . For lx, ly ≪ a, the relation (9) is reduced to the following:

w =
lxl2

y

a3 . (10)

As is seen from the present relation, in this case, the probability of infection is proportional
to the effective infection volume and inversely proportional to the volume per person.
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We now move on to the discussion of the contact frequency νl . In principle, this value
may have both a transport and a social component and we can write it as follows:

νl= ζlνsc + ξlνtr, (11)

where νtr is the transport frequency, which is due to the mutual movement of people
relative to each other, and νsc is the frequency of social contacts, which is not directly
related to people’s movement. That is, νsc should be understood as those contacts between
people that do not require movement, for example, a group of people sitting together in
some public place (e.g., transport or conference). Also, we introduced two coefficients, ζl
and ξl , to take into account the specific contribution of the considered type of contact to the
total frequency νl . It is clear that the choice of these factors requires a detailed analysis of
transport and social processes. However, while this question emerges from the framework
of the present paper, we hope to discuss this point later. Therefore, as an illustration, here
we shall limit ourselves to the case when these parameters can take values of either zero
or one.

Thus, the relationship between (6), (9) and (11) can be used to describe the theoretical
dependence of the infection transmission rate on external factors. Here, the other epi-
demiological constants α, γ and δ mainly depend on medical and biological factors, and
environmental characteristics apparently do not directly influence these ones. However,
these constants are required in order to study the model of (1)–(3), so we will briefly delve
into these ones.

So, the value of the constant δ is estimated based on the average incubation period
τinc [25–27] that is considered as a time between the moment of infection and the onset of
symptoms in an infected person, i.e., one can use δ = 1/τinc. It seems that this characteristic
is determined by the biological features of individual people. Observations show that the
typical values of τinc lay in the range from 3 to 5 days [28]. In a similar way, the magnitudes
of γ and α are estimated. According to [29], the average duration of the infectious period
τin f ranges from 3 to 14 days, and we have γ = 1/τin f . Recall that the constant coefficient
α has been introduced into the model in order to respond to the transition from the group
of the exposed patients to the category of susceptible persons. In fact, the epidemiological
constants α and δ describe similar processes: the transition from a given group to the
category of sick or healthy. In this case, one can expect that values of these constants are the
same in order of magnitude. It is this property that we shall explain further when choosing
the values of the constants α and δ.

From this consideration, it follows that there are realistic scripta where the epidemio-
logical constants α, γ and δ remain constant over a long period of time, whereas βE and β I
depend on environmental and population characteristics, hence these constants can vary
within a wide range, which inevitably should affect the establishment of an equilibrium
in the system under consideration. Therefore, it is worth discussing in more detail the
dependence of the constants of transportation and social transmission rates of infections on
external conditions.

4. Transportation Mechanism of Infection Transfer

Formula (11) with ζE = 0 and ξE = 1 describes the transfer of infection solely due to
the mutual movement of people relative to each other. As an estimate for νtr, one can take
the value that is the inverse of the time it takes to traverse the distance between people, i.e.,
one can use the following:

νtr =
Utr

a
, (12)

where Utr is the average velocity of a person.
Here, to simplify the analysis, we relaxed the impact of the discreteness of breathing on

the spread of infection: the flow of exhaled air is assumed to be constant for the following
reason. As is known, the breathing process is characterized by the frequency of breathing
movements νtr. In a healthy person, this value is 16 ≤ νbr ≤ 20 breaths per minute;
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therefore, we can estimate the duration of one breathing movement to be 16 ≤ τbr ≤ 20 s.
Clearly, if τbrνtr ≪ 1, we may neglect the finite time of breathing movement, and this case
is fulfilled under normal conditions.

Then substituting (9) and (12) into (6), we arrive at the following:

βE = νtrw =
Utr

a

[
1 − exp

(
−

lxl2
y

a3

)]
, (13)

As is seen from this relationship, when,

lxl2
y/a3 ≤ 1, (14)

then the magnitude of βE is most strongly affected by the distance between people a and
the average movement velocity Utr.

In order to fully display the character of this dependence, we performed some estima-
tions for typical real conditions by using some empirical information. As a rule, a person
takes an average of 6000–10,000 steps per day over 6–12 h [30] (with a step length of 0.8 m).
Proceeding from this point, we found that Utr = 0.4 ÷ 1 m/s. Since βE linearly depends on
Utr, we limited our consideration to the dependence βE = βE(a) for a permissible lx and ly
only for Utr = 1 m/s.

Figure 2 presents the dependence for βE as a function of the distance between people a
for different values of lx and ly. As is seen from this figure, for a large a > 5 m, the value of
the βE constant becomes negligible (βE ≤ 10−2 s−1). However, the most interesting results
are observed in the region of small distances (a < 1 m), where the dependence of βE(a) has
a hyperbolic character, and there is a strong influence of lx and ly on the value of βE.
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at Utr = 1 m/s (here, lx and ly are measured in meters).

Since under normal conditions, νtr ≫ νsc, the infection transmission rate should
mainly be determined by Equation (13). Therefore, it is of interest to compare the present
theoretical dependence with the relevant empirical data on the infection transmission rate
constant β used in the standard SEIR model for large cities taking into account the average
distances between people in these cities.
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To produce such an analysis, we used the information on the COVID-19 epidemic
modeled in Moscow, Berlin, New York, and Paris [31–36]. The characteristic values of a
for the chosen cities was estimated based on the corresponding demographic data for the
population density of these cities by using the relation a = 1/

√
n, where the population

density n is calculated in the number of people per square meter (noting that here we have
again applied the analogy with the Loschmidt number). The corresponding values for a
are represented in Table 1.

Table 1. The characteristic values of a for different cities.

City Population Density, person/m2 Distance between People, m

Berlin 0.004 15.7
Moscow 0.005 14.1
London 0.0057 13.4

New York 0.0107 9.6

In order to make this comparison complete, we had to also take into account the influ-
ence of Utr, lx, and ly in the chosen cities [see Equation (13)]. However, this requires detailed
information about such governing parameters. We shall bypass this point considering the
set of curves βE(a) for physical permissible parameters.

The corresponding theoretical dependencies and empirical points are shown in
Figures 2 and 3. As is seen from these graphs, the theoretical dependence in Equation (13)
for the chosen range of the governing parameters in an acceptable manner coincides with
the experimental data (see Figures 3 and 4).
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5. Social Mechanism of Infection Transmission

Now, we will consider the pure social mechanism of infection transmission when there
is no relative movement of people. For example, such a situation is typical for groups of
people confined to a limited space. In the case under consideration, ζ I = 1 and ξ I = 0, the
expression (6) is reduced to the following:

β I = νscw = νsc

[
1 − exp

(
−

lxl2
y

a3

)]
, (15)

A rough estimate of νsc can be performed based on the statistical data for the number
of contacts that a person has during the day. According to [36–39], a person has 10 ≤ k ≤ 15
daily contacts during an active period about of 4 ≤ ∆t ≤ 8 h, which is 14,400 ≤ ∆t ≤ 28, 800 s.
In this case, the active period is considered as the time during which a person meets other
people, for example, during a working day. Therefore, the duration of one contact is
τsc = ∆t/k, and the frequency of social contacts νsc = 1/τsc = k/∆t lies in the interval
3·10−4 ≤ νsc ≤ 10−3 s−1.

The corresponding dependencies of β I on the distance between people for the limit
values of ∆t and k for the permissible lx and ly are shown in Figure 5. As is seen from these
graphs, one may pay no regard to the spread of infection through the mechanism of social
contacts at distances between people exceeding three meters due to the smallness of the β I
for a ≥ 3 m.

Moreover, from graphs presented in Figures 2 and 5, it is seen that the value of β I is
at least four orders of magnitude smaller than the corresponding value of the βE due to
the smallness of the frequency νsc. Therefore, when Utr ̸= 0, the spread of infection always
occurs through the transport mechanism. Herein, the social contact mechanism should be
regarded as a limiting case of the transport mechanism as Utr → 0.

From the graphs presented in Figure 5, it is seen that the significant decrease in the
value of β I begins at a distance of one and a half meters. This corresponds to the widely
accepted recommendations for maintaining social distance during the COVID-19 pan-
demic [40]. From this distance, there is a noticeable reduction in contact intensity, indicating
a lower risk of infection and highlighting the importance of adhering to this guideline.

Finally, it should be noted that at large distances, a, both the constants βE and β I will
take on negligibly small values matching in the order of magnitude. In this case, for some
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lx and ly values, it is impossible to separate the infection transfer mechanisms. Such a
peculiarity is of great interest since the external conditions determining the values of lx and
ly can vary over a wide range. Moreover, the value of a can be changed locally, for example,
in urban transport throughout the day. As a result, within a relatively short period, the
constants βE and β I may be changed, which in principle can lead to the implementation of
entirely different mechanisms of infection transmission. Consequently, the dynamics of
establishing equilibrium in the system under consideration may come about in completely
different ways.
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6. Dynamics near Endemic Equilibrium

In order to demonstrate these features, we examined the evolution of the system under
consideration within the range of the parameters βE and β I , where one may compare the
present results with those of the standard SEIR model. Herein, in all computations, we used
α = 0.14 day−1, which corresponds to an average incubation period of 7 days, γ = 0.196
day−1, which corresponds to an average infectious period of 5.1 days and δ = 0.1 day−1,
which corresponds to an average incubation time of 10 days. That is, as an illustration,
we considered the case when the rate of transition to the healthy group is slightly higher
than the rate of transition to the sick group. As the typical parameters of the considered
population, we take that when lx = 1 m and ly = 0.5 m with a = 1.5 m and Utr = 1 m/c, the
frequency of social contacts is νsc = 10−3 s−1.

It was assumed that at the initial moment, there was a certain number of infection
carriers and patients present in the population. All calculations were performed with the
same initial data: S0 = 0.98 and E0 = I0 = 0.01.
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Figure 6 illustrates how the infection spreads solely through the transport mechanism.
This script physically corresponds to an urban environment with intensive transportation
flows, where all infected individuals of the I type are isolated. As is seen from the presented
graphs, starting from day 20, the system reaches the endemic equilibrium when the majority
of persons remains healthy. Herein, the number of infected and sick persons experiences
significant growth during the same period.
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A completely different dynamic is observed when only social contacts are considered.
The typical result for this case is shown in Figure 7. There is a significant linear decrease
in the number of infected and sick persons up to day 110, after which their quantity
practically approaches zero. Meanwhile, the number of healthy persons tends towards the
total relative population. This means that within the framework of the current model, the
primary channel for the spread of the infection and the level of those infected and carriers
of the infection are associated with the transport mechanism.
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It should be noted that under the combined influence of transportation and social in-
fection mechanisms, the dynamics of reaching equilibrium (see Figure 8) are overall similar
to the script of the perfect transportation mechanism, presented in Figure 6. However, in
this case, the equilibrium level of latent persons (for t > 20 days) exceeds the proportion of
healthy persons, as seen by comparing the curves presented in Figures 6 and 8. This script
indicates a significant level of infectivity and rapid disease spread. As is seen from the
provided graphs, the negligible frequency of social contacts in the case of the transportation-
based spread mechanism is the factor that leads to the predominance of the latent category
over the number of healthy people. Although, in this case, the proportion of sick persons
remains at a sufficiently high level.
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7. Analysis of Endemic Equilibria

As is seen from these numerical examples, an endemic equilibrium is established in
the system for a relatively short time, approximately τ∗ ∼ 20 days. In fact, here we observe
an equilibrium state where we have the following:

dS
dt

=
dE
dt

=
dI
dt

= 0. (16)

Proceeding from these conditions, in the system of (1)–(3), we obtain the following
quasi-equilibrium state:

S∗ =
(α + δ)γ

β Iδ + βEγ
, I∗ =

δ

δ + γ

[
1 − γ(δ + α)

β Iδ + βEγ

]
, E∗ =

γ

δ + γ

[
1 − γ(δ + α)

β Iδ + βEγ

]
, (17)

to which the system under consideration converges over the time period of τ∗ = τ∗(βE).
Noting that as βE and the initial infection in the population, determined by the values
E0 and I0, increase, the characteristic time to reach an endemic equilibrium τ∗ decreases,
and the ratio between the latent and infected individuals according to Equation (17) is
established in the proportion I∗/E∗ = δ/γ. Since the relations in Equation (17) are mean-
ingful only when I∗ ≥ 0 and E∗ ≥ 0, the following inequality must hold among the
epidemiological constants:

β Iδ + βEγ > γ(δ + α). (18)

This relationship should be interpreted as a necessary constraint imposed on the
epidemiological constants by the condition for achieving an endemic equilibrium.
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In this regard, there arises a natural question about the stability of the quasi-equilibrium
state (17) with respect to the basic epidemiological constants [41]. In order to clarify this
point, we tried to construct the corresponding Lyapunov [42] function for the system of
(1)–(3). First, using (4), we eliminated S from the consideration by rewriting Equation (2)
as follows:

dE
dt

= E[βE(1 − E − I)− δ − α] + β I I(1 − E − I). (19)

As a result, instead of the model of (1)–(3), we studied the system of (3) and (19), which
with the help of relation (17), it is convenient to rewrite in a more illustrative form (see
Appendix A) as follows:

dE
dt

= E[a1(E − E∗) + a2(I − I∗)] + I[a3(E − E∗) + a4(I − I∗)], (20)

dI
dt

= δ(E − E∗) + γ(I − I∗), (21)

where

a1 = −βE, a2 = − βEE∗ − β I(1 − E∗ − I∗)
E∗

, a3 = − β I(1 − I∗)
E∗

, a4 = −β I . (22)

Let us pass over to construct the Lyapunov function for the system of (20) and (21).
Define the function as follows:

V(E, I) = a
(

E − E∗ − E∗ln
E
E∗

)
+ b
(

I − I∗ − I∗ln
I
I∗

)
, (23)

where a and b are some constants that have provided the asymptotic stability of (20) and
(21) if there is as follows:

dV
dt

< 0 (24)

along the trajectory of the system of (20) and (21), as well as the following:

V(E, I) ≥ 0 (25)

for E > 0 and I > 0.
It is easy to see that the condition (25) is satisfied for any a > 0 and b > 0. Indeed, this

can be verified by examining the behavior of the following function:

y(x) = x − x∗ − x∗ln
x
x∗

(26)

whose derivative is as follows:
dy
dx

= 1 − x∗
x

. (27)

From Equations (26) and (27), it follows that for x < x∗ we have the decreasing,
positive function y(x), which at point x = x∗ reaches its minimum y(x = x∗) = 0, and for
x > x∗, this function is the increasing, positive function. That is, y(x) is a positive function
for x > 0, which implies that it holds for Equation (25).

Taking into account the following partial derivatives:

dV
dE

= a
E − E∗

E∗
,

dV
dI

= b
I − I∗

I∗
, (28)

we can calculate the derivative for dV/dt along the trajectory (20) and (21) as follows:

dV
dt

= −βEa(E − E∗)
2 − β Ib(I − I∗)

2 + Λ(a, b)(E − E∗)(I − I∗), (29)
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where

Λ(a, b) =
aβ I(1 − E∗ − I∗)− aBEE∗ − bβ I(1 − I∗)

E∗
. (30)

As is seen from (29), the derivative dV/dt shall always be negative if as follows:

Λ(a, b) = 0, (31)

from which it follows,

b =
aβ I(1 − E∗ − I∗)− βEE∗

β I(1 − I∗)
. (32)

Since for a > 0, it must hold b > 0, then from Equation (32), we find the following:

β I
βE

>
E∗

1 − E∗ − I∗
(33)

which is a condition for the derivative dV/dt to be negative.
Thus, dV/dt < 0 always holds except at the equilibrium point (I∗, E∗), and according

to the Lyapunov theorem [36], the present equilibrium state is asymptotically stable in the
positive quadrant (E > 0 and I > 0). Herein, the relations (18) and (33) describe the admis-
sible diapason of the system parameters when there should be an endemic equilibrium.

8. Discussion and Prospects

In the present paper, the standard epidemic mean-field model was modified [see
Equations (1)–(3)] in order to take into account separately the transfer of infection from
sick and infected persons. To reveal these peculiarities in the simplest way, we moved
away from considering the population change and the effect of acquired immunity. As
a result, the findings presented in this study should be regarded as a prerequisite for a
more complete treatment for an SEIS model with the allowance for processes of birth and
death [43–45].

Herein, we proceeded from the assumption that the infection transmission for each
category of people comes about in different ways, and these processes are characterized
by the different rates of infection transmission. Such behavior is caused by several factors
of different physical, biological, and social natures. In particular, the latent sick persons
often interact with other people during their movements while the number of contacts
for sick persons are limited to their immediate surroundings. That is, we have two dif-
ferent mechanisms of the infection spread: purely transport and social mechanisms of
infection transmission.

To assess the impact of these mechanisms, based on the physical–chemical analogy,
we proposed relationships for the rate constants of relevant epidemiological transitions de-
pending on the gas–kinetic parameters of aerosols, the average distance between people, as
well as the frequency of social contacts. It was shown that the proposed dependencies are in
acceptable agreement with existing empirical data on infection transmission rate constants.

This means that the relations in (13) and (15) can also be applied in other epidemio-
logical models to describe transitions from endemic to epidemic situations and vice versa,
depending on the environmental conditions. However, one should take into consideration
the dependence of βE and β I on the parameters Utr, a, lx, and ly since these values can
change over time. Nevertheless, such changes typically occur slowly with respect to the
entire population under study by making the used approximation permissible. Of course,
to consistently study these processes, the model of (1)–(3) would need to be supplemented
with relations of the form a = a(t), lx = lx(t), and ly = ly(t), but such an issue is beyond
the framework of the present paper. At the same time, we showed that for Utr ̸= 0, the
spread of infection always occurs through the transport mechanism, and the social con-
tact mechanism should be regarded as a limiting case of the transport mechanism when
Utr →0.



Mathematics 2024, 12, 3585 14 of 18

In particular, these epidemiological constants βE and β I were used to examine the
formation of endemic equilibria in the system under consideration. Such equilibria can
arise as a non-trivial stationary distribution [see Equation (17)] when balance is achieved
between the sick and the recovered, requiring consideration of the latent phase of the
disease, during which an individual is already a virus carrier but not yet sick. It is this
moment that is of considerable practical interest, since in the present case, one can observe
the disease in the population for any length of time. Employing the method of the Lyapunov
function, we found the range of the system parameters [see Equations (18) and (33)] where
there may exist such endemic states.

Finally, we again would like to emphasize that one major difference between SEIR
and SEIS models is the formation of corresponding quasi-equilibrium states. Therefore, it
would be interesting to qualitatively compare the predicted epidemiological dynamics of
both models under identical initial conditions.

To perform this comparation, we considered the standard SEIR model written for the
constant population size:

dS
dt

= −βSI, (34)

dE
dt

= βSI − δE, (35)

dI
dt

= δE − γI, (36)

dR
dt

= γI, (37)

where R is the proportion of the recovered persons who have developed immunity to the
specific disease (it is worth noting that this may be a permanent or temporary acquired
immunity). In this case, we set β = βE + β I ; herein, all other constants and initial conditions
were taken as in the calculations shown in Figure 8.

Figure 9 illustrates what typically happens to the system under consideration based on
the SEIR model. From the comparison of similar dependencies presented in Figures 8 and 9,
it is seen that these models fundamentally describe different physical limits: in the SEIR
model, complete recovery of the population ( S∗ → 1) inevitably occurs due to inherent
immunity, while in the SEIS case, an endemic equilibrium (17) is reached.

However, as is seen from (17) that in the following case:

γ(δ + α)

β Iδ + βEγ
= 1 (38)

it holds that S∗ → 1 under t → ∞ as in the SEIR model. In particular, for simplicity, by
setting β I = 0, we obtain βE = δ + α = 0.24. The dependencies presented in Figure 10
clearly illustrate the dynamics of this case.

In contrast to the SEIR model, where peaks of infection carriers are observed (Figure 9),
for the SEIS model, there is a monotonic recovery of the population from the initial state
to S∗ = 1 by eliminating the infection within the population (I∗ = E∗ = 0). It should be
noted that the limit described in Equation (38) is not a difficult-to-realize case. Considering
the dependence of βE and β I on the system parameters, where these epidemiological
constants vary widely (see Figures 2 and 5), one can always expect a transition from the
script presented in Figure 8 to the case depicted in Figure 10.

Moreover, one can try to govern this process by changing the frequency of social
contacts since there is a strong influence of population change and socio-cultural factors
of people across the territory in the formation of an endemic equilibrium [46,47]. So,
proceeding from the results based on the conception of the Nash equilibrium [48–50], one
may expect completely different dynamics of the disease development depending on the
type of socio-cultural behavior of the people. Perhaps, this point allows us to come to find
the theoretical description for the epidemiological constants α, γ, and δ.



Mathematics 2024, 12, 3585 15 of 18
Mathematics 2024, 12, 3585 15 of 18 
 

 

 
Figure 9. Evolution of the relative numbers of healthy, infected, sick, and recovered individuals in 
the SEIR model with β = 0.6003  dayିଵ. 

 
Figure 10. Evolution of the relative numbers of healthy, infected, and sick individuals with β୉ = 
0.24  dayିଵ and β୍ = 0  dayିଵ. 

In contrast to the SEIR model, where peaks of infection carriers are observed (Figure 
9), for the SEIS model, there is a monotonic recovery of the population from the initial 
state to 𝑆∗ = 1 by eliminating the infection within the population (𝐼∗ = 𝐸∗ = 0). It should 
be noted that the limit described in Equation (38) is not a difficult-to-realize case. 
Considering the dependence of 𝛽ா  and 𝛽ூ  on the system parameters, where these 
epidemiological constants vary widely (see Figures 2 and 5), one can always expect a 
transition from the script presented in Figure 8 to the case depicted in Figure 10. 

Figure 9. Evolution of the relative numbers of healthy, infected, sick, and recovered individuals in
the SEIR model with β = 0.6003 day−1.

Mathematics 2024, 12, 3585 15 of 18 
 

 

 
Figure 9. Evolution of the relative numbers of healthy, infected, sick, and recovered individuals in 
the SEIR model with β = 0.6003  dayିଵ. 

 
Figure 10. Evolution of the relative numbers of healthy, infected, and sick individuals with β୉ = 
0.24  dayିଵ and β୍ = 0  dayିଵ. 

In contrast to the SEIR model, where peaks of infection carriers are observed (Figure 
9), for the SEIS model, there is a monotonic recovery of the population from the initial 
state to 𝑆∗ = 1 by eliminating the infection within the population (𝐼∗ = 𝐸∗ = 0). It should 
be noted that the limit described in Equation (38) is not a difficult-to-realize case. 
Considering the dependence of 𝛽ா  and 𝛽ூ  on the system parameters, where these 
epidemiological constants vary widely (see Figures 2 and 5), one can always expect a 
transition from the script presented in Figure 8 to the case depicted in Figure 10. 

Figure 10. Evolution of the relative numbers of healthy, infected, and sick individuals with
βE = 0.24 day−1 and βI = 0 day−1.

Author Contributions: Conceptualization, A.R.K. and M.A.S.; methodology, A.R.K. and A.N.B.;
validation, A.R.K., A.N.B. and M.A.S.; investigation, A.R.K., A.N.B. and M.A.S.; data curation, M.A.S.;
writing—review and editing, A.R.K. and M.A.S.; supervision, A.R.K.; funding acquisition, A.R.K. All
authors have read and agreed to the published version of the manuscript.

Funding: This work was supported by the Ministry of Science and Higher Education of the Russian
Federation (State Assignment No. 075-00270-24-00).



Mathematics 2024, 12, 3585 16 of 18

Data Availability Statement: The original contributions presented in this study are included in the
article. Further inquiries can be directed to the corresponding author.

Conflicts of Interest: The authors declare no conflicts of interest.

Appendix A

The purpose of this Appendix A is to obtain Equations (20)–(22). Rewrite Equation (19)
as follows:

dE
dt

= −βEE2 − β I I2 − (βE + β I)EI + (βE − δ − α)E + β I I. (A1)

On the other hand, Equation (19) should take the following form:

dE
dt

= E[a1(E − E∗) + a2(I − I∗)] + [a3(E − E∗) + a4(I − I∗)], (A2)

where a1, a2, a3, a4 are unknown constants to be determined, and E∗ and I∗ are defined by
relation (17). Therefore, comparing the terms in (A1) and (A2) at corresponding degrees of
E and I, we obtain the following:

a1 = −βE, (A3)

a4 = −β I , (A4)

a2 + a3 = −(β I + βE), (A5)

E∗a1 + I∗a2 = δ + α − βE , (A6)

E∗a3 + I∗a4 = −β I . (A7)

Moreover, the values E∗ and I∗ satisfy the following equations:

βEE2
∗ + β I I2

∗ + (βE + β I)E∗ I∗ + (α + δ − βE)E∗ − β I I∗ = 0, (A8)

δE∗ − γI∗ = 0. (A9)

From (A4) and (A7), we obtain the following:

a3 = − β I(1 − I∗)
E∗

. (A10)

Inserting (A10) into (A5), we obtain the following:

a2 =
β I(1 − I∗ − E∗)− βEE∗

E∗
. (A11)

At the same time, the substitution of this value a2 into (A6) turns this relation into an
identity because of (A8).

Finally, subtracting (A9) from (3), we obtain the following:

dI
dt

= δ(E − E∗)− γ(I − I∗) (A12)

as was shown.
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