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1

Introsuction to MatLab
1.1. Simple calculations

In this chapter and later in the book, the typewriter font of the text
means MatLab commands that can be typed directly in the command
window.

demo overview of MatLab capabilities
Help information about any function can be obtained with the
command help <function name>

Operators

+  —addition;

—  —subtraction;

*  — multiplication;
/[ —division;

N —exponentiation;

— matrix transpose;
— matrix transpose with complex conjugation.

Functions

abs — absolute value;
sqrt — square root;
log —natural logarithm;

sin — sine;
cos — cosine;
tan — tangent,

sinh — hyperbolic sine;
fix —rounding to the nearest integer towards zero;
mod (x,y) —remainder of dividing x by y.



Help about elementary functions: help elfun
Help about special functions: help specfun
Help about matrix functions: help elmat

Useful constants

pi — number of pi;

i — imaginary unit;

j — imaginary unit;

eps — relative accuracy of floating-point calculations;
realmin — the smallest floating-point number, 2-1%%%;
realmax — the largest floating-point number, (2 - eps)2'%%;
Inf —infinity (1/0 = Inf);

NaN — not a number (for example, 0/0 = NaN).

Example 1.1. Compute:

sin(2.45m) + cos(3.78m)
tg(3.3)

e 25(In11.3)%3 —

Solution.
exp(-2.5)*1log(11.3)"0.3-sqgrt((sin(2.45*pi)+cos(3.78*pi)) ...
/tan(3.3))

Answer:
ans = -3.2105

The ellipsis ". .." means the continuation line; by default, the result
of the calculation is stored in a variable named ans.

Variables

Variables are formed using the assignment operator "=", for
example:
w = 3.54;

Lowercase and uppercase letters are different, for example, the
variables t1 and T1 are two different variables. The semicolon at the
end of the line is used to suppress the output of the calculation result on



the screen. Comments in MatLab are entered with the "$" command,
for example:

c =a + b % calculation of the sum of vectors a and b
d = sum(a.*b) % calculation of the scalar product of

vectors a and b

1.2. Arrays

Column-vectors ans row-vectors

a = [1.3; 5.4; 6.9] % column-vector a
b= [7.1; 3.5; 8.2] % column-vector b
c=a+ b % sum of a and b

a=[1.3 5.4 6.9] % row-vector a

b= 1[7.1 3.5 8.2] % row-vector b

c =a+ b % sum of a and b

size (c) % dimensions of array c

d = sin(a) — calculation the values of function sin for all elements
of array a.

Access to elements of a vector

v =1[12 6428 34];

v(4) % access to the fourth element of vector v

v(2) = 100 % assigning new value to the second
element

vl =[5 4 3 2 17;

v2 = [v vl] % forming new vector from two row-vectors

v(2:4) % access to elements of the vector from the
second to the fourth

vl (3:end) % access to elements of the vector vl from
the second to the last

v3 = [v(2:4) v1(1l:4)] % forming new vector from parts
of v and vl

ind = [4 2 5];



Q

v4d = v(ind) % formation of wvector by indexing

Application of data processing functions to vectors

v =[521431];

p = prod(v) % multiplication of vector elements
s = sum(v) % sum of vector elements

1 = length(v) % length of vector

mean (v) % arithmetic average of vector elements
) sum(v) /length (v)

) % the maximum of vector v
in(v) % the minimum of vector v
] min(v) % m the minimum of vector v, k is its

R = sort(v) % sorting of vector elements

[R, ind] = sort(v) % sorting with the output of the
array of correspondence

Elementwise operations with vectors

vl = [2 -3 4 1];
v2 = [7 5 -6 9];
u = vl.*v2 % elementwise multiplication of vectors of

the same length
= vl.”"2 % elementwise exponentiation of the vector

p

v

P =vl."v2

d=vl./v2

s =vl + 4

g = v2/2

Q = v1*v2 — multiplication of vector by vector; in this case will lead
to an error, since row-vectors can be multiplied only by column-
vectors of the corresponding length.

V2 = v2' % transpose of v2, we obtain the column-

vector V2
Q = v1l*V2 % now the matrix multiplication is possible

10



Table of values of function

Example 1.2. Obtain the table of values of the function f(x) =
= sin x cos? 3x on the segment from 0 to 21 n increments of 0.01.

x = [0 : 0.01 : 2*pi] — creation of a row-vector containing
the coordinates of the given points; an operation of the form a:b:c
specifies an array of elements from a to ¢ with step b.

y = sin(x).*cos(3*x).”2 — creation of a row-vector
containing the values of the function f (x) at the points x. Pay attention
to the elementwise operations!

Plotting a function of one variable

Plotting a function of one variable consists of the following steps.
1. Specifying the vector of the values of the argument x:
x = [0 : 0.01 : 2*pi];
2. Calculation of the vector y of the values of the function y(x):
y = sin(x).*cos (3*x)."2;
3. Using plot command to plot the graph:
plot (x,vy)

1.3. Matrices

Special matrices

A = zeros (3,4) — creation of zero matrix;

I = eye(4) — creation of identity matrix;

E = ones (2, 6) — creation of matrix of ones;

R = rand(3) — creation of a square matrix filled with random
numbers uniformly distributed between 0 and 1;

Q = randn(3,4) — creating a 3 X 4 matrix filled with random

numbers distributed according to the normal law.
The diag function serves to isolate the diagonal of the matrix into a

vector:
11



d = diag(R) — the main diagonal;
dl = diag(R,-1) — the diagonal located one position down from
the main diagonal.

The diag function also generates a diagonal matrix from the vector:

= diag(d)

D
D1 = diag(d,?2)

You can create a matrix directly in the command line:

A= [31-1; 2 4 3]

Matrix operations

(4 3
ones (
B + E

BE

;27 0; -5 1 2]

-1
3)
% addition of matrices

=B - % subtraction of matrices

= 3*B % multiplication of matrix by a number
= B"2 % exponentiation of the matrix B

2 o]

% exponentiation of each element of the
matrix B

i A o e
|

Selecting part of matrix

= rand (4)

B(2:3, 2:3)

B(2,:) % selection of the second row

B(:,3) % selection of the third column

B(2, 2:end) % elements of the second row from the
second to the last

U U tu g W@
Il

Deleting rows and columns

P =B
size(
P(1,:

Q

= [] % deleting the first row
12

P) % size of array P
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P(:,3) = [] % deleting the third column

size (P) % the size of array P is changed

B(:, 2:3) % column deletion from the second to the
third

Matrix visualization

Analyze the commands used in constructing the matrix G, and look
at the result:

G = 2*eye(7)+diag(ones(l,6),1l)+diag(ones(1l,6),-1)

Portrait of the matrix: non-zero elements are marked; the total
number of non-zero elements is indicated below the figure:

spy (G)

Plots of functions of two variables

The plotting includes two preliminary stages.

1. Partition of the domain of definition by a rectangular grid.

2. Calculating the values of the function at the grid nodes and writing
them to the matrix.

Example 1.3. Construct a plot of the function f(x,y) = x* + y? in
the square [0,1] x [0,1].

Generation of the grid array on the square[0,1] X [0,1] in increments
of 0.2:

[X,Y] = meshgrid(0:0.2:1, 0:0.2:1)

Calculation of function values at grid nodes:

Z =X."2 +Y."2

Construction of the graph in the form of a wireframe surface:

13



mesh (X, Y, Z)
surf(X, Y, Z2) % filled wireframe surface

Q

shading interp % smooth fill

For a more accurate plotting, you may select a smaller grid step.

1.4. M-files

The most convenient way to execute MatLab commands is to use M-
files, in which you can type commands, execute them all at once or in
parts, save them in a file and use them in the future. To work with M-
files, the M-file editor is designed. It is launched from the menu:
File > New 2> M-file.

Type in the editor commands that lead to the construction of two
plots in one window:

x = [0:0.1:7];
f = exp(-x);
subplot(1,2,1);
plot(x, £f);

g = sin(x);
subplot(1l,2,2);
plot (x,9);

Save the file as, for example, mydemo.m in the default directory. To
execute all the commands in the file, select Run from the menu.

Replace the function g with cos (x), save the file and run all commands
again.

Types of M-files

There are two types of M-files: script M-files and function M-files.
The script M-file has just been created for plotting the two functions.
All variables declared in the script file become available in the
workspace after it is executed. It is convenient to run the script file from
the command line; to do so, just type the name of the script file and
14



press Enter. For example, by typing mydemo in the command line, you
can run the newly created M-file again. After entering mydemo
command, MatLab performs the following actions.

1. 1. Checks whether the entered command coincisdes with any
variable defined in the workspace. If so, the value of this variable is
displayed.

2. If there is no such variable, the entered command is searched for
among the built-in functions. If the entered command is a built-in
function, it is executed.

3. If there is no such built-in function, then MatLab searches for the
M-file with the name of the entered command and the extension m. The
search starts from the current directory; if the M-file is not found, the
search continues in the directories from the list of set paths.

The list of paths is available from the menu: File > Set Path.

Function files

Example 1.4. Write an M-file for calculating function values:

foy = e |2t L
x*+0.1

Solution. In the M-file editor, you need to create the following file:

function f = myfun (x)
f = exp(-x).*sqrt ((x."2+1) ./ (x.74+0.1));

Here myfun is the name of the function; x is the input argument; f is
the output argument (the function value); elementwise operations in the
expression for the function are used so that you can access the function
with an input argument of the vector type.

Next, save the file under the same name myfun as the function
name (it will be offered by default).

Run the following commands from the command line:

x = [0:0.05:4]
15



y = myfun (x)
plot(x, V)

Example 1.5. Write an M-file for calculating the sum and product of
two square matrices.

Solution. There are two input and two output arguments in this task.
The M-file may be as follows:

function [S, P] = sum prod(A,B)
A, B: input matrices

S: sum of matrices

P: product of matrices

= A + B;

A*B;

o° oP

o

U
Il

Save the file as sum prod.m and execute the following commands
from the command line:

I = eye(5)
E = ones(5)
[Al,A2] = sum prod(I,E)

1.5. Loop statements

For loop

for count = start : increment : final
MatLab commands
end

Here count is the loop variable; start is its initial value; final is the
final value; count is the incremented by the value of increment at
each loop execution. The loop terminates as soon as the value of count
is greater than final. The loop variable can take real values of any
sign.

16



While loop

while condition
MatLab commands
end

The loop is executed as long as the loop condition is satisfied.
Relationships and logical operators are used to specify conditions:

== 1isequal;

< less than;

> greater than;

<= less or equal;

>= greater or equal;

~= not equal;

& logical «<xANDy;

|  logical «ORy;

~  negation.
For example, the condition x <3 and k =4 will be written as
(x<3) & (k==4).

The loop is interrupted by the break statement, and then the
command is executed following the end statement, which marks the end
of the current cycle. In the case of nested loops, break interrupts the
inner loop.

Selection statement if

if condition
MatLab commands
end

If the condition is true, then the commands between if and end are
executed; otherwise the command after end statement is executed.
A more general form of the i £ statement:

if condition
MatLab commands

17



elseif condition
MatLab commands
else
MatLab commands
end

Practice.

1.1. Construct the matrix:
8 0 O

WWWWwwwo oo oo
WWWwWww wo oo O
WWWwWww wo oo o
WWWWwwo o oo ©
WWWWWwwo o oo ©
WWWWWwwoooo oo ©
NONONOoOOoOOoOOoO ou1o
OO NJNO NO OO U100 »
ONONOoOOoOOoOUTION O
NO NO NO 1o »0 O
NONONOoOUIohs OO O
NO NO NO O OO O

~N
o
(=)

1.2. Write a function file that calculates the factorial of a positive
integer number.

1.3. Make the same plot as in Fig. 1.1. The figure on the left is
Bernoulli lemniscate:
t+e> ot —t® .
1) T

x=a € [—o;];a =1;2;3;...;10.

The figure on the right is Maclaurin trisector:

a 5 5m

—; Q€ [——;— ; a=0.25;0.5;0.75; ...; 2.5.
cos (%) 4 4

r =

The plot in polar coordinates is constructed by polar command.

18



)
-10 -8 6 -4 3 0 2 4 6 8 10

Fig. 1.1. Bernoulli lemniscate and Maclaurin trisector

1.4. Compute without using loops:

i (14 €51+ k%)) (af + b)

akbk + T[l/kkz

; ap = k cosk; by = k?sin?k.
k=1

19



2

Vectors and matrices

2.1. Creating matrices

The simplest way to create matrices or vectors in MatLab is to define
the components of a vector or a matrix:

x = [ 358 6]
The above command will result in the creation of a row-vector x

containing four elements. To create column-vectors, separate the
components with a semicolon:

x = [ 3; 5; 8; 61
Accordingly, you can create a matrix in this way:
A=1157; 68 3; 22 0]

There are several ways to create matrices more efficiently.

To create vectors whose neighboring components differ by a given

n.n

value, it is convenient to use the colon ":" statement. For example, the
following commands

a=[1:31:16];
b = [100 : -10: 70];
c = [1:10];

will result in creation of vectors a = (1,4,7,10,13,16); b =
(100,90,80,70) and ¢=(1,2,3,4,56,7,8,9,10). The colon
statement has the following format:

initial value : increment : final wvalue

The increment can be omitted; in this case it will be equal to one.

20



Another statement that allows to create vectors whose components
differ by a sertain value, is 1inspace. It is used in the case when it is
known not the difference between neighboring components, but the
number of components on a given segment. For example, the command

x = linspace(0,2*pi,100)

will result in creation of a grid of 100 points equidistant from each other
on the interval [0, 2m].

To create special matrices, MatLab provides a large number of built-
in functions. Among the most commonly used are ones for creating a
matrix of ones, zeros for creating a matrix of zeros, and eye for
creating an identity matrix, i.e. the matrix that have units on the main
diagonal, and the remaining elements are zero. The format of these
functions is as follows:

A = zeros(m,n)

Here m is the number of rows of the matrix; n is the number of columns.
If the argument contains only one variable m, then a square matrix of
size m X m is created. For example, the commands

W = ones(3);
E eye(2,3);

will result in creation of matrices
1 1 1
w=1([1 1 1
1 1 1

= 1 of

and

Matrices can also be created in a block fashion with the use of
existing matrices. For example, the command

A = [2*ones(2) eye(2); eye(2) [4 4; 3 311;

21



creates the following matrix:

OrRr ON
O N O
wWhH O
W R O

2.2. Dimensions of matrices

To determine the size of the matrix, the size statement is used. It
returns a 1 X 2 vector with the number of rows and the number of
columns of the original matrix. The following example illustrates the
use of size statement.

Example 2.1.

A = ones(3,4); % creation of 3x4 matrix of ones

Z = size(A); % the dimensions of the matrix A are written in the
vector Z: Z(1)=3; Z(2)=4

[r ¢c] = size(A); % here the function size 1s called with two
output arguments, so the number of rows will be
written to the variable r, and the number of columns
to the variable c: r=3; c=4

In MatLab, both vectors and even scalars are represented by matrices
(the vector is a matrix of size m X 1 or 1 X m, where m is the number
of components, and the scalar is a 1 X 1 matrix). To determine the
length of a vector, it is more convenient to use the length operator,
which compute the number of rows and the number of columns of the
input matrix and returns only one parameter, the largest of these values.

2.3. Access to matrix elements

To access to a single element of a matrix, the row and the column
numbers of this element in the matrix should be specified: z (2, 3). The
first argument is the row number, the second is the column number. The
same statement can be used to assign a new value to a particular matrix

22



element (z(2,3)=50) or to display its value on the screen
(disp(z(2,3))).

To access several neighboring matrix elements, use the "colon"
statement. Its use is illustrated in Example 2.2.

Example 2.2.
Z = rand(6); % creation of 6x6 matrix filled with random numbers
7 =
0.2438 0.4152 0.7236 0.6971 0.4762 0.9544
0.0997 0.8191 0.4998 0.5970 0.1135 0.4516
0.5606 0.6758 0.9471 0.9047 0.5157 0.5333
0.0857 0.0464 0.9361 0.0330 0.8682 0.1265
0.2993 0.6715 0.9491 0.8230 0.4606 0.9051
0.2823 0.3165 0.7623 0.3662 0.3915 0.8013
A = 7(2,2:4) % A 1is vector consisting of elements of the matrix Z
in the second row and columns from the second to
the fourth
A =
0.8191 0.4998 0.5970
B = 2(1:2,3:5) % B is matrix consisting of elements of the matrix
Z in the rows from the first to the second and in
the columns from the third to the fifth
B =
0.7236 0.6971 0.4762
0.4998 0.5970 0.1135
C=12(:,2) % C is vector consisting of the elements of the matrix
Z in the second column
CcC =
0.4152
0.8191
0.6758
0.0464
0.6715
0.3165
D= 2(2:3,:) % D is matrix consisting of elements of the matrix Z

in rows from the second to the third; the second
colon operator in this case means "all columns"

23



0.
0.

4998
9471

0.5970 0.1135 0.4516
0.9047 0.5157 0.5333

% E is matrix consisting of elements of the matrix

Z in rows from the fourth to the last; the end
statement in this case indicates the last element
of the range

0.
0.
0.

9361
9491
7623

0.0330 0.8682 0.1265
0.8230 0.4606 0.9051
0.3662 0.3915 0.8013

[] % remove from the matrix Z columns from the second
to the fourth

0.0997 0.8191
0.5606 0.6758
E = Z(4:end, :)
E:
0.0857 0.0464
0.2993 0.6715
0.2823 0.3165
Z(:,2:4) =
Z:
0.2438 0.4762
0.0997 0.1135
0.5606 0.5157
0.0857 0.8682
0.2993 0.4606
0.2823 0.3915

O O O O O o

.9544
.4516
.5333
.1265
.9051
.8013

2.4. Elementwise operations with matrices

In addition to wusual operations of matrix algebra (addition,
subtraction and multiplication of matrices), elementwise operations are
provided in MatLab. Elementwise operations on matrices assume that
the matrices have the same dimensions. Example 2.3 illustrates the use

of elementwise operations.

Example 2.3.

A = 12*ones (2) % input of matrix A

A =

12 12
12 12

B=1[12; 3

4] % input of matrix B

24



A./B % the matrix A is elementwise divided by the matrix B:
each element of the matrix C 1is the corresponding
element of the matrix A divided by the corresponding
element of the matrix B

A.*B % the matrix A is elementwise multiplied by the matrix B:
each element of the matrix C 1is the corresponding
element of the matrix A multiplied by the
corresponding element of the matrix B

12 24
36 48

= A*B % usual multiplication of matrices according to the rules
of linear algebra

48 72
48 72

= A"2 % the matrix A is squared, i.e. multiplication of the
matrix A by itself

288 288
288 288

= A."2 % elementwise squaring of the matrix A; elementwise
operation thus replaces loops across all rows and columns

144 144
144 144

25



2.5. Functions for working with matrices and vectors

The sum function sums all the components of a vector, and the prod
function multiplies them:

sum([2 4 6])
ans = 12

prod ([2 4 6])
ans = 48

If we apply these functions to the matrix, and not to the vector, then
all elements of the matrix in each column will be summed or multiplied.
In order to find the sum or product of all elements of the matrix, you
should apply the function twice:

M = magic(3)

M =
8 1 6
3 5 7
4 9 2
sum (M)
ans =
15 15 15

sum (sum (M) )

ans =

To find the vector minimum or maximum, the functions min and
max are used. Likewise, if the input element for these functions is a
matrix, rather than a vector, the functions produce a result for each
column. These functions can also be used to determine the position of
the maximum or minimum element in a vector or matrix. To do this,
you need to address the function with two output arguments:
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a=1[3957412]

a:
3 9 5 7 4 1 2
[m,b] = max(a)
m:
9 % maxsimum element of vector a
b:

2 % position of the maximum element in vector a

Example 2.4 contains one of the possible programming codes for
determining the position of the maximum element in the matrix.

Example 2.4.
v =1[26; 4 1; 03] % input of matrix
v =
2 6
4 1
0 3
[BigCol, RowCol] = max(v)
BigCol =
4 6 % maximum element in each column
RowCol =
2 1 % the number of row which contains the corresponding
maximum element
[Big,Col] = max(BigCol)
Big =

6 % maximum element in the entire matrix

Col =
2 % the number of column which contains the maximum element
in the entire matrix
Row = RowCol (Col) % the number of row which contains the maximum
element
Row =

1
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Elements of a vector or matrix can be sorted using the sort function:

1 2 3 4 5 7 9 % sorted vector

c =
6 7 1 5 3 4 2 % positions of the
elements of the sorted vector b in the original unsorted vector a

If the input element is a matrix, the sort function performs sorting in
each column.

2.6. Filtering and logical indexing

Often there is a need of choosing from elements of a matrix or a
vector such elements that satisfy a certain condition. The following
examples illustrate possible solutions to this problem.

Example 2.5.
B = [15; 7 9] % input of matrix
B =
1 5
7 9
C = (B>5) % creation of a logical matrix; unity means that the
corresponding element of matrix B is greater than 5
Cc =
0 0
1 1
D = B(B>=5) % selection from matrix B of all elements that are
greater than or equal to 5, and writing them to vector
D
D =
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B(B>=5)=13 % assignment to all elements of matrix B that are
greater than or equal to 5, the value of 13

13 13

Example 2.6. Consider the £ind function:

= [6 382 1]; % input of vector
loc = find(A>5) % finding the positions of all elements of vector
A that are greater than 5

1 3 % the first and the third element in vector A are
greater than 5

Practice.

2.1. Create the matrix:

1 00 2 2 2 1 3 5
010 2 2 2 7 9 11
0 01 2 2 2 13 15 17
0 0 09 8 7 4 3 3
M=1]10 0 0 6 5 4 3 4 3
0 00 3 21 3 3 4
34 47 00 5 2 2
4 3 4 0 7 0 2 5 2
4 4 3 0 0 7 2 25
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2.2. Create a tridiagonal matrix using the function diag:

2 3 00
— 1 32 3 0 i
M_003230'
0 00 3 2 3
0 0 00 3 2

2.3. Using the rand function, create a 6 X 6 square matrix of random
numbers and find the sum of all elements in rows 4 through 6 and in
columns 4 through 6.

2.4. There are two vectors:
a=(246810);
b=(1471013).

Compute

2
i

ea
' a;b;; a;b;; i a;b;; Zl+ebi2'

i i

2.5. Using the rand function, create a square 10 X 10 matrix of
random numbers. Find the sum of all matrix elements that are greater
than 0.5. Determine the position of these elements in the matrix.
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3

Selection statements

3.1 10f

Selection statements are present in almost all programming
languages and allow the creation of algorithms in which certain groups
of commands are performed under certain conditions.

The if statement determines whether the commands within its
structure are executed during the program. The structure of the if
statement is as follows:

if condition
statements
end

condition in this structure is a condition that determines the execution or
non-execution of a group of commands statements; it can take one of two
logical values: true or false. When the algorithm reaches the line containing the
if statement, it checks the condition. If it is true, the algorithm proceeds to
execute statements that are part of the structure of the selection statement;
if it is false, the algorithm proceeds to the execution of statements following the
end statement pointing to the end of the selection statement.

Example 3.1.

if number < 0
number = 0

end

In the above code the number is compared to zero, and if it is less than zero, the
variable number gets a new value of 0. Enter the following lines in the MatLab
command window:

number = -1
if number < 0
number = 0
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end

After executing these operators, the result will appear in the command window:

number =
0

Change the initial value of number and enter the following:

number = 1

if number < 0
number = 0

end

After executing these operators, no messages will appear in the command window, since
the number < 0 condition in this case takes the value false, and the statement
number = 0 is not executed

3.2. If-else, elseif

If an algorithm requires selection of more than two variants, then
if-else, elseif statements are used.

The structure of 1 f-else statement is as follows:

if condition
statementsl
else
statements?2
end

First, the condition is checked. If it is true, a group of statementsi
is executed, followed by end statement. If it is false, then the group of
statements?2 1is executed, followed by end statement.

Example 3.2.
if a ==
disp('a is equal zero') % displaying a message on the screen
else
disp('a is not equal zero')
end

if-else structures can be nested within each other.
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Example 3.3. Consider a piecewise continuous function defined by the following
expression:

Lifx < —1;
y(x) =<{x%if—-1<x<2;
4,if x > 2.

Using if statement, this function can be specified as follows:

if x < -1

y = 1;

end

if x > -1 && x <= 2 % when checking conditions, the logical

operators AND (&) and OR (|) are written twice

y = x"2;

end

if x > 2
y = 4;

end

This code is obviously not effective, since it assumes that all three conditions for if
statements are checked, regardless of the value of x. However, if it turns out that x <
—1, i.e. the first condition is true, the need to check the remaining conditions will
disappear, and processing of the two remaining if statements will turn into a loss of
time. The code can be made faster by using i f-else statements:

if x < -1

y = 1;
else

% into this branch the algorithm comes only if x > = -1
if x <= 2

y = x "2;
else

% if the algorithm comes to this branch, then x > 2
= 4;

=

end
end

In this example, two i f-else structures were used, one external and one nested.

In Example 3.3, the algorithm was optimized by using two if-else
constructions instead of three if statements. This algorithm can be
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implemented in a third way, with the use of operator elseif MatLab
statement:

if conditionl

operatorsl
elseif condition2
operators?2
elseif condition3
operators3
% 1t can be any number of branches
else
operatorsn % the branch into which the algorithm
comes if none of the previous
conditions are satisfied
end

In this structure, the algorithm sequentially checks the conditions
conditionl, condition2, condition2, ... until it finds a condition
that is true. In this case, the group of commands corresponding to this
condition will be executed, after which the transition to the end
statement will occur, which means the end of the elseif structure. If
all conditions are false, a group of operatorsn commands will be
executed, corresponding to the else statement, after which the
algorithm goes to end statement. When using elseif structure, end
operator is used only once. Example 3.4 shows how you can rewrite the
code from Example 3.3 using the elseif structure. Example 3.5
demonstrates the use of this structure to check whether the input
argument is a scalar, vector, or matrix.

Example 3.4.
if x < -1
y = 1;
elseif x <= 2
y = x"2;
else
y = 4;
end
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Example 3.5.

function typ = findtyp (inp)

[r, c] = size(inp); % determining the size of the variable inp;
the number of rows of inp is written to variable r, and
the number of columns of inp is written to variable c

if r == 1 && c ==

typ = 'scalar';
elseif r == [l ¢c==1
typ = 'vector';
else
typ = 'matrix';
end
end
Practice

3.1. Simplify the code:

if num > 100
num = 100;
else
num = num;
end

3.2. Simplify the code:

if val >= 10

disp ('Too much!")
elseif val < 10

disp ('Too low!')
end

3.3. Write a function which takes two input arguments m, n and
forms a vector containing all integers lying between m and n (no matter
which one is greater).
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3.4. Write a function that has one input argument. If this argument is
a row-vector or a column-vector, then the function must return also a
row-vector or a column-vector, but with the reverse order of the
elements (use the built-in functions fliplr and f1lipud). If the input
argument is a scalar or a matrix, then the function should do nothing and
return the original argument.

3.5. Write function makematrix, which receives two row-vectors as
input arguments; the lengths of these vectors can be different and are not
known in advance. The function must make a matrix with two rows
containing input vectors. If the length of the vectors is different, it is
necessary to add missing elements with zeros, for example:

vecl = [2 3 4 5];
vec2 = [1 4 7 9 8 6];
makematrix (vecl, vec?2)
ans =

234500

147 9 86
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Loops

4.1. For

The statement for is used if it is necessary to repeat the execution of
some program elements, and it is known in advance how many times
this repetition should be performed. The for loop has the following
general form:

for loopvar = ini : step : fin
statements
end

The variable loopvar, which is called loop variable, changes
from the initial value ini to the final value fin with increment step.
On the first execution of the loop, the variable 1oopvar takes the value
ini, and statements are executed, which in general can depend on
the value of loopvar. After that, the value of the loop variable is
incremented by the value of step and becomes ini + step, and the
whole sequence of actions is repeated. In the next step, the value of the
loop variable becomes ini + 2*step, and so on, until the value of the
loop variable exceeds fin. Then the program proceeds to statements
following the end statement.

Example 4.1.

for 1 = 0:50:200
fprintf ('$3d\n', i)

end

In this case, there is only one fprintf statement in the body of the for loop, which
provides the output of the loop variable i in accordance with the format specified by the
string $3d\n. This format means that the number i will be displayed in integer format
with three characters (3d), after which a new line (\n) begins. The result of the loop
will be the following:

0
50
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100
150
200

Example 4.2. for statement is convenient for calculating sums and products. For
example, the sum of all prime numbers from 1 to 1000 can be found using the following
loop:
total = 0
for k = 1:999 % loop for all natural numbers from 1 to 999

if (isprime (k)) % checking whether k is a prime number

total = total + k; % 1if k 1is a prime number, then the
argument of the if statement takes a logical wvalue of
true, and statements are executed inside the if
condition: the variable total is incremented by k
end
end
disp(total) % display the sum on the screen

As a result of this loop, we get 76127.

The above loop can be written more efficiently if we use the possibility of MatLab
to specify elements of a vector as the loop variable:

total = 0

for k = primes(999)
total = total + k;

end

disp (total)

In this case, the statement primes (999) creates a vector consisting of prime numbers
belonging to the range from 1 to 999, and at each step the loop variable takes the value
of the next prime number; all that remains is to add this number to the sum.

for loop should be used to calculate sums in complex cases; in simple situations it
is more efficient to use element-wise operations or sum statement. For example, the
above code can be optimized:
k = primes (999);
k = sum(k); % summation of all elements of vector k and writing
the result to a variable with the same name k
disp (k)

Similarly, for loop is used to calculate products:

k =1;
for i = 1:10
k =%k * 1i; % calculation factorial of 10
end
disp (k)
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4.2. While

While statement is used if it is necessary to repeat the execution of
some program statements and it is not known in advance how many
times this repetition is necessary. A while-loop has the following
general form:

while condition
statements
end

The execution of statements inside this loop will be executed as long
as condition is true. Therefore, statements must affect somehow
the loop condition and at some point should make it equal to false,
otherwise the loop will last endlessly.

Example 4.3.

function [fact, i] = factgthigh(high)

% function factgthigh finds the smallest number i which factorial
(fact) 1is greater than the input number (high)

i=0

fact 1;

while fact < high % the condition of the loop: the factorial fact
of the number i 1is 1less than the input
parameter high

i=1+1;
fact = fact * i;

o

% end of loop
end % end of function

As a result, we get:
[fact, 1] = factgthigh(4000)

fact =
5040
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Often when using the while loop, you need to know how many times
the loop has been executed before interruption. For this purpose, a
counter should be put in the loop. The counter is initialized by zero
value before the start of the loop and is incremented by one at each
iteration:

counter = 0; % initialization of the counter
while condition

counter = counter + 1;

statements
end

Complex logical constructions formed by logical operators OR (| |)
and AND (&&) can be used as the condition of the loop, for example:
while (x >= 0) && (x <= 100)
while (a == Db) || (c ~= d) % when checking the

condition, the equal sign
should be written twice

4.3. Converting a for loop into a while loop

Any for loop can be rewritten as a while loop. To do this, you need
to complete three steps:

1) initialize the loop variable;

2) create a condition that is initially true, but becomes false when it is
necessary to interrupt the execution of the loop; often this condition is
specified as the range of the loop variable;

3) before each new iteration of the while loop, you must change the
loop variable.

Example 4.4 shows a convertation of for loop into while loop.

Example 4.4.

% for loop

for x = 1:2:15
disp (x)

end
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% equivalent while loop
x =1; % step 1
while (x < 15) % step 2
disp (x)
X =x + 2; % step 3
end

4.4. Nested loops

For and while loops can be placed inside each other, such loops are
called nested loops. The necessary condition is that the first statement
and end statement of the nested for or while loop must be placed
between the beginning and the end of the loop in which they are nested.
Fig. 4.1 shows one of the possible schemes of nested loops.

Nested loops are an effective tool for working with matrices.
Example 4.5 shows how variables of outer and nested loops change

when the program is running.

- for
~for

- end
~for
while
[while

end
end

[for
end
_end

- while

-end
—-end

Fig. 4.1. Nested loops
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Example 4.5.

1:3

for x
for y 1:2
fprintf ('x=
end
end

%.0f and y= %.0f\n',x,vy)

Running this code leads to the following result:

x= 1 and y=1
x= 1 and y= 2
x= 2 and y= 1
x= 2 and y= 2
x= 3 and y= 1
x= 3 and y= 2
Thus,

the variables of the inner loop change faster than the variables of the outer loop.

The fprintf command in this case acts as follows: prints the string x=, then the first
variable after the comma (that is, the variable x) in the format $.0f (floating-point

number and zero decimal places), then the string and y= and the second variable after

the comma (that is, the

In Example 4.

variable y) in the same format, and finally goes to a new line.

6, the transformation of a matrix into a vector

consisting of the elements of the matrix taken line by line is considered.

Example 4.6.
% M is the given matrix
[r, c] = size (M) % size statement evaluates the dimensions of the
argument; in this case, the number of rows of the
array M is written into the variable r, and the
number of columns in the variable c
V = []; % initialization of vector V as an empty set
for col = 1l:c % loop through columns
for row = 1l:r % loop through rows
V(end + 1) = M(row,col); % the value of the element of the
matrix M in the row (row) and column (col) is
written in the element of vector V following the
last one, i.e. at each step of the inner cycle,
the length of the vector V increases by one, and
a number from the matrix M is written to the last
element of V
end
end
disp (V)
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If we take as the matrix M a magic matrix of size 4 as matrix M,

M = magic (4)

M =
16 2 3 13

5 11 10 8

9 7 6 12

4 14 15 1

then the vector V will look like this:
16 5 9 4 2 11 7 14 3 10 6 15 13 8 12 1

4.5. Efficiency

For and while loops are quite simple in structure and easy to
program. However, often they are not the most effective in terms of time
spent by the computer for their implementation. To determine the time
taken to perform an operation or a group of operations, the commands
tic and toc are provided in MatLab. The first of them starts a timer
clock, and the second stops it. Example 4.7 demonstrates how the
preliminary initialization of arrays, as well as the use of built-in
functions, speeds up the program.

Example 4.7. In this example, three programs are considered, each of which creates a
vector of length 1 000 000, filled with ones.

In the first, most naive case, one element is added to the vector at each step of the
cycle, and the value equal to one is written in it:

clear; % removing all variables from RAM
tic; % start a timer clock
for j = 1 : 1000000
x(J) = 1;
end
time = toc % the elapsed time in seconds is written in variable
time

In this case we get the following result:
time =

0.464753821381304
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Now pre-initialize the vector x, creating an array of the required size, filled with
zeros. In this case, MatLab will allocate the necessary memory for all 1000000 elements
of the vector x, and will not allocate additional space for each element at each step of
the loop, as in the first case:

clear; % removing all variables from RAM

o

tic; % start a timer clock
x = zeros(1,1000000) ;
for j =1 : 1000000
x(3) = 1;
end
time = toc

On the same computer, the second program will give the result, several times faster than

the first:
time =

0.081696345144139

Now we get the vector x using the built-in MatLab function:

clear; % removing all variables from RAM

o

tic; % start a timer clock
x = ones(1,1000000) ;
time = toc

In this case, the calculation is even an order of magnitude faster:
time =

0.004765046808881

4.6. Debugging

An important skill in programming is the ability to detect an error if
the program does not work or produces wrong result. In general case,
the process of localization of the error requires tracking the values of the
variables. In the case of loops, this is quite simple. Example 4.8 shows a
code that calculates Fibonacci numbers, and the values of all current
variables are displayed on the screen at each iteration of the loop, as
well as the iteration number. This technique of debugging the program
allows you to quickly localize and fix the error.
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Example 4.8.

A =1;
B =1;
C = A + B;
count = 3;

)

% the first three Fibonacci numbers have already been
counted, these are A, B, and C
while (C < 100000)
fprintf ('A: %.0f, B: %.0f, C: %.0f, count: %$.0f A\n’,
A,B,C,count) ;

A = B;

B =C;

C = A + B;

count = count + 1;
end

If somewhere in the program an error is made, and the program stops for any reason,
then the values of all variables that they took immediately before the error will be
displayed on the screen.

Practice

4.1. Write for loop that prints numbers in the column from 0.3 to
2.7 with 0.2 increments. Rewrite this loop in while loop.

4.2. Using for loop, write a function steps2 that calculates the
sum of numbers from 1 to n with increment of 2, where n is the
argument of the function. Rewrite this loop in a while loop.

4.3. Write a code that calculates and displays the following table of
values:

1

2 4

3609

4 8 12 16

5 10 15 20 25
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4.4. Write a program that calculates the approximate value of e~! by
the following expression:
1 1\"
—-= (1 - —) .
e n
The loop should be executed until the difference between the tabulated
and approximate value becomes less than 0.0001. On the screen, it is

necessary to give the exact value e™1, the approximate value, and the
iteration number n, at which the required accuracy was achieved.

4.5. Write a program that displays the elements of the input vector
vec in the form of sentences. For example, for the vector vec =
[3.31 2.3 4.87] the result should be

Element 1: 3.31

Element 2: 2.30
Element 3: 4.87

The length of the input vector vec can be arbitrary.
4.6. With the use of loops calculate the sum from the Practice 1.4.

Use the statements tic and toc, and compare the calculation time
using loops and using elementwise operations.

46



5

2D-plots

5.1. Simple plot

MatLab has powerful capabilities for creating graphical objects.
Often, when writing a scientific article in a certain journal, there is a
need to format all the drawings and plots in accordance with a given
template. The most effective way in this case is to write a script that sets
the parameters of all graphic objects in the drawing.

A simple plot can be constructed using plot function. The script
presented in Example 5.1 creates a plot of the function y(x) =

cos(6x) e"z, specifies the color and style of the line, determines the
parameters of the axes and their notation, and adds the legend to the
plot. The result is shown in Fig. 5.1.

Example 5.1.

function simple plot

x = linspace(-3,3,300); setting the grid of points in which the
function will be calculated
y = cos(6*x).*exp(-x.72); calculation of function values

figure(l) % creating graphics window #1

plot(x,y,'k', 'LineWidth',2) % plotting; the width of the Dblack
line is 2

axis ([-2.75 2.753 -0.85 1.05]) % setting the limits for the axes
set (gca, 'LineWidth',1l) % thickness of axis lines

set (gca, 'FontName', 'Trebuchet MS') % setting the font for the
notation on the axes

set (gca, 'FontSize', 8) % setting the size of the notation for the
axes

set (gca, 'FontWeight', 'bold') % setting the bold font of the
notation for the axes

xlabel ('x"', 'FontName', 'Trebuchet MS', 'FontAngle', 'italic',
'FontSize', 10, 'FontWeight', 'bold') % specifying the x-axis name
and style

ylabel ('y=£f(x)"', 'FontName', 'Trebuchet MS', 'FontAngle',
'italic', 'FontSize', 10, 'FontWeight', 'bold')
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leg = legend('y(x)=cos (6x)e"{-x"{2}} ', 'Location', 'NorthWest');
specifying the legend in the upper right corner of the plot

set (leg, 'Box', 'off', 'FontName', 'Trebuchet MS', 'FontAngle',
'italic', 'FontSize', 10, 'FontWeight', 'bold') % specifying the

parameters and the style of the legend

y(x)=cos(6x)e“‘2

y=f(x)

Fig. 5.1. Plot of the function y(x) = cos(6x) ex’

The color and style of the graph line are specified as a parameter of
the plot function by a string variable (in the Example 5.1 'k' means
black color). Tables 5.1 — 5.3 provide several attributes of graph lines,
such as the color of the line, the shape of markers and the line style.

Table 5.1
Colors of plot lines
Symbol Color Symbol Color
b Blue m Magenta
c Cyan r Red
g Green W White
k Black y Yellow
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Table 5.2

Shapes of markers

Symbol Shape Symbol Shape

0 [ ] S [ |
d ¢ * *
h ® v v
p * < 4
+ + > [ 2

. A A

Table 5.3

Line styles

Symbol Line Symbol Line
- Dashed : Dotted
- Dash dot - Solid

5.2. Plot with errors

To create a plot with errors, errorbar function can be used. It acts
the same as plot function, but has an additional vector argument which
contains error values for each point. Example 5.2 shows the use of this
function. The function set in the Example is a universal MatLab
function, and is used to set the properties of any object being its
argument. In this case, gca function specifies the object which is the
current axis. In addition to gca, functions gcf (specifying the current
graphic window) gco (specifying the current graphic object) can be
used. After the object, its attributes and the values of these attributes are
listed, for example: set (gco, 'Propertyl', ‘'Valuel',
"Property2', 'Value2'). The plotis shown in Fig. 5.2.

Example 5.2.

o

x = linspace(0,1,10); % setting the grid of points on the x-axis
from 1 to 10 in increments of 1
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y = sin(4*x).*tan(x); % calculation of the function in these
points

e = 0.08*%ones(1,10); % specifying the error values; in this case
0.08 for each point

errorbar (x,vy,e, 'r', 'LineWidth',2.5, '"Marker','d’', 'MarkerSize', 8, '"Ma
rkerEdgeColor', 'k', 'MarkerFaceColor', 'k') % drawing the plot with
errors and setting line properties

axis([-0.1 1.1 -1.3 0.6]) % setting the limits for the axes

set (gca, 'LineWidth',1) % thickness of axis lines

set (gca, 'FontName', 'Trebuchet MS') % setting font for the
notation on the axes

set (gca, 'FontSize', 8)

set (gca, 'FontWeight', 'bold')

xlabel ('x"', 'FontName', 'Trebuchet MS', 'FontAngle', 'italic',
'FontSize', 10, 'FontWeight', 'bold')

ylabel('y"', 'FontName', 'Trebuchet MS', 'FontAngle', 'italic!',
'FontSize', 10, 'FontWeight', 'bold'")

leg = legend('Plot with errorbars', 'Location', 'Best');

set (leg, 'Box"', 'on', 'FontName', 'Trebuchet MS', 'FontAngle',
'italic', 'FontSize', 10, 'FontWeight', 'bold')

0.6 T T T T T T

0.4 .

0.2 -

X

Fig. 5.2. Plot with errors
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5.3. Multiple plots in one figure

The function subplot (i, j, k) is used to construct several plots in
one graphical window. In this case, the graphic window is divided into a
matrix of i graphical subwindows horizontally and j graphical
subwindows vertically. The parameter k denotes the number of the
current subwindow and is counted from the upper left corner line by
line.

Example 5.3 shows the construction of four plots in one graphical
window.

0.5

1500

0.8 1

i 1000
0.6f 1

-
= x
0.4 =
500
0.2
0 . L¥: 0
0 2 4 6 B 10

Fig. 5.3. Multiple plots in one graphical window

The first plot is drawn in a logarithmic scale along the X axis using
semilogx function. The line color is specified in this case in RGB
coordinates (for example, black color corresponds to the coordinates
[0,0,0], white to [1,1,1], red to [1,0,0], etc.).

The second plot shows a family of curves defined parametrically by

t+e3 a t—t3
tir Y t4+1

the parameter t: x = a (Bernoulli lemniscate). The
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statement hold on retains plots in the current graphical window so that
new plots added do not delete existing plots. The color of the curve
varies depending on the parity of the parameter a.

The third graph is a graphical solution of the equation 0.1x = cos x2.

The fourth graph shows an example of constructing a histogram of
the normal distribution from N = 10000 random points using the
function hist.

The command print -dtiff -r400 figure.tif at the end of
the example saves the contents of the graphical window to a tiff-file
named figure.tif with resolution of 400 dots per inch.

Example 5.3.

figure (1)
subplot(2,2,1)

x = linspace (10”7 (-2),20,1000);
y sin(x) .*cos (x);

semilogx (x,y, 'Color',[0.12,0.35,0.14], 'LineWidth',2.5) % The
plotting the graph in the logarithmic scale along the x axis
axis([0.008 23 -0.52 0.521])

set (gca, 'LineWidth',1)

set (gca, 'FontName', 'Trebuchet MS')

set (gca, 'FontSize', 8)

set (gca, 'FontWeight', 'bold'")

xlabel ('x', 'FontName', 'Trebuchet MS', 'FontAngle', 'italic',
'FontSize', 10, 'FontWeight', 'bold')
ylabel('y', 'FontName', 'Trebuchet MS', 'FontAngle', 'italic',

'FontSize', 10, 'FontWeight', 'bold'")

subplot(2,2,2)

t = [-20:0.001:20]; % setting the grid for the parameter t
for a =1 : 10

X = a*(t+t.”3)./(t.”4+1); % computing x on the grid of t
y = a*(t-t.”3)./(t.”4+1); % computing y on the grid of t

if mod(a,2) == 0 % checking the parity of the parameter a
plot(x,y,'Color',[0.95,0.38,0.14], 'LineWidth', 3)

else
plot(x,y,'k', 'LineWidth', 3)

end

hold on

end

set (gca, 'LineWidth',1)
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set (gca, 'FontName', 'Trebuchet MS')

set (gca, 'FontSize', 8)

set (gca, 'FontWeight', 'bold')

xlabel ('x"', 'FontName', 'Trebuchet MS', 'FontAngle', 'italic',
'FontSize', 10, 'FontWeight', 'bold'")

ylabel('y', 'FontName', 'Trebuchet MS', 'FontAngle', 'italic',
'FontSize', 10, 'FontWeight', 'bold')

subplot (2,2, 3)
x1 = linspace(0,10,1000);

vl cos (x1l) ."2;
y2 = 0.1*x1;

plot(xl,yl,"'--r', 'LineWidth', 2)

hold on

plot(xl,y2,'b', 'LineWidth', 3)

axis ([0 10 0 11)

set (gca, 'LineWidth',1)

set (gca, 'FontName', 'Trebuchet MS')

set (gca, 'FontSize', 8)

set (gca, 'FontWeight', 'bold')

xlabel ('x"', 'FontName', 'Trebuchet MS', 'FontAngle', 'italic',
'FontSize', 10, 'FontWeight', 'bold'")

ylabel('y', 'FontName', 'Trebuchet MS', 'FontAngle', 'italic',
'FontSize', 10, 'FontWeight', 'bold'")

subplot (2,2,4)

r = randn(l1,10000); % wvector of 10000 random numbers normally
distributed on the interval [0,1]

hist(r,20) % drawing a histogram with 20 columns

set (gca, 'LineWidth',1)

set (gca, 'FontName', 'Trebuchet MS')

set (gca, 'FontSize', 8)

set (gca, 'FontWeight', 'bold'")

xlabel ('x"', 'FontName', 'Trebuchet MS', 'FontAngle', 'italic',
'FontSize', 10, 'FontWeight', 'bold')
ylabel ('N(x)', 'FontName', 'Trebuchet MS', 'FontAngle', 'italic',

'FontSize', 10, 'FontWeight', 'bold'")

print -dtiff -r400 figure.tif

5.4. Plot with two different vertical axes

Quite often there is need to draw a graph of two functions defined on
one segment but having a very different scale of values. In this case it is
convenient to plot a graph with two different vertical axes. This can be
done using the plotyy function. Example 5.4 gives one possible variant
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of such plotting, where graphs of functions y = 100e™%* +
+1000e19% and y = e~*~25 gre drawn in one graphical window. In
addition to the specifying the vectors of data and function values, the list
of arguments of plotyy function contains also string arguments
defining the scale of the corresponding axis. In this case the logarithmic
scale of y axis for the first plot and the usual axes for the second plot;
the parameters of the axes and lines for the first and second plots are
written in the variables zaxes, zlinel, =zline2, respectively. To

create complex axes notations, the syntax of the LaTex language is
used. The plot is shown in Fig. 5.4.
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X
Fig. 5.4. Plot with two different vertical axes
Example 5.4.

x = linspace(0,5,1000);

yl = 100*exp (-2*x) + 1000*exp (-10*x) ;
y2 = exp(-(x-2.5)."2);
figure (1)

[zaxes, zlinel, zline?2]

plotyy(x,v1l,x,y2, " 'semilogy’, 'plot');
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set (zaxes (1), 'LineWidth', 1, 'FontName', 'Trebuchet
MS', 'FontSize', 8, 'FontWeight', 'bold')

set (zaxes (2), 'LineWidth', 1, 'FontName', 'Trebuchet
MS', 'FontSize', 8, 'FontWeight', 'bold')

set (zaxes (2), 'XTickLabel','') % disabling of notation on the
second x axis

xlabel (zaxes (1), 'x','FontName', 'Trebuchet MS', 'FontAngle',
'italic', 'FontSize', 10, 'FontWeight', 'bold')

ylabel (zaxes (1), 'y=100e"{-2x}+1000e"{-10x}", 'FontName',
'Trebuchet MS', 'FontAngle', 'italic', 'FontSize', 10,
'FontWeight', 'bold'")

ylabel (zaxes (2), 'y=e"{-(x-2.5)"2}', 'FontName', 'Trebuchet MS',
'FontAngle', 'italic', 'FontSize', 10, 'FontWeight', 'bold'")

set(zlinel, 'LineWidth', 3)
set(zline2, 'LineWidth', 2)

o

grid(zaxes(l),'on') % turn on the grid for the first plot

5.5. Plot with frames

To create a frame on a graph that demonstrates, for example, the
behavior of a function on a certain segment on an enlarged scale, the
function axes can be used, which creates new coordinate axes in the
current graphics window. In Example 5.5, axes function has Position
argument specifying the position of the new axes; the first pair of values
of this argument defines the position of the origin of the new axes
relative to the graphics window ([0,0] corresponds to the left bottom
point, [1,1] to right upper one), and the second pair of values determines
the length of the axes (the length equal to one corresponds to the entire
graphics window). Fig. 5.5 shows the result of the script of
Example 5.5.

Example 5.5.

x = linspace(0,2*pi,1000) ;
yl = sin(x).*(cos(15*x))."2;
y2 = sin(x);

figure (1)
plot(x,yl, 'b', 'LineWidth', 2)
hold on

plot(x,vy2,'r', 'LineWidth"', 3)

axis ([0 2*pi -1 1])

set (gca, 'LineWidth',1)
set (gca, 'FontName', 'Trebuchet MS')
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set (gca, 'FontSize', 8)

set (gca, 'FontWeight', 'bold')

xlabel ('x', 'FontName', 'Trebuchet MS', 'FontAngle', 'italic',
'FontSize', 10, 'FontWeight', 'bold'")

ylabel ('y=sin (x)cos”"2(1l5x)"', 'FontName', 'Trebuchet MS',
'FontAngle', 'italic', 'FontSize', 10, 'FontWeight', 'bold'")

axes ('Position', [0.25 0.2 0.2 0.2]); % the second pair of axes
x = linspace(2.64,3.64,100);

yl = sin(x).* (cos(15*x)) ."2;

y2 = sin(x);
plot(x,yl, 'b', 'LineWidth',1.5)

hold on

plot(x,y2,'r', 'LineWidth',2.5)
axis([2.64 3.64 -0.5 0.51])

set (gca, 'LineWidth',1)

set (gca, 'FontName', 'Trebuchet MS')
set (gca, 'FontSize', 8)

set (gca, 'FontWeight', 'bold'")
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Fig. 5.5. Plot with a frame
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6

3D-plots

6.1. Histograms

Many of MatLab functions related to the construction of 2D-plots
have 3D analogues, differing from 2D ones by the presence of "3" in the
name. For example, the function bar3 allows drawing 3D histograms
(Example 6.1, Fig. 6.1).

Example 6.1.
mat = spiral(5) % function spiral returns a square matrix whose
elements are integers increasing from the center
of the matrix to its edges
mat =
21 22 23 24 25
20 7 8 9 10
19 6 1 2 11
18 5 4 3 12

17 16 15 14 13

figure
subplot(1l,2,1)

bar3(mat) % 3D histogram of spiral matrix

set (gca, 'LineWidth',1)

set (gca, 'FontName', 'Trebuchet MS')

set (gca, 'FontSize', 8)

set (gca, 'FontWeight', 'bold'")

zlabel ('z', 'FontName', 'Trebuchet MS', 'FontAngle',6 'italic',
'FontSize', 10, 'FontWeight', 'bold')

subplot(1,2,2)

bar3(l./mat) % 3D histogram of a matrix in which each element is
the inverse of the corresponding element of the
spiral matrix

set (gca, 'LineWidth',1)

set (gca, 'FontName', 'Trebuchet MS')

set (gca, 'FontSize', 8)

set (gca, 'FontWeight', 'bold'")

zlabel ('z', 'FontName',6 'Trebuchet MS', 'FontAngle', 'italic',
'FontSize', 10, 'FontWeight', 'bold')
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Fig. 6.1. 3D histograms

6.2. Linear plots in 3D

The function plot3 (Example 6.2) is a three-dimensional analogue
of the plot function. The function plot (x,y,z), where x,y,z are
vectors of the same length, draws a line passing through the points in
space with coordinates (x,y,z). If x,y, z are matrices of the same size,
then plot (x,y,z) draws a family of lines, each corresponding to one
column of the matrices (x, y, z).

Example 6.2. Consider a plot of a line in 3D (Fig. 6.2).

t = linspace(0, 10*pi, 500); % a vector of 500 points uniformly
distributed on a segment from 0 to 10m
figure

plot3(sin(t),cos(t),t,'r', 'LineWidth',3) % plot of line in 3D

set (gca, 'LineWidth',1)

set (gca, 'FontName', 'Trebuchet MS')

set (gca, 'FontSize', 8)

set (gca, 'FontWeight', 'bold')

xlabel('sin(t) ', 'FontName', 'Trebuchet MS', 'FontAngle',K 'italic',
'FontSize', 10, 'FontWeight', 'bold')

ylabel ('cos(t) ', 'FontName', 'Trebuchet MS', 'FontAngle', 'italic',

'FontSize', 10, 'FontWeight', 'bold'")

zlabel ('t', 'FontName', 'Trebuchet MS', 'FontAngle', 'italic',
'FontSize', 10, 'FontWeight', 'bold')

grid on
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cos(t) sin(t)

Fig. 6.2. Plot of a line in 3D

The function view (a, b) allows setting the viewing point angle of a
3D plot (Example 6.3, Fig. 6.3). The parameter a determines the
rotation angle (in degrees) in the xy plane, and the parameter b is the

ascent angle relative to the xy plane. By default, these values are a =
—37.5; b = 30.

Example 6.3.
t = linspace(0,6*pi, 500);
figure

subplot (2,2,1)

plot3(sin(t),cos(t),t,'r', 'LineWidth',3) % default 3D view

set (gca, 'LineWidth',1)

set (gca, 'FontName', 'Trebuchet MS')

set (gca, 'FontSize', 8)

set (gca, 'FontWeight', 'bold'")

xlabel ('sin(t) ', 'FontName', 'Trebuchet MS', 'FontAngle', 'italic',
'FontSize', 10, 'FontWeight', 'bold')

ylabel ('cos(t) ', 'FontName', 'Trebuchet MS', 'FontAngle',K 'italic',
'FontSize', 10, 'FontWeight', 'bold'")

zlabel ('t', 'FontName', 'Trebuchet MS', 'FontAngle', 'italic',
'FontSize', 10, 'FontWeight', 'bold')

grid on

title('3D")
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subplot (2,2,2)

plot3(sin(t),cos(t),t,'g', 'Linewidth', 3)

view (0, 90)

set (gca, 'LineWidth',1)

set (gca, 'FontName', 'Trebuchet MS')

set (gca, 'FontSize', 8)

set (gca, 'FontWeight', 'bold')

xlabel ('sin(t) ', 'FontName', 'Trebuchet MS', 'FontAngle', 'italic',
'FontSize', 10, 'FontWeight', 'bold'")

ylabel ('cos(t) ', 'FontName', 'Trebuchet MS', 'FontAngle',K 'italic',
'FontSize', 10, 'FontWeight', 'bold')

zlabel ('t', 'FontName', 'Trebuchet MS', 'FontAngle', 'italic',
'FontSize', 10, 'FontWeight', 'bold'")

grid on

title('Look at the plane xy') % axis notations are automatically

adjusted depending on the viewing angle; in this case, the
notation for the z-axis is not shown

subplot (2,2, 3)

plot3(sin(t),cos(t),t,'b', 'Linewidth', 3)

view (0, 0)

set (gca, 'LineWidth',1)

set (gca, 'FontName', 'Trebuchet MS')

set (gca, 'FontSize', 8)

set (gca, 'FontWeight', 'bold')

xlabel('sin(t) ', 'FontName', 'Trebuchet MS', 'FontAngle',K 'italic',
'FontSize', 10, 'FontWeight', 'bold')

ylabel ('cos(t)', 'FontName', 'Trebuchet MS', 'FontAngle',K 'italic',
'FontSize', 10, 'FontWeight', 'bold')

zlabel ('t', 'FontName', 'Trebuchet MS', 'FontAngle', 'italic',
'FontSize', 10, 'FontWeight', 'bold'")
grid on

title('Look at the plane xz')

subplot(2,2,4)

plot3(sin(t),cos(t),t,'m', 'LineWidth', 3)

view (90,0)

set (gca, 'LineWidth',1)

set (gca, 'FontName', 'Trebuchet MS')

set (gca, 'FontSize', 8)

set (gca, 'FontWeight', 'bold'")

xlabel ('sin(t) ', 'FontName', 'Trebuchet MS', 'FontAngle', 'italic',
'FontSize', 10, 'FontWeight', 'bold')

ylabel ('cos(t) ', 'FontName', 'Trebuchet MS', 'FontAngle',K 'italic',
'FontSize', 10, 'FontWeight', 'bold'")

zlabel ('t', 'FontName', 'Trebuchet MS', 'FontAngle', 'italic',
'FontSize', 10, 'FontWeight', 'bold')

grid on

title('Look at the plane yz')
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Fig. 6.3. Use of view function

6.3. Surfaces

The main functions used to draw 3D surfaces z = f(x, y) in MatLab
are mesh, surf and meshgrid (Example 6.4). The function mesh is
used to draw wireframe surfaces (Fig. 6.4), and the surf function plots
a colored parametric surface; the color is determined by the value of z
for each calculated point (Fig. 6.5).

Example 6.4.

[x,v,2] = sphere(l5); % the built-in function sphere(n) returns
vectors x, y, z of length n+l containing the
coordinates of the unit sphere

figure

mesh (x,y,z) % creation of a wireframe surface of a sphere
set (gca, 'LineWidth',1)

set (gca, 'FontName', 'Trebuchet MS')

set (gca, 'FontSize', 8)

set (gca, 'FontWeight', 'bold'")

title('Wireframe surface of a sphere')
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figure

surf (x,vy,z) % creation of a surface of a sphere

set (gca, 'LineWidth',?2)

set (gca, 'FontName', 'Trebuchet MS')

set (gca, 'FontSize', 8)

set (gca, 'FontWeight', 'bold'")

title('Surface of a sphere')

colorbar % Adding to the picture a legend containing information
on the dependence of the color on the value of z

Whreframe surface of  sphere

Fig. 6.4. Wireframe of a sphere drawn by use of mesh function

Surface of  sphere.

Fig. 6.5. Surface of a sphere drawn by use of surf function
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With the use of the function meshgrid (Example 6.5, Fig. 6.6), a
grid of points in the xy plane is defined, on which the function z =
f(x,y) is calculated; then the matrices x, y, z are used when referring to
mesh Oor surtf.

Example 6.5.

u=linspace(-5,5,81); % u is a vector of length 81 with coordinates
uniformly distributed on the segment from -5 to 5
v=linspace(0,10,81);
[x,y]=meshgrid(u,v); % in this case, function meshgrid specifies
the square 81x81 matrices x and y
z1=3*sin(x) .*cos(y); % calculation of function values at points
(%,¥)

figure

surf (x,y,z1) % 3D-surface zl

set (gca, 'LineWidth',1)

set (gca, 'FontName', 'Trebuchet MS')
set (gca, 'FontSize', 8)

set (gca, 'FontWeight', 'bold'")
xlabel ('x'),ylabel('y'),zlabel('z")
title('3D-surface and plane')

hold on

z2=0*x + 1; % definition of a plane intersecting the z-axis at
point 1; the statement 0*x creates a matrix of
zeros of the size of the matrix x, then 1 is added
to the whole matrix; similarly, z2 could Dbe
specified by the statement z2 = ones(size(x))

mesh (x,vy,2z2) % plane z2

hold off

The functions meshc and surfc (Example 6.6) supplement,
respectively, the wireframe and the surface with contour graphs (Fig.
6.7), showing levels of the same height.

Example 6.6.

[X,Y,Z2] = peaks; % peaks is built-in MatLab function specifying
the coordinates of points of the surface with two maxima

figure

surfc(X,Y,2)

axis([-3 3 -3 3 -10 5]) % range of axes

set (gca, 'LineWidth',1)

set (gca, 'FontName', 'Trebuchet MS')

set (gca, 'FontSize', 8)

set (gca, 'FontWeight', 'bold'")
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3D-surface and plane
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Fig. 6.6. Function meshgrid. Used to specify a grid in the xy plane for calculating
values of z = f(x,y) function
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Fig. 6.7. Wireframe surface with countour plot
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3D surface can be filled in various ways (Fig. 6.8). Example 6.7
illustrates several options.

Example 6.7.

figure

subplot (1,3,1)

sphere (16)

axis square % axes of the same scale

shading flat % flat shading, grid is not displayed
set (gca, 'LineWidth',1)

set (gca, 'FontName', 'Trebuchet MS')

set (gca, 'FontSize', 8)

set (gca, 'FontWeight', 'bold')

title('shading flat')

subplot (1,3,2)

sphere (16)

axis square

shading faceted % the default shading, grid is displayed
set (gca, 'LineWidth',1)

set (gca, 'FontName', 'Trebuchet MS')

set (gca, 'FontSize', 8)

set (gca, 'FontWeight', 'bold')

title ('shading faceted')

subplot (1, 3, 3)

sphere (16)

axis square

shading interp % the matrix of colors 1is calculated by
interpolation; grid is not displayed; color
change becomes smooth

set (gca, 'LineWidth',1)

set (gca, 'FontName', 'Trebuchet MS')

set (gca, 'FontSize', 8)

set (gca, 'FontWeight', 'bold')

title('shading interp')

shading flat shading faceted shading interp

Fig. 6.8. Different surface filling options
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6.4. Examples

Example 6.8 shows the use of various palettes (Fig. 6.9).

Example 6.8.

[x,vy] = meshgrid(-3:0.01:3); grid of points in xy plain
z = peaks (x,V);

figure

surfl(x,y,z); % function surfl builds a surface and adds a light
source to the image

shading interp % gradient fill

colormap gray % gray palette

axis([-3 3 -3 3 -8 8]) % setting scales of the axes

set (gca, 'LineWidth',1)

set (gca, 'FontName', 'Trebuchet MS')

set (gca, 'FontSize', 8)

set (gca, 'FontWeight', 'bold')

figure

surfl(x,v,z);

view ([25 25]) % change the viewing angle
shading interp

colormap copper % palette of copper colors
axis([-3 3 -3 3 -8 8])

set (gca, 'LineWidth',1)

set (gca, 'FontName', 'Trebuchet MS')

(
set (gca, 'FontSize', 8)
(gca, 'FontWeight', 'bold')

set

L & A N o N B oo ®

Fig. 6.9. Use of various palettes
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In Example 6.9, various ways of constructing contour graphs are
shown (Fig. 6.10).

Example 6.9.

figure
colormap jet % one of build-in palettes

subplot(2,2,1)

[x,y,2z] = peaks;

contour (x,v,z,30) % contour plot of function peaks with 30 level
lines

set (gca, 'LineWidth',1)

set (gca, 'FontName', 'Trebuchet MS')

set (gca, 'FontSize', 8)

set (gca, 'FontWeight', 'bold'")

subplot(2,2,2)

[c,h] = contour(x,vy,z,8); % contour plot with 8 1level lines;
matrix c contains data defining the contour lines

set (gca, 'LineWidth',1)

set (gca, 'FontName', 'Trebuchet MS')

set (gca, 'FontSize', 8)

set (gca, 'FontWeight', 'bold'")

clabel (c,h, 'FontName', 'Trebuchet MS','FontSize', 5, 'FontWeight',
'bold') % function clabel(c,h) inserts numbers along the level
lines

subplot (2,2, 3)

pcolor(x,y,z) % '"pseudocolors"; the color of each point 1is
determined by the wvalues of the nearest point with coordinates
(%,v,2)

shading interp

set (gca, 'LineWidth',1)

set (gca, 'FontName', 'Trebuchet MS')
set (gca, 'FontSize', 8)

set (gca, 'FontWeight', 'bold'")

subplot(2,2,4)
contourf(x,y,z,15) % space between the level lines is filled with
one color

set (gca, 'LineWidth',1)
set (gca, 'FontName', 'Trebuchet MS')
set (gca, 'FontSize', 8)

(

set (gca, 'FontWeight', 'bold'")
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Fig. 6.10. Various contour plots

Example 6.10 shows various ways of visualizing vector fields
(Fig. 6.11, 6.12).

Example 6.10.
figure

subplot(1,2,1)

[x,v,2] = peaks;

[dx,dy] = gradient(z,.5,.5); % calculation of the gradient of
function z with increment 0.5 along the x axis and along the vy
axis

contour (x,v,z,10) % contour plot with 10 level lines

hold on

quiver (x,y,dx,dy) % plotting arrows denoting a vector field; the
length and direction of the arrows are determined by arrays dx and
dy; in this case these are the gradients of the function z

hold off

set (gca, 'LineWidth',1)

set (gca, 'FontName', 'Trebuchet MS')
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set (gca, 'FontSize', 8)
set (gca, 'FontWeight', 'bold'")
title('Vector field on the contour plot')

subplot (1,2,2)

[nx,ny,nz] = surfnorm(x,y,z); % calculation of normals to the
surface

surf (x,v,2z)

hold on

quiver3(x,y,z,nx,ny,nz) % drawing arrows denoting a vector field,
the length and direction of the arrows are determined by arrays
nx, ny and nz; in this case these are the normals to the surface z
hold off

set (gca, 'LineWidth',1)

set (gca, 'FontName', 'Trebuchet MS')
set (gca, 'FontSize', 8)

set (gca, 'FontWeight', 'bold'")

title('Normals to surface')

Fig. 6.11. Field of gradients
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Normals to surface

Fig. 6.12. Mapping of normals to a surface

In Example 6.11 the mapping of Hadamard matrix onto a spherical
geometry is considered (Fig. 6.13).

Example 6.11.

k=5;

n=2"%k -1;

theta = pi*(-n:2:n)/n; inclination angle of a spherical coordinate
system

phi = (pi/2)*(-n:2:n)'/n; % azimuth angle; the transposition of
the phi vector (') 1is used to enable matrix multiplication and to

compute x,v,z; 1f transposition is not wused, then element-wise
operation should be used

x = cos (phi)*cos(theta); % alculation of coordinates of a sphere

y = cos(phi) *sin(theta);

z = sin(phi) *ones (size (theta));

colormap ([0 O O0; 1 1 1]) % a color palette of only two colors,
white and black

c = hadamard(27k); % the statement hadamard(n) computes the

Hadamard matrix of order n; the Hadamard matrix consists of
numbers 1 and -1, its columns are orthogonal; it is used in such
areas as combinatorics, numerical analysis, signal processing, and
also in quantum computation
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surf (x,v,z,c) % drawing a sphere of unit radius, each segment of
which 1is colored corresponding to the element of the Hadamard
matrix

axis square % axes of the same length
axis off % do not show axes

Il
\
\

l
)
\

I

Fig. 6.13. Hadamard matrix on a sphere
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5

Sorting

7.1. Basis states and matrices

The purpose of this section is to use selection statements, loops, and
plot construction statements to write the simplest algorithms for sorting
arrays and searching for an element in an ordered array.

A task of search and sorting arises in numerical modeling of
quantum systems in the context of formation of basis functions of the
system, as well as in constructing matrices of quantum operators in the
chosen basis. It is easier to understand this problem with the help of a
simple mathematical example.

Consider a system of three boxes and two identical balls placed in
them. Obviously, there are six possible states in the system (see
Fig. 7.1). We call these states the basis of the system.

1 [ Jee]
2 [ e [ o]
3 Jeel |
4 o] Je]
5[ e | e | |
6lee| | |

Fig. 7.1. The basis for the system of three boxes and two balls

If the balls were different, for example, black and white, then to the
situation with one ball in the second box and one in the third box would

correspond two possible configurations (Fig. 7.2, left). If the balls are
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the same, i.e. indistinguishable, then there is only one configuration
(Fig. 7.2, right).

L O

@) ®

Fig. 7.2. Distinguishable (left) and indistinguishable (right) balls

Now let's have some device A, which works as follows: it shifts one
ball from the third box to the second one. Let's see how the matrix
reflecting the operation of this device will look in the basis shown in
Fig. 7.1.

The matrix 4 will consist of the matrix elements 4;;, where the index

ij>
of the column j corresponds to the number of the initial state, and the
index of the row i to the state that is obtained from the state j after it is
acted on by A. For example, if we take the state 1 (i.e., the index j is 1),
in which both balls are in the third box, then after shifting one of the

balls into the second box, the state will be as shown in Fig. 7.3.

A oo | —— ° °

Fig. 7.3. Under the action of device A4, the left state transfroms to the right state

It can be seen that some other state was obtained that is different
from state 1. To determine the value of the index i, it is necessary to
find this state in the basis. At this point, the problem arises of finding the
obtained state in the initial basis. Looking at Fig. 7.1 we see that the
state that is obtained from state 1 is state 2. Hence,

4 _{1, if i=2;
100, if i #2,

since under the action of A state 1 goes to state 2 and to no other;
therefore, the first column of matrix A is as follows:
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Columns 3, 5 and 6 in matrix A will be zero, since in these states the
third box is empty, and there is nothing to shift. Similarly, state 2 under
the action of A goes to state 3, and state 4 goes to state 5; the final form
of matrix A is as follows:

000000
10000 0
A-|l0 10000
0000 0O
\000100/
000000

After the matrix reflecting the action of the device A has been obtained,
it can be treated as a conventional matrix. For example, in order to find
out what happens to the states of a basis, if they are acted on by A twice,
it is sufficient to raise the matrix A to the square:

000000
000000
2|1 00000
00000 OF
000000
000000

this means that the double action of A4 leads to the transition of state 1 to
state 3, and all other matrix elements are zero, since only in state 1 there
are two balls in the third box.

Thus, some operator is introduced in the basis shown in Fig. 7.1, and
a matrix corresponding to this operator is constructed in this basis by
means of the action of this operator on the basis functions.

74



When modeling quantum systems, it is often necessary to form
matrices of linear operators in bases consisting of a very large number
of states, so if the procedure for finding the desired state in the basis is
not organized in an efficient manner, the process of forming matrices
can take a long time. The procedure for finding the desired state will be
effective and fast only if the states of the basis are numbered not
randomly, but in accordance with a specific scheme. For example, with
each of the states shown in Fig. 7.1 a number can be associated, each
digit of which will reflect the number of balls in the corresponding box
(Fig. 7.4).

It is seen that the numbers corresponding to the states of the basis are
ordered in ascending order, therefore, it is not difficult to organize an
effective procedure for finding the desired state in such a basis. For this
purpose, for example, a fast and easy-to-implement bisection method is
suitable.

| [ee|—> 002

| o | o |—> 011

[e o] |—> 020

| e |— 101

1
2
3
4
5

|

|

|

[ o

le[e] [—>110
lee] | |—>200

Fig. 7.4. The correspondence of the basis states and numbers sorted in ascending order

6

Depending on the specific task, sorting of states can be performed
according to different criteria. As a rule, effective built-in search
procedures are available for numerical simulation, but sometimes there
are situations when you have to sort manually, without using built-in
functions. Next, we will consider some of simple types of sorting.

75



7.2. Sorting by insertion

In this sorting method, the elements of an unordered array are
scanned one at a time, and each next element is inserted into a suitable
place among the previously ordered ones (Fig. 7.5).

101 122
~
110 12 2

1 10 12 2
-—
1 2 10 12

Fig. 7.5. Sorting by insertion.
Gray background shows ordered elements

The time expenditures for sorting by insertion are of the order of N2
operations, where N is the number of elements in the unordered array.
This sorting method is inefficient. Example 7.1 shows the MatLab code,
which sorts an array of random numbers by insertion.

Example 7.1

function [key, t] = vstavka (i)

% 1 - number of elements to be sorted

key = rand(i,l); % creation of a vector containing i random
numbers

o

tic % starting the time counter
N = length(key); % the length of the vector key
for k = 2 : N % loop over all elements of the array
for 1 = 1 : k-1 % at each step of the k loop, key(k) is
compared to already ordered elements

if key(l) > key(k)

a = key(k); % auxiliary variable
form =k : -1 : 1+1
key(m) = key(m-1); % all previously ordered elements

that are larger than key (k) are
shifted one position to the right
end
key(l) = a; % key(k) 1is inserted in a place with the
numper 1
end

end
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end
t

toc; % the time counter stops, and the elapsed time is written
in variable t

7.3. Sorting by selection

In this sorting method, the smallest (or largest) element is selected
from the unordered array and somehow separated from the others, then
the smallest (largest) element of the remaining elements is selected, and
so on (Fig. 7.6). This sorting method, like sorting by insertion, requires
about N2 operations.

7.4. Sorting by exchange

In this sorting method, two elements change places if they are not
ordered (Fig. 7.7), this process is repeated until all possible pairs of
elements are selected.

101 12 2
1,10 12 2
e~

1020 10 12
17210 12
1 2 10 12

Fig. 7.6. Sorting by selection.
Gray background shows ordered elements
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2 10 1 12

2
A
1 10 12 2
1 10 12 2
2.3 1 10 12 2
1
1
1

14

10 12 2
~

2 12 10
A
2 10 12

Fig. 7.7. Sorting by exchange. Gray background shows ordered elements. The left
column shows the numbers of elements that are compared at the current step

2+4

3-4

The time expenditures for this sorting method are of the order of
N?/2 operations, this method is more economical compared to the
previous ones and is often used in standard mathematical packages. A
block diagram of the algorithm is shown in Fig. 7.8; in this algorithm, in
addition to sorting the elements of the original key array, an array of
indices ind is also created which contains pointers on the ordered
elements of the key array.

7.5. Optimized method

The sorting methods presented above will perform sorting in a
reasonable time when the number of elements is of the order of several
thousand. For greater number of elements, sorting will slow down, and
more effective methods are needed. One way to speed up sorting
algorithm is to move not between individual elements, but between
blocks of several tens or hundreds of elements.

78



key: initial unsorted array of N elements.
ind: array of indices for array key;
initially ind =[123 4 ... N]

v

loop over i from 1 to N-1

¥

‘ i1 = key(i}
i2 = ind(i)
K=i

¥

4 loop over j from i to N

yes

i1 = key(j)
i2 = ind(j)
K=j

end of loop

ho

s

key(i) = i1
ind(K) = ind(i}

{ key(K) = key(i)
ind(i) = ind(i2)

|

end of loop

A

array of N elements into clusters with k =
(with this cluster size, the speed of the sorting method described below
will be maximal). The number of clusters in the full array will also be of
the order of k, and in the last cluster there will be k' < k elements,
where k' is the remainder of the integer division of N by k (Fig. 7.9).
Within each of the clusters, ordinary sorting (for example, by the
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Fig. 7.8. Control-flow chart of sorting by exchange

Consider one of such optimal sorting. We divide the entire unordered

3vVN < N elements in each

2
exchange method) is carried out, which will take about k(k?)



1) 5702941386

2) 5 2 1 6
7 9 3
0 4 8§

3)) 0 2 1 6
5 4 3
7 9 8

Fig. 7.9. Preparing an unordered array for optimal sorting:
1) the original array of ten elements;
2) the array is divided into blocks of three elements,
while in the last block there is one element;
3) sorting within each block

Next, we look at the minimal elements in each cluster (since all
clusters have already been ordered, the minimal element in each cluster
will be the first element) and choose the smallest of them. This process
will take an order of k operations. The selected element is placed in a
new array, in which the ordered elements will be accumulated, and is
deleted from the cluster where it was located (Fig. 7.10). In this case, it
is necessary to monitor the number of elements in each cluster and not
consider clusters from which all elements have been moved to an
ordered array. Filling the entire ordered array will take about k?
operations, i.e. will be even faster than the original sorting; therefore,
the algorithm of optimized sorting will require an order of k3~N3/2
operations.

— g
1 (0 2 1 6] 0
5 4 3
7 9 8
o
2[5 21 6 0
7 9 3 1
4 8
3)5236\0
7 9 8 1
4 2

4)

Fig. 7.10. Optimized sorting
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The method presented is not the most optimal one. There are
techniques that provide the sorting time of ~Nlog, N operations.

Practice

7.1. Implement algorithms for sorting one-dimensional arrays of
arbitrary numbers:

1) by choice;

2) by insertion;

3) by exchange;

4) by the optimized method.

Sort 500, 1000, 2000, 4000, 8000, ... numbers by each of the
methods and plot the dependence of the sorting time on the number of
elements in the array for each method. At what number of elements does
the optimized method become more efficient?

7.2. There is an array of N different numbers arranged in ascending
order. Implement the algorithm for finding the position of a given
element in an array:

1) by direct search;

2) by bisection method.

Plot the dependence of the search time on the length of the array N
for each of the methods. Compare the efficiency of the two algorithms.

7.3. There is an array of N different numbers ordered in ascending

order. Construct and implement the algorithm for finding the position of
a given element in an array by bisection method for each digit.
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8

Working with files

8.1. Writing to a file

When using data from external sources, as well as saving
information for its subsequent processing, it becomes necessary to use
functions for working with files.

There are three main methods for working with files: reading
information from a file, writing information to a file (creating a file),
and adding information to a file. Files in general can have arbitrary
types and extensions. Here we consider files with the extensions .dat,
.txt, .mat, which are most often used when working with MatLab.

The function save is used to write information from a matrix
variable to a file or to create a file with a given matrix variable:

save filename matrixvariablename -ascii

The argument -ascii is used to create files in text format. For
example,

mymat = rand(2,3)

mymat =
0.4565 0.8214 0.6154
0.0185 0.4447 0.7919

save testfile.dat mymat -ascii

The given set of commands will create a file testfile.dat, in which
the matrix

(0.4565 0.8214 0.6154)

0.0185 0.4447 0.7919
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will be written in text format. If the file testfile.dat already exists,
then this set of commands will rewrite it.

The function type is used to display the contents of a file:

type mymat

4.5646767e-001 8.2140716e-001 6.1543235e-001
1.8503643e-002 4.4470336e-001 7.9193704e-001

To add information to the file, the optional argument -append is
used:

mat2 = rand (3, 3)

mat2 =
0.9218 0.4057 0.4103
0.7382 0.9355 0.8936
0.1763 0.9169 0.0579

save testfile.dat mat2 -ascii -append

As a result of executing these commands, the file testfile.dat is
changed, and now contains the following data:

0.4565 0.8214 0.6154
0.0185 0.4447 0.7919
0.9218 0.4057 0.4103
0.7382 0.9355 0.8936
0.1763 0.9169 0.0579

8.2. Reading from a file

To read data from a file, the function 1oad can be used. If the file
has .txt or .dat extension, then after reading the file, a matrix
variable with the same name as the file name will be created. For
example,
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load testfile.dat

who % query for all variables in the workspace

Your variables are: testfile

testfile

testfile =
0.4565 0.8214 0.6154
0.0185 0.4447 0.7919
0.9218 0.4057 0.4103
0.7382 0.9355 0.8936
0.1763 0.9169 0.0579

The function 1oad works only when each row of the file has the
same number of values, so the information can be stored as a matrix
variable, since the function save can only store matrix variables. In

other cases, statements of low-level communication with the file system
should be used.

8.3. Functions of low-level communication with the file system

Working with files with the use of functions of low-level
communication with the file system consists of three phases: opening a
file; reading from a file or writing to a file; closing a file.

To open a file, the function fopen is used. By default, fopen opens
the file for reading. To open a file in a different mode, for example, to
write in it or to modify it, an additional string argument is used. If the
function fopen returns -1, it means that the file was opened
unsuccessfully. If the file was opened successfully, then a positive
integer value is returned, which corresponds to the file identifier. This
identifier is used later to call the low-level functions. For example,
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fid = fopen('filename', 'permission string'); % here
fid is the file identifier, permission string is a
string argument

The string argument can take the following values:
r — to read data from a file;

w — to write data to a file (or to create a file);

a —to add data to a file.

After using fopen, the value of the returned file identifier should be
checked to determine if the file was opened successfully. For example,
fid = fopen('samp.dat');
if fid == -1

disp('File can not be opened')
else

[

% Commands for working with a file

end

After the work with a file is completed, the file should be closed.
This is done by fclose function, which returns 0 if the file is closed
successfully, or -1 if the file could not be closed. Files can be closed
individually by use of their identifiers, or you can close all the files
together using a1l argument. For example,

closeresult = fclose(fid);

closeresult fclose('all');

The value returned closeresult should also be checked:

fid = fopen('filename', 'permission string');
if fid == -1

disp('File can not be opened')
else
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% Commands for working with a file

closeresult = fclose(fid);
if closeresult ==
disp('File is closed successfully')
else
disp('File can not be closed')
end
end

There are several functions of low-level communication with the file
system, intended for reading data from files. The function fscanf reads
formatted data into a matrix variable and uses special arguments for
type conversion, such as %d for integers, %s for string data, and %£ for
floating point numbers. The function textscan reads text information
from a file and saves it as a cell array, also using special arguments for
type conversion. The functions fgetl and fgets read from a file line
by line, the difference between them is that fgets preserves the end-of-
line character, and fgetl removes the end-of-line character. Before
using all the above functions to read data from a file, the file should be
opened, and closed after reading the data.

Typically, the functions fgetl and fgets are used inside for or
while loop. The functions fscanf and textscan can read all the
information from a file into one variable. It can be assumed that these
two functions occupy an intermediate place between load function and
such low-level functions as fget1. When working with them, no for or
while loop is required, the whole file will automatically be read into
one variable.

The function fgetl provides more control over the process of
reading data from a file, compared to other reading functions. The
function fgetl reads one line from the file in the form of a string
variable, then this variable can be converted with the help of string
functions. Since the function fgetl reads one line only, it is usually
placed in a loop that reads the file to the end. The function feof returns
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logical one if the end of the file is reached, and logical zero otherwise.
Thus, it is possible to write an algorithm for reading information from a
file:

an attempt is made to open the file;
checking whether the file was opened successfully or
not;
if the file is opened successfully, then a loop runs until
the end of the file is reached;
for each line of the file:
reading line into a string variable (string);
converting of the data read;
an attempt is made to close the file;
checking whether the file was closed successfully or
not; .

In MatLab, the above algorithm corresponds to the following code:

fid = fopen('filename'); % if the function fopen 1is
used without additional arguments, then the
argument 'r', which is set by default, is used

if fid == -1
disp('File can not be opened')
else
while feof(fid) == 0 % Reading a single line in

a string variable
aline = fgetl (fid);
% Here vyou should use string functions to
extract numbers, strings, etc. from the string
variable aline.

end
closeresult = fclose(fid);
if closeresult == 0
disp('File is closed successfully')
else

disp('File can not be closed')
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end
end

The condition in the while loop can be interpreted as "doing a loop
until the end of the file is reached." This condition can be written in an
alternative way:

while ~feof (fid)

Suppose there is a file called subjexp.dat, which contains in each
line a number, followed by a space and a certain character. Using the
function type, you can display the data stored in this file:

type subjexp.dat

= w N g
=W N W
oo 0 oW

Such a file can not be read into a matrix variable using the function
load, since it contains both numbers and text. However, using the
function fget1, you can read this file line-by-line into string variables,
and use string functions to format the data.

Example 8.1.

fid = fopen('subjexp.dat');
if fid == -1
disp('File can not be opened')
else
while feof (fid) == 0
aline = fgetl (fid);
[num, charcode] = strtok(aline); % splitting a string into
a number and a character
fprintf ('%$.2f %$s\n', str2double (num), charcode)
end
closeresult = fclose(fid);
if closeresult ==
disp('File is closed successfully')
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else
end

As a result of the above commands, we get:

.30
.20
.30
.40
.10
File is closed successfully

B w N o
(ORI VI o1}

In Example 8.1, at each iteration of the loop, the function fget1 reads
one line into the string variable aline. The function strtok splits the
line into two lines with the names num and charcode. Next, the type
of variable num is converted to a floating-point number using the
function str2double.

The function fscanf can be used to read data from a file into a
matrix variable:

mat = fscanf (fid, 'format', [dimensions])

Here the function fscanf reads data from the file with the identifier
fid into the matrix variable mat. The variable format must contain
special arguments for type conversion. The dimensions of the matrix
variable mat are determined by the variable dimensions; if the
number of values in the file is not known, then the value of inf should
be used. Example 8.1 can be rewritten with the use of the function
fscanf as follows:

fid = fopen('subjexp.dat');
mat = fscanf (fid, '%.2f %s',[2, inf])

mat =

.30
.20
.30
.40
.10

= w N oo
oo o O
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fclose (fid) ;

Example 8.2 shows the use of the function fscanf to handle data
with complicated format.

Example 8.2. Suppose that there is a file mymeas .dat, which contains the following
data: the first line contains the file header that should be ignored; the second line
contains the number of measurement blocks; the third line is empty; then the
measurement blocks follow. The measurement blocks are also a complex construction:
each block consists of three parts, the first part containing information about the
measurement time, the second about the date, then four lines of four measurement
values in each:

Measurement Data

N=3

12:00:00

01-Jan-1977

4.21 6.55 6.78 6.55
9.15 0.35 7.57 NaN
7.92 8.49 7.43 17.06
9.59 9.33 3.92 0.31
09:10:02

23-Aug-1990

2.76 6.94 4.38 1.86
0.46 3.17 NaN 4.89
0.97 9.50 7.65 4.45
8.23 0.34 7.95 6.46
15:03:40

15-Apr-2003

7.09 6.55 9.59 7.51
7.54 1.62 3.40 2.55
NaN 1.19 5.85 5.05
6.79 4.98 2.23 6.99

Such a file can be read in the format of structure:

filename = 'mymeas.dat'; % name of the file
measrows = 4; % number of lines
meascols = 4; % number of columns

fid = fopen(filename); opening the file
finfo = dir(filename) ; reading file information
fsize = finfo.bytes; % determining the size of the file

3
]
3
]
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if fsize > 0 % if the file is not empty, then

)

3 reading the top of the file and writing the wvalue to the
variable N

N = fscanf (fid, '%*s %$*s\nN=%d\n\n', 1);

% reading the file in blocks

block = 1;

while ~feof (fid) % until the end of the file is reached
% reading and writing into the structure mystruct of

variables mtime, mdate, means

% read mtime as string data, one line

mystruct (block) .mtime = fscanf (fid, '%s', 1);

o

% read mdate as string data, one line
mystruct (block) .mdate = fscanf (fid, '%$s', 1);

o

3 read meas as floating point variables, four lines, four
values in each line

mystruct (block) .meas = fscanf (fid, '$f',
meascols])'; % (2D array)

[measrows,

block = block + 1; % block iterations
end
end

fclose (fid); % close the file

The function dir is used to read the file information into the object of type
‘structure’ £info, which is then used to determine the file size. Reading the file in the
structure mystruct is done by blocks, the number of which is determined by the
second line of the file. Each block of the structure is divided into three parts, which are

written to the corresponding cells of the structure mtime, mdate or meas by the
function fscanf.

Another function of low-level communication with the file system is
textscan. The function textscan reads information from a file and
stores it as a cell array:

cellarray = textscan(fid, 'format');
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As in the case of the function fscanf, the format variable must
contain special characters for type conversion, and fid is the file
identifier. The variable format describes the type of columns in the cell
array cellarray. For example:

fid = fopen('subjexp.dat');
subjdata = textscan(fid, '$f %c');
fclose (fid)

The argument $f %c means that each line of the file contains a
floating-point number, one character, and a space between them. The
function textscan creates an array subjdata consisting of two cells.
The first cell is a column containing numbers; the second column
contains the symbols:

subjdata
subjdata =
[5x1 double]

subjdata{l}
ans = 5.3000
.2000
.3000
.4000

1.1000
subjdata{2}
ans =

Sow N

oo oo

There are several functions of low-level communication with the file
system in MatLab for writing data to a file. As in the case of other low-
level functions, the file must first be opened, and closed after all the
information is written.

The function fprintf writes data to a file line-by-line:
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fprintf (fid, 'format', variable);

The function fprintf returns the number of bytes that were written to
the file. The writing is performed to the file with the identifier £id. By
default, if there is no file identifier, fprintf prints the information to
the screen, since the screen is the main output device. The variable
format must contain special arguments for type conversion. The
variable variable contains data for writing. For example:

A} ]

fid = fopen('tryit.txt', w'); % argument 'w' means
that the file 1s being created (or
rewritten) to write information in it
for i = 1:3
fprintf (fid, 'Uwka %d\n', 1i);
end
fclose (fid);

In order to check what was written into the file tryit.txt, let read it
line by line using the function fgetl:

fid = fopen('tryit.txt');

while ~feof (fid)

aline = fgetl (fid);
disp(aline)

end

Loop 1
Loop 2
Loop 3
fclose (fid) ;

The function fprintf can also be applied to matrix variables:

mat = [20 14 19 12; 8 12 17 5]

mat =
20 14 19 12
8 12 17 5
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fid = fopen('randmat.dat','w');
fprintf (fid, '$d %d\n’,mat);
fclose (fid) ;

type randmat.dat

20 8
14 12
19 17
12 5

In order to correctly write the matrix variable mat, the second
argument $d %d\n is written in fprintf, which means that the matrix
to be written consists of two columns. Further, since mat is a matrix
variable, the function 1oad can be used to read information from the file
randmat.dat:

load randmat.dat
>> randmat

randmat =
20 8
14 12
19 17
12 5
randmat' % transposing randmat, the form of the
variable mat can be restored
ans = 20 14 19 12
8 12 17 5

The function fprintf can also be used to add data to a file. In this
case, the file should be opened by the function fopen as follows:

fid = fopen('filename', 'a')
The second argument means that the file is opened to add data to it.
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8.4. Mat-files

In addition to the above functions of low-level communication with
the file system intended for working with files of type .dat, .txt, etc.,
MatLab has functions that read variables from or write variables to
special files with the extension .mat. These files are called mat-files.
These files are different from files with the extensions .dat, . txt, etc.;
among other things, they contain the names of variables and their types.
Mat files are written in binary format.

Variables can be read from, written or added to the mat-file:

save filename variablename

Here filename is the name of the file (without the extension);
variablename is the stored variable. With the use of the function
save it is possible to save variables of any type, including matrix ones:

mymat = rand(3,5);
save mat mymat

who -file mat

Your variables are:
mymat

To add a variable to the mat-file, an additional argument -append
is needed:
x = 1:6;
save —-append mat x
who -file mat
Your variables are:

mymat x % there are now two variables in the file
mat.mat: mymat and x

The function 1oad is used to read variables from a mat-file:

load filename variable list
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Here filename is the file name (without extension); variable list
is the list of loaded variables; by default, the function 1oad reads all the
variables at once:

who

load mat

who

Your variables are:
mymat x
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9

Working with strings

9.1. Simple ways to create strings

Strings in MatLab can consist of any number of characters enclosed
in single quotes. In fact, strings are also vectors where each element
represents a single character; this means that strings support some vector
operations and functions. MatLab has a lot of built-in functions written
specifically for working with strings.

There are many uses of strings, even in areas that are predominantly
considered numeric. For example, when a file consists of a combination
of numbers and symbols, it is often necessary to read each line of the
file as a string, split the lines into parts, and convert parts containing
numbers to numeric variables that can be used in further calculations.

Below are examples of strings:

X
'Cat'’
'Cat house'
'123"

Substrings are parts of strings. For example, 'house' is the
substring of the string 'Cat house'. Symbols are numbers, alphabet,
punctuation marks, spaces, and special characters. Special characters
are symbols that are not shown when displayed on a screen.

There are several ways to specify a string. One of them is the use of
the assignment statement:

word = 'cat';
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Another way is to type a string using the function input. The use of
the 's' key as the second argument of the function is mandatory, since
this key describes the variable as a string:

strvar = input ('Enter a string: ', 's')
Enter a string: xyzabc

strvar =
xyzabc

9.2. Representing strings as vectors

Strings are vectors of symbols or, in other words, vectors, each
element of which is a single symbol. Hence, some vector operations can
be applied to strings. For example, to find the number of characters in a
string, the function length can be used:

length('cat")
ans =
3
length (' ")
ans =
1
length('")
ans =
0

It is possible also to refer to a single character of a string (a character in
a string) or to a subset of characters:

mystr = 'Hi';
mystr (1)
ans =
H
sent = 'Hello there';
length (sent)
ans =
11
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sent (4:8)
ans =
lo th

The result of creating a column-vector of strings is a matrix of
characters:

wordmat = ['Hello'; 'Howdy']
wordmat =
Hello
Howdy

size (wordmat)
ans =
2 5 % The variable wordmat is a 2x5 character
matrix

It is possible to refer to a single character or to a single line:

wordmat (2, 4)

ans =
d
wordmat (1, :)
ans =
Hello

The strings within the matrix must always be of the same length. Short
lines should be completed with spaces so that all lines have the same
length; otherwise an error occurs:

greetmat = ['Hello'; 'Goodbye']

Error using vertcat

Dimensions of matrices being concatenated are not
consistent.

greetmat = ['Hello '; 'Goodbye']
greetmat =
Hello
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Goodbye

size (greetmat)
ans =

9.3. String functions

The concatenation of strings means their joining. Since strings are
also vectors, it is obvious that vector concatenation methods work with
strings. For example, one string can be created from two others:

first = 'Cat';
last = 'house';
[first last]
ans =

Cathouse

It should be noted that the names of variables (or strings) must be
separated by a space in parentheses, but there are no spaces between the
strings after they are concatenated.

The function strcat concatenates strings horizontally:

first = 'Cat';
last = 'house';

strcat (first, last)
ans =
Cathouse

If there are spaces in strings, the above concatenation methods are
significantly different. The method using square brackets combines all
characters, including all spaces:

strl = '"xxx '
str2 =" yyy's;
[strl str2]
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ans =

length (ans)
ans =
12

The function strcat removes last spaces in a string before
concatenating, but at the same time does not remove opening spaces:

strcat (strl, str2)
ans =
XXX Yvyy

length (ans)
ans =

strcat (str2,strl)

ans =
YYYXXX

length (ans)

ans =

The function char is used to vertically concatenate strings by
creating row column-vectors (character matrices). The function char
automatically completes short strings with spaces, so that all rows in the
matrix have the same length:

greetmat = char('Hello', 'Goodbye')
greetmat
Hello

Goodbye

size (greetmat)
ans =
2 7
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9.4. Built-in functions for creating strings

The function blanks creates a string of n spaces:

blanks (4)
ans =

length (ans)
ans =

Typically, this function is most often used when concatenating strings
and specifying the number of spaces between them. For example, the
following code inserts five spaces between the words:

first = 'Cat';
last = 'house';
[first blanks(5) last]
ans =
Cat house

The function sprintf is also to create the strings in accordance with
a specific pattern. This pattern is specified in the first argument, which
contains special characters beginning with ¢ and defines the type of
variables that are inserted into the string as subsequent arguments. For
example, the special character $.2f denotes a floating-point variable
with two decimal digits, while $5d corresponds to an integer variable of
five digits, and the special character %s is used for a string variable:

sentl = sprintf ('The value of pi is %.2f', pi)
sentl =
The value of pi is 3.14

sent?2 = sprintf ('Some numbers: $5d, %2d', 33, 6)
sent?2
Some numbers: 33, 6

102



length (sent2)
ans =
23

In Example 9.1, the program is presented that reads data from the file
expnoanddata.dat which contains the number of the experiment
followed by experimental data:

123 4.4 5.6 2.5 7.2 4.6 5.3

Data from experiment 123
7.5 T T T T T T T T T

- . . . . .
1 1.5 2 2.5 3 3.5 4 4.5 5 5.5 [
Sample #

Fig. 9.1. The number of experiment is displayed in the title

Example 9.1

o

This program reads information from a file containing
number of experiment and experimental data. Then it makes
a plot and displays the number of experiment

in the title (Fig. 9.1)

o oo

o

load expnoanddata.dat

experNo = expnoanddata(l);
data = expnoanddata (2:end);
figure

plot(data, 'ro'")

xlabel ('Sample #')
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ylabel ('Weight')
title(sprintf ('Data from experiment %d', experNo))
set (gca, 'LineWidth',1)

set (gca, 'FontName', 'Trebuchet MS')
set (gca, 'FontSize', 8)
set (gca, 'FontWeight', 'bold'")

9.5. Removing spaces

There are functions in MatLab designed to remove spaces at the
beginning and at the end of the string.

The function deblank removes spaces at the end of the string. For
example, strings in the matrix of characters are completed with spaces,
so that their lengths would be the same, but you may need to remove
extra spaces in order to use the string in the original form:

names
names
Sue
Cathy
Xavier

char ('Sue', 'Cathy', 'Xavier')

namel = names (1, :)
namel
Sue

length (namel)
ans =

namel = deblank (namel) ;
length (namel)
ans =

The function strtrim removes both spaces at the beginning and at
the end of the string but does not touch any spaces inside it. For
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example, suppose that there are 3 spaces at the beginning, 4 spaces at
the end, and 2 spaces inside the string:

strvar
strvar

[blanks (3) 'xx' blanks(2) 'yy' blanks(4)]

length (strvar)
ans =
13

strtrim(strvar)
ans =
XX Yy

length (ans)
ans =

9.6. Changing register

MatLab has two functions upper and lower for changing register:
mystring = 'AbCDEfgh';
lower (mystring)

ans =
abcdefgh

upper (ans)
ans =
ABCDEFGH

9.7. String comparison

There are several functions for comparing strings that return a logical
one if the strings are equivalent, and a logical zero otherwise. The
function stcmp compares strings character by character. It returns a
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logical one when the strings are absolutely identical (which assumes that
they must be of the same length), or a logical zero if the strings are
different. It should be noted that in the case of string comparisons, the
comparison operator == is not valid. For example,

wordl = 'cat';
word2 = 'car';
word3 = ' cathedral';
word4 = 'CAR';

strcmp (wordl, word3)
ans =

strcmp (wordl,wordl)

ans =
1
strcmp (word2, word4)
ans =
0

The function strncmp compares only the first n characters in each
string and ignores the rest. The first two arguments of this function are
strings to be compared, the third argument is the number of characters:

strncmp (wordl, word3, 3)
ans =
1

There are also functions strcmpi and strncmpi, corresponding to the
functions strcmp and strncmp, but ignoring the differences of the
character registers:

strcmpi (word2, word4)

ans =
1
strncmpi (word3,word4, 2)
ans =
1
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9.8. Searching, replacing, and splitting

The function strfind takes two strings as arguments: a string and a
substring. The function finds all occurrences of a substring in a string
and returns the positions in the string from which the substring begins.
A substring can consist of either one character or several. If there are
several occurrences of a substring in a string, then the vector of
positions is returned. Note that only the positions of the beginning of a
substring are returned:

strfind('abcde', 'd')

ans =

4
strfind('abcde', 'bc')
ans =

2
strfind('abcdeabcdedd', 'd"')
ans =

4 9 11 12

If the substring does not appear in the string, then an empty vector is
returned:

strfind('abcdeabcde', 'ef'")
ans =

[]

In Example 9.2, a program is presented that counts the number of spaces
inside phrases. First, a vector of strings is created, consisting of phrases,
then using for loop, the number of spaces in each string is counted,
excluding the beginning and ending spaces.

Example 9.2.

phraseblanks.m

phrasemat = char('Hello and how are you?','Hi there everyone!',
'How is it going?', 'Whazzup?')
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[r c] = size(phrasemat);

for i = 1l:r

howmany = countblanks (phrasemat (i,:));
fprintf ('Phrase %d has %d blanks\n',i,howmany)

end

countblanks.m
function num = countblanks (phrase)
num = length(strfind(strtrim(phrase), ' '));

end

As a result of the program, the following will be displayed:

phraseblanks
phrasemat =
Hello and how are you?
Hi there everyone!
How is it going?
Whazzup?
Phrase 1 has 4 blanks
Phrase 2 has 2 blanks
Phrase 3 has 3 blanks
Phrase 4 has 0 blanks

The function strrep finds all occurrences of a substring in a string
and replaces them with a new substring. Function format:
strrep(string, old substring, new substring). For
example,

strrep ('abcdeabede', 'e', 'x")
ans =
abcdxabedx

All strings can be of different length, so a new substring need not be the
same length as the original.
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In addition to the functions that find and replace substrings in a
string, there are functions that separate the string into two substrings.
The function strtok divides the string into two parts. There are several
ways to call this function. The function takes a string as the first
argument, then the first delimiter is searched, which can be a single
character or a set of characters. By default, the delimiter is a space.
Function format is as follows:

[token, rest] = strtok(string)

The function returns the beginning of the string to the first delimiter as
variable token, and variable rest contains the rest of the string
including the first delimiter. For example,

sentencel = 'Hello there';
[word, rest] = strtok(sentencel)
word =
Hello

rest =

there

length (word)
ans =
5
length (rest)
ans =
6 % the space at the beginning is included

Any character can be specified as a delimiter. Function format in this
case is the following:

[token, rest] = strtok(string, delimeter)

For example, if you set the character '1' as the delimiter in the
example above, the result will be

[word, rest] = strtok(sentencel,'l')
word =
He
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rest =
1llo there

The characters corresponding to the delimiter at the beginning of the
string are ignored:

[firstpart, lastpart] = strtok(' materials science’)
firstpart =

materials % the leading space 1is ignored

lastpart =

science

9.9. String interpretation. Function eval

The function eval is used to interpret a string. If the string contains
a function call, the function will be executed. For example, the string
'plot (x) ' contains a call of the function plot:

x = [2 6 8 3];
eval ('plot(x)")

The function eval is often used when typing commands from the
keyboard. For example, the user selects which type of plot to use for
displaying data. The string entered by the user (in this case 'bar') is
concatenated with the string ' (x) ', thus creating the string 'bar (x) ',
which is interpreted by the function eval to draw a histogram:

x = [9 7 10 9];

whatplot = input ('What type of plot?: ', 's');
What type of plot?: bar $ keyboard input

eval ([whatplot '(x)'])

9.10. Functions of string definition
The function isletter returns logical unit for each character in the

string, if it is a symbol from the alphabet, and logical zero, if not. The
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function isspace returns logical unit for each character in a string if it
is a space:

isletter ('EK127")

ans =

1 1 0 0 0
isspace('a b'")
ans =

0 1 0

The function ischar returns logical unit if its argument is a vector
of characters, and logical zero, if not:

vec = 'EK127';
ischar (vec)
ans =

1
vec = 3:5;
ischar (vec)
ans =

0

9.11. Conversion between strings and types of numbers

To convert numbers to strings, the following functions are used:
int2str for integer values and num2str for floating-point numbers
(this function also works with integer values). For example,

num = 38;
sl = int2str (num)
sl =
38
length (num) % num is a number
ans =
1
>> length(sl) % sl is a string
ans =
2 %
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The function num2str for converting floating-point numbers to
strings can be called in several ways. If the argument is a number, then a
string will be created that contains four decimal places of the initial
number, which is the standard form of displaying floating-point
numbers in MatLab. The number of characters can be specified as an
integer argument, and the number of decimal places is set in the format
of the string:

str2 = num2str(3.456789)
str2 = 3.4568
>> length(str2)

ans =
6
>> str3 = num2str(3.456789, 3)
str3 =
3.46
>> str = num2str (3.456789, '$6.2f")
str =
3.46

The function st r2num converts a string to a number that is stored in
floating-point number (double) format:

num = str2num('123.456")
num =
123.4560

If the string contains several numbers separated by spaces, the function
str2num returns a vector (in the double format by default). For
example,

mystr = '66 2 111';
>> numvec = str2num(mystr)
numvec =
66 2 111
>> sum (numvec)
ans =
179
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The function str2double is similar to str2num and is preferable to
use. However, it can only be used to convert a scalar, it will not work
with the mystr variable.

Practice

9.1. Write a function that takes two input string variables: the name
filename and extension ext, and forms the filename filename.ext
from them.

9.2. Write a function that generates two random numbers in the range
from 10 to 99 inclusive. Then the function should concatenate these two
numbers into a string variable, for example, if numbers 17 and 43 are
generated, the result of the function will be the string 1743.

9.3. Write the function nchars, which generates a string of n
characters without using loops and selection statements:

nchars('s',7)
ans =

§&&&&&S&

Write a function that receives a list of words separated by ' /' character.
The function must return the same words separated by a space. The task
should be solved without using loops.

9.4. Write a function wordscr, which takes some word and then
rearranges the letters of this word in a random order, for example:

wordscr ('argument')
ans

argentum
wordscr ('argument')
ans

guterman
wordscr ('argument')
ans =

greatumn
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10

Functions

10.1. Functions that return multiple variables

Functions in MatLab can be divided into three categories:

1) functions that evaluate and return one variable;

2) functions that evaluate and return multiple variables;

3) functions that do not return variables.

Although the above classification of functions is relative, the
differences between these three types determine the format of the
function header, as well as the way in which functions should be
defined.

Each function in MatLab consists of the following parts: 1) the
function header; 2) a comment describing the purpose of the function; 3)
the body of the function, which includes the function code.

The function header includes the following elements:

e reserved word function;

e names (one or more) of the variables returned by the function
followed by operator = if the function returns any variable; in the case
that several variables are returned, the variable names must be enclosed
in square brackets;

o the name of the function (the name of the function must match the
name of the m-file containing this function);

e names (one or more) of the input variables enclosed in
parentheses Ha3BaHusI.

For example, the function sorting:
function [t, Asort, A] = sorting(R, n)
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has two input variables (R and n) and three output variables (t,
Asort, A). This function must be located on the hard disk in the file

sorting.m.

A function that returns multiple variables has the following general
form:

function [output variables] = name (input variables)

[

% comment describing the purpose of the function
Body of the function

In Example 10.1, a function is considered that calculates two values:
the area and perimeter of a circle.

Example 10.1.

function [area, circum] = areacirc (rad)

o°

areacirc returns area and perimeter of a circle
Format: areacirc(radius)

o°

area = pi * rad .* rad;
circum = 2 * pi * rad;

Example of use:
[a, c] = areacirc(4)
a =

50.2655

c =
25.1327

It should be noted that the order of the returned variables is important. In this example,
the function first returns the area, and then the perimeter of the circle.

The function help returns a comment that describes the purpose of the function
below the function header:

help areacirc

areacirc returns area and perimeter of a circle
Format: areacirc(radius)
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The function areacirc from Example 10.1 can be called from the
command line, as is shown in the example, or from the script. In
Example 10.2, the script areacirc call, which prompts the user for
the radius of the circle, calls the function areacirc to calculate the
area and perimeter of the circle, and outputs the result.

Example 10.2.
radius = input ('Input the radius of the circle: ');
[area, circ] = areacirc(radius);

fprintf ('For the circle of radius %.1f\n', radius)
fprintf ('the area is %.1f , the perometer is %$.1f\n', area, circ)

Example of use:
reacirc_call
Input the radius of the circle: 5
For the circle of radius 5.0

the area is 78.5, the perometer is 31.4

Example 10.3 shows a function that returns three variables: the
function takes the number of seconds and returns the number of hours,
minutes, and seconds.

Example 10.3.

function [hours, minutes, secs] = breaktime (totseconds)

o

function breaktime separates the total number of seconds into
hours, minutes, and seconds
Format: breaktime (total number of seconds)

o

o

hours = floor (totseconds/3600) ;

remsecs = rem(totseconds, 3600);
minutes = floor (remsecs/60);
secs = rem(remsecs, 60);
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Example of use:

[h, m, s] = breaktime(7515)

10.2. Functions that do not return variables

Many functions do not calculate variables, but only perform such
specific operations as outputting formatted information. The general
form of such functions is as follows:

function name (input arguments)
% comment describing the purpose of the function
Body of the function

In this case, there is no output variables in the function header, as well

as the "=" operator. In Example 10.4, a function is considered that
displays the numbers in a formatted form.

Example 10.4.

unction printem (a,b)

o

printem prints two numbers in the form of a sentence
Format: printem (numl, num2)

o
]

fprintf ('The first number is %.1f and the second number 1is
%$.1f\n',a,b)

Example of use:
printem(3.3, 2)

The first number is 3.3 and the second number is 2.0
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In all the examples presented so far, each function had at least one
input argument, which was displayed in the function header. This
method of calling functions has the name "call by value". In some cases,
functions do not require input variables. Consider a function that
displays a random real number with two decimal places:

function printrand()

printrand displays a random real number
Format: printrand or printrand()
fprintf ('Random number: %.2f\n', rand)

o
°
o
°

Example of use:
printrand()

Random number: 0.94

10.3. Anonimous functions

The advantage of anonymous functions is that they do not need to be
stored in a separate m-file. This can greatly simplify programs, since if
the repetitive calculations are simple, you can use anonymous functions,
thereby reducing the total number of m-files. Anonymous functions can
be created both in the command line, and in a script or function. The
syntax of an anonymous function is as follows:

fnhandlevar = @ (arguments) functionbody;

where fnhandlevar is a function handle that can be used to call the
anonymous function. The handle is returned using the @ operator and is
then assigned to the variable fnhandlevar. The arguments
arguments enclosed in parentheses correspond to the input arguments
of the function, as in ordinary functions. functionbody is a function
body that can contain any MatlLab expression. For example, an
anonymous function that calculates and returns the area of a circle can
be written in the following form:

cirarea = @ (radius) pi * radius ."2;
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The handle name for this function is cirarea. There is only one input
argument (circle radius). The body of the function is the expression
pi*radius.”2. The operator .~ The operator provides the possibility
of using the vector as an input argument. The function is called using a
handle. Calling an anonymous function is similar to calling an ordinary
function:

cirarea (4)

ans = 50.2655

areas = cirarea(l:4)
areas =

3.1416 12.5664 28.2743 50.2655

Unlike the functions stored in m-files, in the case of an anonymous
function, parentheses for input arguments must be present, even if the
input arguments are missing, for example:

prtran = @ () fprintf('$.2f\n',rand);
prtran ()

0.95

If only the handle name is specified in the command line, the contents of
the anonymous function is displayed:

prtran
prtran =

@ () fprintf('%.2f\n',rand)

Anonymous functions can be stored in mat-file and loaded later if
necessary:

cirarea = @ (radius) pi * radius ."2;

save anonfns cirarea
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A single mat-file can store several anonymous functions. This is their
advantage: anonymous functions do not need to be stored in separate m-
files, but can be grouped and stored in a single mat-file.

10.4. Using the function handle

A function handle can be created not just for anonymous functions,
but for an ordinary function. For example, when executing a command

facth = @factorial;
the operator @ calls the handle of the function factorial and stores it

in the variable facth. This handle can be used as a function to which it
1s attached:

facth (5)
ans =

120

One of the reasons for using function handles is the ability to use
functions as input arguments for other functions. For example, suppose
there is a function that creates a vector x. The vector y is created as
some function calculated at each point of the vector x, and after that a
plot of the dependence y(x) is drawn:

function fnfnexamp (funh)

fnfnexamp gets the function handle
and plots this function on the segment x
format: fnfnexamp (function handle)

o o oe

X 1:.25:6;

y funh (x) ;
plot(x,vy, 'ko")

xlabel ('x")

ylabel ("fn(x)")

title (func2str (funh))
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If we now use a standard function as the input argument, for example
sin, cos, or tan, without using operator @, then an error will occur:

fnfnexamp (sin)

Error using sin
Not enough input arguments.

Instead, the function handle should be used:

fnfnexamp (@sin)

The function func2str in the body of the function fnfnexamp
converts the name of the function handle into a string for further use in
the header of the plot.

Any handle of any function can be used as an input argument of the
fnfnexamp function. It should be noted that if a variable already
contains a function handle, its use as an input argument does not require
@ operator, for example:

fnfnexamp (cirarea)

There are a number of built-in functions in MatLab, the arguments of
which can be other functions. One of such function is fplot; this
function draws a plot of a function in a given range. The format of
fplot is as follows:

fplot (fnhandle, [xmin, xmax])

For example, to construct the function y = sin(x) on the interval
[—, 7], we need to use the handle of the function sin(x):

fplot (@sin, [-pi, pil)

Another example of such a built-in function is feval, which calls a
function by the handle with a specific input argument:

feval (@sin, 3.2)

ans =
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-0.0584

The function fzero finds the zero value of the function near the
specified value:

fzero(@cos,4)
ans =

4.7124

10.5. Variable number of arguments

Often there are situations where it is convenient to create a function
that allows the use of a variable number of both input arguments and
output variables. The built-in array of cells varargin can be used to
store a variable number of input arguments, and the array varargout is
used for the output variables. These wvariables varargin and
varargout have the type of cell array, because both input arguments
and output variables may have different types. The function nargin
returns the number of input arguments, and nargout determines the
number of variables returned by the function. In Example 10.5, a
function is considered that provides a variable number of both input and
output parameters [1].

Example 10.5. The task is to write a function whose input parameters are the
coordinates of a point (px,py), as well as the parameters of circles (x1,y1,7r1),
(x2,y2,72), ..., where xi, yi are the coordinates of centers of circles; ri are the radii of
the circles; the number of circles can be arbitrary. The function must determine whether
the given point lies within any circle, find the number of circles inside which the point
lies, and also give the numbers of these circles in the list of output arguments.

function [w, varargout] = point2(varargin)

o

the function determines if the given point with coordinates
(px, py) lies in circles with centers in (x1,vyl), (x2, y2), etc.
and radii rl, r2 etc.

o oo e

o

Usage:
w = point (px,py, [xl,yl,R1],[x2,y2,R2],...)
w is 1 if the point is in any circle, 0 otherwise
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[w, NC] = point(px,py,[x1,yl,R1l],[x2,y2,R2],...)
NC is equal to the number of circles containing the point

[w, NC, Nums] = point (px,py,[x1,y1,R1],[x2,v2,R2],...)

Vector Nums contains the numbers of circles in which the point
is located

defining the coordinates of the point from the first two cells
Xpoint = varargin{l};

Ypoint = varargin{2};

o0 d° o0 d° o° d° o oP

% Finding the number of given circles

% (the number of varargin cells without the first two)
Ncircle = length(varargin) - 2;

% Extraction of the coordinates of the centers and radii
for i = 1 : Ncircle

Xcircle (i) = varargin{i+2}(1);
Ycircle (i) = varargin{i+2} (2);
Rcircle (i) = varargin{i+2} (3);

end

w = 0;

NC = 0;

o

% Loop through circles
for i = 1l:Ncircle

Calculation of the distance from the point to the center of
the current circle
dist = sqgrt ((Xpoint-Xcircle(i))" 2+ (Ypoint-Ycircle(i))"2);

o
5
o
S

o

% Comparison of the distance with the radius of the circle
if dist <= Rcircle (i)

w = 1; % Required circle is found

% Increase the number of circles found

NC = NC + 1;

% Save circle number

Nums (NC) = 1i;

end

end

Record results in the output array of cells depending on the
number of output parameters

o° oe

if nargout ==
varargout{l} = NC;
elseif nargout ==
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varargout{1l} NC;
varargout{2} = Nums;
end

% Displaying data in a graphics window
figure;

% Drawing circles

t = 0:pi/20:2*pi;

for i = 1:Ncircle

Rcircle (i) *cos(t) + Xcircle(i);
y = Rcircle(i)*sin(t) + Ycircle(i);
plot (x,y)
hold on

end

X

% Drawing the point in red

plot (Xpoint, Ypoint, 'or')

hold off

axis square % equal scale of axes

Practice

10.1. Write an anonymous function that calculates the value of the
hyperbolic sine of the argument.

10.2. Write an anonymous function that receives two vectors x and y
of the same length, and a handle for drawing a plot. The function must
draw the desired type of the plot of the dependence of y on x, for
example:

fun (x, vy, @bar)

10.3. Write a function that receives a various number of input
parameters: length, width and depth. If only the first two parameters are
entered, the function must return the area of the rectangle; if all three
parameters are entered the function must return the volume of the
parallelepiped and the area of the rectangle of its base.
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11

Cell arrays

11.1. Creating a cell array

There is a data type in MatLab that is missing in most programming
languages, a cell array. The cell arra is an array, but unlike conventional
vectors and matrices, the elements of this array can contain variables of
different types.

There are several ways to specify a cell array. Suppose you want to
create an array of four elements, with the first element is an integer
number, the second is a character, the third is a vector, and the fourth is
a string. Cell arrays are specified using curly brackets. For example:

cellrowvec = {23, 'a', 1:2:9, 'hello'} % specifying a
cell array in the form of a row-vector
cellrowvec =
[23] 'a' [1x5 double] 'hello!

The cell array can also be specified as a column or matrix:

cellcolvec = {23; 'a'; 1:2:9; 'hello'} % specifying a
cell array as a column-vector
cellcolvec =
[23]
lal
[1x5 double]
'hello!

cellmat = {23 'a'; 1:2:9 'hello'} % specifying a cell
array as a matrix

cellmat =
[ 23] 'a'
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[1x5 double] 'hello!

The data type of a cell array in MatLab is named cel1:

class(cellmat) % determining the type of wvariable
cellmat

ans =
cell

Another way to create a cell array is elementwise assignment of
values to cells. In this case, if the size of the cell array is known in
advance, the cell array should be initialized first:

mycellmat = cell(2,2) % creation of cell array of
required dimension; cells are
created empty

mycellmat =
[] []
[] []

11.2. Displaying and reffering to elements of a cell array

There are two types of referring to cell array elements: referring to
the cell and referring to the cell contents.

When curly brackets are used, the contents of the cell is referred to;
this method of addressing is called indexing the contents of a cell. For
example:

cellrowvec{2}

ans =
a

class(ans) % determining the type of the wvariable
ans, to which the result of the
previous command was written

ans =
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[

char % type of variable ans is character

Similarly, to refer to the contents of the cells being the part of a
matrix structure:

cellmat{1l,1}
ans =
23

Assignment of values to elements of a cell array is also analogous to
the operation of assignment of values to matrix elements and vectors;
for example, for the array mycellmat initialized in 11.1, assignment
the value of 23 to the element in the first line and in the first column is
done as follows:

mycellmat{l,1} = 23
mycellmat =

When parentheses are used, the cell is referred to; such a method of
addressing is called cell indexing. For example,

cellcolvec (2)

ans =
lal

class(ans) % determining the type of the wvariable
ans, to which the result of the
previous command was written

ans =
cell % type of variable ans is cell

If the referred cell is itself a structure, only the type of this structure
will be displayed when the cell is indexed; the object itself can be
displayed when indexing the contents of the cell:
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cellmat(2,1)

ans =
[1x5 double] % this cell contains a
vector of length 5

cellmat{2,1} % this command displays the contents of
the vector

ans =
1 3 5 7 9

cellmat{2,1}(4) % a certain element of this wvector

can be referred to using
parentheses

ans =
5

There are several ways to display a cell array. The function
celldisp displays the contents of all elements:

celldisp(cellrowvec)

cellrowvec{l} =
23
cellrowvec{2} =
a
cellrowvec{3} =
1 3 5 7 9
cellrowvec{4} =
hello

The function cellplot displays the cell array in the graphics
window; this method does not display the contents of the array, but only
its structure (Fig. 11.1).
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Fig. 11.1. Displaying a cell array using the function cellplot

Many functions and operators that can be applied to vectors and
matrices are also applicable to cell arrays:

length (cellrowvec) % the length of the array
cellrowvec
ans =
4
size(cellcolvec) % dimensions of the array cellcolvec
ans =

4 1
cellrowvec{end} % the 1last element of the array
cellrowvec
ans =
hello

To delete an element from a cell array, cell indexing is used:
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cellrowvec

[23] 'a' [1x5 double] 'hello'
cellrowvec(2) = [] % deleting the second element
cellrowvec =

[23] [1x5 double] 'hello'

11.3. Storing strings in a cell array

One of the most useful features of cell arrays is the ability to store
strings of various lengths:

names = {'Andrew', 'Anton', 'Alexander'}

names =
Andrew' ' Anton' ' Alexander'

Each string has its own length and does not contain unnecessary
spaces. The length of each string can be displayed using the for loop:

for i = 1 : length(names)
disp (length (names{i}))
end
6
5
9

Using the function cellstr, an array of characters can be converted
into a cell array, with extra spaces being ignored:

[

greetman = char ('Hello', 'Goodbye"'") % creating a
character array

greetman =
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Hello
Goodbye

size (greetman)

ans =
2 7 % The first string is completed with two
spaces to ensure that all the
strings in the character array are
of the same length
cellgreets = cellstr (greetman) % converting a
character array to a cell array
cellgreets =
'Hello'
'Goodbye'

size (cellgreets{1l})

ans =
1 5 % the first element has a length of 5

Practice

11.1. Write a program that initializes three cell arrays, the first of
which contains several names (Andrey, Egor, Alexey, etc.), the second
contains several verbs (eats, likes, sees, etc.), and the third contains
several nouns (apples, stones, books, etc.). The program should
randomly select one item from each cell array and display the resulting
sentence on the screen.

11.2. Write the function buildstr, which has two input arguments:

a character and a positive integer n. The function has to create and

display an array of n cells, each of which contains a string of length

from 1 to n, with the first cell containing a string that matches the input

character, and each next line is obtained from the previous by attaching
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a character whose ASCII code is greater than the ASCII code of the
previous character by one. For example:

buildstr('m', 3)

The ASCII code of a character can be specified using the function
double:

double ('m")

ans =
1097
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12

Structures

12.1. Creating structures

The structures in MatLab are the way to represent data that has a
logical relation. This relationship is implemented in the form of fields.
Each field has its own name, which helps to make it clear what kind of
variable is stored in the structure. Structures are not arrays, so they do
not have indexing of elements; it is not possible also to implement
vector operations and loops on them.

A structure can be created simply by storing variables in fields with
the use of assignment operators or structure functions. Consider creating
a structure containing information about software that is being sold in a
certain store. The structure should consist of the following fields:
product numbers (article); purchase prices; sale prices; identifier of the
type of software. The structure for one of the products might look like
this:

Package

item_no cost price code

123 1999 3999 g

This structure has the name "Package" and contains four fields:

nn nn

"item_no", "cost", "price", "code".

One way to create a structure is to use the function struct. The
field names of a structure are specified using string variables, followed
by the value of this field:

package = struct('item no', 123, 'cost', 1999,
'price', 3995, 'code', 'g')
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package
item no:
cost:

price:

code:

123
1999
3995

lgl

o

°

class (package)
package

defining the type of the variable

ans

%

struct type of variable is structure

An alternative way to create structures that is less efficient than the
previous one is to use the dot operator "." to indicate fields within the
structure, for example:

package.item no = 123;
package.cost = 1999;
package.price = 3995;
package.code = 'g';

The structure can be completely assigned to another structure with
the help of the operator "="; both structures will have similar fields and
their contents. For example, below the variables of one structure are
copied to another structure, and then two fields are changed:

newpack = package;
newpack.item no
newpack.price

newpack

111;
3495

item no:

111

cost:
price:
code:

1999
3495

'g'

To display the structure, the universal function disp is used, which
shows all the fields and their contents:
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disp (package)
item no: 123

cost: 1999
price: 3995
code: 'g'

disp (package.cost)
1999

The function rmfield removes a field from the structure. This
function returns a structure with a deleted field, but does not change the
initial structure:

b = rmfield(package, 'code')

b =
item no: 123
cost: 1999
price: 3995

12.2. Using structures as function arguments

Both the entire structure and individual fields can be used as
arguments to a function. In Example 12.1, two versions of the program
that calculates the profit from the sale of software are considered. In the
first variant, the entire structure variable is used as the input argument,
and only some structure fields in the second.

Example 12.1.

function profit = calcprof (packstruct) % the input argument of the
function is the structure

profit = packstruct.price - packstruct.cost;
end

calcprof (package)
ans = 1996
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)

function ©profit = calcprof2 (oneprice, onecost) % the input
arguments of the function are the
values of fields of the structure

profit = oneprice - onecost;
end

o

calcprof?2 (package.price, package.cost) % 1n this ~case it 1is
necessary to specify the required fields
of the structure

ans = 19.9600

12.3. Vectors of structures

Many programs, such as programs for working with databases, use
vectors of structures to store information. There are several ways of
forming a vector of structures. One of them is the creation of structure
variables with the subsequent forming of a vector:

packages (1) = struct('item no', 123, 'cost', 1999,
'price', 3995, 'code', 'g');
packages (2) = struct('item no', 456, 'cost', 599,
'price', 4999, 'code', '1');
packages (3) = struct('item no', 587, ‘'cost', 1111,

'price', 3333, 'code', 'w');

An alternative way is to use the function repmat, which specifies a
vector of structures with predefined dimensions. Repmat creates a
matrix that contains copies of the first argument, for example:

example struct = struct('item no', 123, 'cost', 1999,
'price', 3995, 'code', 'g')

packages = repmat (example struct,1,3);

packages (2) = struct('item no', 456, 'cost', 599,
'price', 4999, 'code', '1');

packages (3) = struct('item no', 587, ‘'cost', 1111,

'price', 3333, 'code', 'w');
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Thus, in this variant, a matrix of dimensions 1 X 3 is created containing
copies of the structure example struct, and then the matrix elements
(vectors) are replaced element by element.

If you enter a variable name in the command line, only the size of the
vector of structures and the field names will be displayed:

packages

packages =
1x3 struct array with fields:
item no
cost
price
code

The variable packages is now a vector of structures, so each
element of the vector is a structure. To display the element of the vector
(i.e. one structure), indexing is needed:

packages (2)

ans =
item no: 456
cost: 599
price: 4999
code: '1'

To refer to the contents of a specific field, first the structure should
be referred to, and then the field. This means that first the indexing of
the structure vector should be done, and then the dot operator "." to refer
to the field:

packages (1) .code

ans = g

Thus, there are three levels of referring to this structure. The variable

packages, the highest level, is the vector of structures. Each element of
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the vector is a structure. The fields of each structure are the lowest level.
Let use the for loop to display the contents of packages:

for i = 1:length(packages)
disp (packages (i))
end

item no: 123

cost: 1999
price: 3995
code: 'g'

item no: 456
cost: 599
price: 4999
code: '1'

item no: 587

cost: 1111

price: 3333

code: 'w'

Using the dot operator ".", all values of the vector of structures
corresponding to a specific field name can be displayed:

packages.cost

ans = 1999
ans = 599
ans = 1111

These values can be stored as a vector:

pc = [packages.cost]

pc =
1999 599 1111
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Example 12.2 shows a function that receives a structure and displays
it on the screen in tabular form.

Example 12.2.

function printpackages (packstruct)

fprintf ("\nItem # Cost Price Code\n\n'")
no packs = length(packstruct);

for 1 = 1 : no_packs
fprintf ('$6d %6d %6d %$6c\n', ...
packstruct (i) .item no,
packstruct (i) .cost,
packstruct (i) .price,
packstruct (i) .code)

end

The function implements a loop of vector structure elements, and uses the dot operator
to display the contents of fields. Example of using printpackages:

printpackages (packages)

Item # Cost Price Code

123 1999 3995 g

456 599 4999 1

587 1111 3333 w
Practice

12.1. Implement a structure that contains information about the
elements of the Periodic table. The number of structure vectors, as well
as the field names, can be selected at your choice. Display the contents
of the structure on the screen.
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13

Fitting and interpolation

13.1. Polynomials

Often it is necessary to approximate the available tabular data of any
variable f at points {x;} on a segment [Xin, Xmax] by some function in
order to perform interpolation (i.e., to approximate the values of f at the
points  X; € [Xmin, Xmax]; Xj # {x;}) or extrapolation (that is, to
approximate the values of f at the points x; € [Xmin, Xmax]; Xj # {x;}).
One of the simplest methods of fitting is the use of polynomial functions
of various orders. In MatLab, polynomials are represented by vectors
containing polynomial coefficients, for example, the polynomial 2x3 —
4x? + x — 3 is represented by the vector [2 -4 1 -3], and the
polynomial x> + 4x2 + x by the vector [1 0 0 4 1 0]. The function
roots is used to find the zeros of a polynomial.

Example 13.1. Find solutions of the equation 4x3 — 2x2 — 8x + 3 = 0.

roots([4 -2 -8 3])

ans =
-1.3660
1.5000
0.3660

The function polyval evaluates the value of a polynomial at a given
point.

Example 13.2. Calculate the value of the function f(x) = —2x2 + x + 4 at the point
x =3.

p=1[-214];
polyval(p, 3)
ans =

-11
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The function polyfit uses the least squares method to find the
coefficients of the polynomial that best approximates the tabulated
values of the function. The function has three input arguments: the
vector of coordinates, the vector of the values of the function in these
coordinates, and the degree of the approximating polynomial. The
coefficients calculated by polyfit can be used to construct an
approximating polynomial using the function polyval.

Example 13.3. Consider fitting data (Fig. 13.1):

x = 2:6; % points at which measurements were performed
y = [65 67 72 71 63]; % the values
coeffl = polyfit(x,y,1); % calculation of the coefficients of

polynomials of various orders
coeff2 = polyfit(x,v,2);
coeffl3 = polyfit(x,v,3);
coeffd = polyfit(x,v,4);

data x = linspace(min(x),max(x),100); % grid of points for the
construction of smooth curves

curvel = polyval(coeffl,data x); % calculation of approximating
polynomials

curve2 = polyval (coeff2,data x);

curve3 = polyval (coeff3,data x);

curved = polyval (coeffd,data_x);

figure

plot(x,y,'r."', '"MarkerSize',25)

hold on

plot (data x,curvel, 'k', 'LineWidth',6 2)
plot (data_x,curve2, 'b', 'LineWidth', 2)
plot (data_x,curve3, 'g', 'LineWidth', 2)
plot (data x,curve4,'m', 'LineWidth', 2)
legend('data', 'n=1"', 'n=2"', 'n=3"', 'n=4")
axis([1.5 6.5 62 73])

set (gca, 'LineWidth',1)

set (gca, 'FontName', 'Trebuchet MS')
set (gca, 'FontSize', 8)

set (gca, 'FontWeight', 'bold'")
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Fig. 13.1. Fitting data with polynomials of various orders

Example 13.4 shows the fitting data on the size of the US population
in various years (Fig. 13.2).

Example 13.4.

)

load census % loading data on the US population in various years;
this file comes with MatLab

% pop is the number of population

% cdate is a grid by years

[p,ErrorEst] = polyfit(cdate,pop,2); % approximation of data by a
polynomial of the second order

p are polynomial coefficients

ErrorEst is the approximation discrepancy (error)

o° oe

calculation of approximated data from the obtained dependence
pop fit,delta] = polyval(p,cdate,ErrorEst);

pop fit is the approximated data

delta is the error

— o°

o° oe

)

% drawing a plot
figure

plot (cdate,pop, 'd', 'MarkerSize',10, '"MarkerFaceColor', 'b")
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hold on

plot (cdate,pop_ fit,'g-', 'LineWidth',2)

plot (cdate,pop fit+3*delta, 'r:','LineWidth',62)
plot (cdate,pop fit-3*delta, 'r:','LineWidth',62)

xlabel ('Years', 'FontName', 'Trebuchet MS', 'FontSize', 10,
'FontWeight', 'bold');

ylabel ('Population (millions) ', 'FontName', 'Trebuchet MS',
'FontSize', 10, 'FontWeight', 'bold');

grid on

legend({'Data','Fit', 'Error'}, 'Location', 'NorthWest')
set (gca, 'LineWidth',1)

set (gca, 'FontName', 'Trebuchet MS')

set (gca, 'FontSize', 10)

set (gca, 'FontWeight', 'bold')

300 T T T T
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o
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1750 1800 1850 1900 1950 2000
Years

Fig. 13.2. Fitting the US population data

13.2. Least Squares Approximation

If the grid of coordinates {x;} and the vector of values {y;} on this
grid are given, then the function 1sgcurvefit is used to fit the values
{y;} by the specified functional dependence f = f(«a, {x;}), where a are
the parameters of the function f determined by least squares method.
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The function lsgcurvefit finds the values o; minimizing the
expression

min " (f (@, %) — y)*

Example 13.5 illustrates the use of 1sgcurvefit to fit an existing data
set to the sum of two exponents (see Fig. 13.3).

Example 13.5.

% initial data

Data = ...
[0.0000 5.8955
0.1000 3.5639
0.2000 2.5173
0.3000 1.9790
0.4000 1.8990
0.5000 1.3938
0.6000 1.1359
0.7000 1.0096
0.8000 1.0343
0.9000 0.8435
1.0000 0.6856
1.1000 0.6100
1.2000 0.5392
1.3000 0.3946
1.4000 0.3903
1.5000 0.5474
1.6000 0.3459
1.7000 0.1370
1.8000 0.2211
1.9000 0.1704
2.0000 0.26361;

t = Data(:,1); % first column

y = Data(:,2); % second column

o

% plot the dependence of y on t
figure

axis ([0 2 -0.5 6])

hold on

plot(t,y,'r."', 'MarkerSize',20)

o°

Finding a solution with the least squares method in the form
y = c (1) *exp(-lambda (1) *t) + c(2)*exp(-lambda (2)*t), where
x(1l) = c(1)

o

o
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x(2) = lambda (1)
x(3) = c(2)
x(4) = lambda (2)

o oe

o

% Defining the required dependence in the form of anonymous
function
F = @(x,xdata)x (1) *exp (-x (2) *xdata) + x(3)*exp(-x(4) *xdata) ;

x0 = [1 1 1 1]; % initial wvalues of c(l), lambda(l), c(2) and
lambda (2)
x = lsgcurvefit(F,x0,t,y) % least squares method

% drawing a plot

plot(t,F(x,t), 'Linewidth',2)

hold off

set (gca, 'LineWidth',1)

set (gca, 'FontName', 'Trebuchet MS')
set (gca, 'FontSize', 8)

set (gca, 'FontWeight', 'bold'")

Fig. 13.3. Fiting data to the sum of two exponents

3.0069 10.5864 2.8890 1.4003
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13.3. Splines

A spline is a piecewise polynomial function defined on the interval
[a,b] and having on it several number of continuous derivatives.
Splines are often used in the problem of interpolating table values of a
function. On each of the segments between the given points {x;}, the
values of the function {y;} are interpolated by polynomials of a certain
degree that are joined at the boundaries of the segments. In MatLab,
spline interpolation (Fig. 13.4) is performed using the function
interpl. Example 13.6 illustrates the use of this function to interpolate
the values of a simple function y = sinx.

Example 13.6.

o

x = 0:pi/2:2*pi; % grid of points x
v sin(x); % calculation of sine values on the grid

xq = 0 : pi/l6 : 2*pi; % interpolation grid

vgl = interpl(x,v,xq, 'nearest'); % approximation of neighboring

elements

vg2 = interpl(x,v,xq); % linear interpolation

vg3 = interpl(x,v,xq, 'spline'); % interpolation by cubic splines

vg4 = interpl(x,v,xq,'pchip'); % interpolation by cubic Hermitian
splines

o

% drawing a plot
figure

plot(xqg,sin(xq), '"Color',[0.1 0.7 1], 'LineWidth',2.5)
hold on

plot(xqg,vqgl, 'r--"', 'LineWidth',2.5);

plot (xq,vg2, 'Color',[0.5 0.1 1], 'LineWidth',2.5);
plot (xq,vg3, 'Color', 'k', 'LineWidth',2.5);

plot (xq,vg4, 'Color',[1 0.5 0.1],'LinewWidth',2.5);
plot(x,v,'o")

axis ([0 2*pi -1.1 1.117)

box on

grid on
legend({'Original', 'Nearest', 'Linear’', 'Spline’', 'Pchip"'})

set (gca, 'LineWidth',1)

set (gca, 'FontName', 'Trebuchet MS')
set (gca, 'FontSize', 8)

set (gca, 'FontWeight', 'bold'")
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Fig. 13.4. Spline interpolation
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14

Particle in potential well. Numerical solution of
Schrédinger equation

14.1. Schrodinger equation

Consider the quantum-mechanical problem of particle motion in a
potential field. The square of the modulus of the wave function
|W (7, t)|? for such system determines the probability density to detect a
particle at time t at a point of space with a radius vector 7. The time
evolution of the function Yi(7#,t) is described by the nonstationary
Schrodinger equation

(L) R

ih o _—ﬁAq;(F,t)+U(F,t)1p(F,t),

where m is the mass of the particle; U(7,t) is the external potential
field.

For a time-independent potential, solutions of the nonstationary
Schrdédinger equation can be find in the form

WD) = e T

The particle in the state described by the wave function yi(#,t) has a
specific value of energy E. Substituting (7, t) in the first equation, we
obtain the stationary Schrodinger equation:

h2o
_%Aq)(r) + U@ PF) = EH)
or
Ho(F) = Ep((D),
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where

2

h
H=—-——A+U®{)
2m

is the energy operator (or Hamiltonian) of the system.

Suppose that the operator H has n eigenfunctions ¢, and n
corresponding eigenvalues of energy E,. The number n can be finite or
infinite; the values of E, can be discrete (discrete spectrum) or
continuous (continuous spectrum), some values of E, can coincide
(degenerate states), Fig. 14.1. The state with the lowest energy is called
the ground state of the system. The general solution of the Schrédinger
equation can be represented as a superposition of the eigenfunctions of
the Hamiltonian:

W@ = ) Cadon®.

Here the symbol }),, means summation over all discrete states and
integration over the states of the continuous spectrum.
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Fig. 14.1. Classification of eigenvalues of the energy operator
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14.2. Infinite potential well

Consider a particle in a one-dimensional potential well of the width a
with infinitely high walls (Fig. 14.2).

Ua s

0 “a X

Fig. 14.2. Infinite one-dimensional potential well

The Hamiltonian of this system has the form

where m is the mass of the particle; U(x) is the potential of the well:

0, if 0<x<a
o, if x<0,x>a.

U(x) ={

For convenience, let’s change to a dimensionless system of units, setting
m — 1; h - 1, then the Hamiltonian can be written as follows:

H 1 d + U(x)

=——— x).
2dx?

Since the potential of the well is infinite for x < 0 and x > a, the
solution of the Schrédinger equation exists only in the region 0 < x <
a. Substituting the expression for the Hamiltonian into the Schrodinger
equation, we obtain:
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1
—E‘P”(x) —E¥Y(x)=0; 0<x<a.

We divide now the domain 0 < x < a into n segments [x;, X;;1],i =
1,..,n of length h =a/n, with x; =0; x, = h; ...; x,p1 = nh = a,
and approximate W'’ (x;) by the three-point difference formula:

1
W (x;) = 7wz (Plrimg) — 2% () + P(xi41)),

then we obtain:
1 .
_ﬁ(qji—l — Zq',l + qu+1) - ELIJL = 0, L= 1, e n,

where ¥; = W(x;).
As an orthonormal basis consider a system of functions
&, =|100...0); &, =[010...0); .. ;d, =1000...1),

where unity means that the particle is on the corresponding segment, for
example, the basis function @, corresponds to the situation when the
particle is on the interval [x,,x3]. The dimension of this basis will be
equal to the number of segments n of the partition. Any wave function
W(x) can be expanded in terms of the basis functions ®:

n
Y = ) G,
i=1

where the expansion coefficients C; will be obtained further in the
calculation, and the energy operator acts on the basis functions as
follows:

1
HOy = =g (Pimg = 20 + Pyy).

Thus, the problem reduces to a system of linear equations
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HY = EY,

where the matrix H has dimensions n X n and is tridiagonal:

1k —1/2R2 0 0 0
/—1/2h2 1/h2  —1/2R2 0 0 \
yo| 0 —1/20*  1/R?  —1/2 0o |
0 0 —1/2h*  1/h? 0
0 0 0 0 .. 1/h?

To solve the system of linear equations and find the eigenfunctions
and eigenvalues of the matrix H, one must find a transformation F that
tranfrorms the basis @ into an eigenbasis @' in which the matrix H is
diagonal:

F
-,
H®; = E; ;.

The process of transition to an eigenbasis is called the
diagonalization of the matrix H. In many modern mathematical
packages there are sufficiently powerful built-in diagonalization
procedures for matrices that allow finding eigenvectors and eigenvalues
of arbitrary matrices of rather large sizes. The result of the

diagonalization procedure is the column vector of the eigenvalues of the
Hamiltonian, or the spectrum of the system,

Ey
and the matrix C consisting of the column vectors corresponding to the
expansion of the eigenfunctions @' in the initial basis ®:
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Example 14.1 shows the code realizing the solution of the
Schrodinger equation for a particle in an infinite well.

Example 14.1.

function [H,E] = InfiniteWell (a,n, k)

o

Input arguments:

a is the width of the well

n is the number of segments
k is the number of solutions

o0 o

o°

o

Output arguments:
H is Hamiltonian
E is the spectrum

o°

oe

= a/n; % width of the segment
[h/2 : h : a - h/2]; % coordinates of midpoints of segments

X o
|

o

creation of matrix H

H = zeros(n); % initialization; square matrix of zeros

H=H+ (1/h"2)*diag(ones(l,n)); % adding the main diagonal

H=H- (1/2/h"2)*diag(ones(l,n-1),1); % adding the upper diagonal

H=H - (1/2/h"2)*diag(ones(l,n-1),-1); % adding the bottom
diagonal

% diagonalization of the matrix H

[V,E] = eigs(H,k,0); % eigs is matrix diagonalization function;
the first argument is the original matrix; the second
argument is the number of solutions to be found; the
third argument is the search area, the solutions will be
found near this point

% E is a matrix of size k x k with eigenvalues along the main
diagonal

% V is a matrix of the size n x k of the expansion of
eigenfunctions in the basis functions
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[E,DE] = sort(diag(E)); % transformation of the diagonal matrix E
into a vector and sorting its elements

% normalization of matrix V
= sum(V(:,1).72)*h;

A
v V / sqgrt(Ad);

[

% plotting the eigenfunctions

)

col = 'bgrcmk'; % color designation
figure

for i =1 : k
subplot (3,2,1)
plot(x,V(:,DE(i1))."2,col (i), 'LineWidth',3) % numerical
solution
hold on
plot(x,2* (sin(pi*i*x))."2,'ok"') % exact solution
set (gca, 'LineWidth',1)
set (gca, 'FontName', 'Trebuchet MS')
set (gca, 'FontSize', 8)
set (gca, 'FontWeight', 'bold')
xlabel ('x', 'FontName', 'Trebuchet MS', 'FontAngle',K 'italic',
'FontSize', 10, 'FontWeight', 'bold'")
ylabel ('y', 'FontName', 'Trebuchet MS', 'FontAngle', 'italic',
'FontSize', 10, 'FontWeight', 'bold')
title(['E=',num2str(E(i))], 'FontSize', 12)
end

As a result of the program, the particle spectrum in an infinite potential well (the
eigenvalues of the Hamiltonian) and the squares of the moduli of the wave functions
(the eigenfunctions of the Hamiltonian, Fig. 14.3) are calculated, which are also
compared with the exact solution

®@;(x) = V2 sin(nxi) ;
E=—; i=12,..,0

for the well of the width a = 1. Numerical results for n = 100 segments and k = 6
solutions are shown by solid lines in Fig. 14.3, exact solutions are shown with black
circles. Although the accuracy of the numerical solution is rather high, especially for the
ground state with energy E,, it is clear that with the increase in the energy level number,
the calculation error increases. It should also be noted that in solving single-particle
problems, the oscillation theorem always holds, that states that the number of zeros of
the eigenfunction is one less than the number of the energy level to which it responds
(degenerate states are not taken into account here).
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E=19.344

E=120.6956

e

0.5

Fig. 14.3. Squares of moduli of the wave functions of a particle
in an infinite potential well

14.3. Finite potential well

Consider now a particle in a finite potential well (Fig. 14.4), where

oo, if x <0;
Ulx) ={-U,y, if 0<x<a;
0, ifx > a.
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In a well of finite depth the states of the particles are divided into
bound states E; and states of the continuous spectrum E., whose energy
satisfies the relation

E. > min(U(iOO)).

Ux) A

0 T X

I 7
) ’a/

Fig. 14.4. Finite potential well

The eigenfunctions corresponding to the values of the energy E.
from the continuous spectrum outside the well behave like plane waves:

¥, —> const X e'*¥,
X—>00

while the eigenfunctions corresponding to bound states fade out
exponentially outside the well (Fig. 14.5):

Y, ~e ™, k> 0.

Consequently, for numerical calculation of the wave functions of bound
states it is not enough to take into account the dimensions of the well,
since the wave functions exist at x > a. The boundary a’ of the region
on which the solution is calculated must be determined from the
condition of fading out of the solution obtained at distances x~a’ (see
Fig. 14.5). If, after solving the problem and finding the eigenfunctions,
it turns out that they have a finite value at the point x = a', then it is
necessary to increase the size of the region on which the solution is
calculated and solve the problem once more.
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Fig. 14.5. Outside the well, the wave functions corresponding to the bound fade out
exponentially

In comparison with the problem of a well with infinite walls, the
spectral problem is now formulated as follows:

1
—E‘P”(x) +UX)—E)¥Y(x)=0; 0<x<d.
Splitting the region 0 < x < a' into n segments of length h and

approximating the functions similarly to the case of an infinite well, we
obtain:

1 .
_ﬁ(l'pi—l - lel + l'pi+1) + (Ul - E)qjl = 0; L= 1, e, n,

where

B Uy, if 0<x; <a;
Ui:U(xi)_{ 0, ifa<x; <d.
The matrix H is now
1/R2+ U, —1/2k? 0 0 0
/ —1/2h?  1/h®+U, —1/2h? 0 0
. 0 —1/2h%2  1/R2 +U; —1/2h? o |
\ 0 0 —1/2h*  1/R® +U, 0 )
0 0 0 0 . 1/h? + U,
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Because there is only a finite number of bound states in a well of
finite depth, among all n solutions there are n —k solutions
corresponding to the states of the continuous spectrum. At numerical
diagonalization of the matrix, this can lead to a problem that the matrix
H can be ill-conditioned, i.e. some of its columns will be almost linearly
dependent. The degree of conditionality of the matrix is characterized
by the conditioning number, which for a symmetric real matrix is equal
to the ratio of the moduli of the maximum and minimum eigenvalues.
Large conditioning numbers (of the order of 1000 or greater) correspond
to ill-conditioned matrices, leading to incorrect results at numerical
diagonalization. Because the values of the energy of the particle
corresponding to the states of the continuous spectrum can take any
positive values E. > 0, the conditioning number of the matrix H can
take any arbitrarily large values, determined only by the number of the
partition n. In modern mathematical packages, there are built-in
procedures for estimating the conditioning number of matrices prior to
their diagonalization.

To reduce the conditioning number, the following trick can be used.
Let us shift the entire potential picture in Fig. 14.5 by a sufficiently
large value of U’ > 0, so that

U] > |Usl,

and, accordingly, a term equal to U’ will be added to each element of the
main diagonal of the matrix H,

U 0 .. 0
gepg4l 0 U .0
0 0 . U

After this transformation all quantities in the problem will be of the
same order, and the conditioning number of the matrix H becomes
smaller.

Accordingly, all eigenvalues of the matrix H' will differ from the
eigenvalues of the matrix H by the value of U":
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E'=E+U,

while on the eigenfunctions the shift of the potential picture will have no
effect:

Y=y

Example 14.2 shows the code realizing the solution of the
Schrodinger equation for a particle in a finite well.

Example 14.2.

function [H,E] = FiniteWell (a,al,n,k,U0)

o

Input arguments:

a is the width of the well

al is the region where the solution is calculated
n is the number of segments

k is the number of solutions

U0 is the depth of the well

o o od° o

o

o°

Output arguments:
H is Hamiltonian
E is the spectrum

o

o

o o

= al/n; % % width of the segment
[h/2 : h : al - h/2]; % coordinates of midpoints of segments

X o
|

o

creation of matrix H

H = zeros(n); % initialization

H=H+ (1/h"2)*diag(ones(l,n)); % adding the main diagonal

H=H- (1/2/h"2)*diag(ones(l,n-1),1); % adding the upper diagonal

H=H- (1/2/h"2)*diag(ones(l,n-1),-1); % adding the bottom

diagonal

b = find(x < a); % finding the numbers of segments located in the
well

U = zeros(size(x)); % initialization

U(b) = -U0; % for the segments located in the well, the value of

the potential is -UO
H =H + diag(U); % adding the potential of the well to H

% diagonalization of the matrix H

[V,E] = eigs(H,k,-U0); % the first argument is the matrix H; the
second argument is the number of solutions;
the third argument is the search area for
these solutions, here it is the bottom of
the well
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% E is a matrix of size k x k with eigenvalues along the main
diagonal

% V is a matrix of the size n x k of the expansion of

eigenfunctions in the basis functions

[E,DE] = sort(diag(E)); % transformation of the diagonal matrix E
into a vector and sorting its elements

% normalization of matrix V
A = sum(V(:,1).72)*h;
V =V / sqrt(A);

% plotting the eigenfunctions
col = 'bgrcmk';

figure
for i =1 : k

subplot (3,2,1)
plot(x,V(:,DE(i1))."2,col (i), 'LineWidth',2) % numerical
solution

set (gca, 'LineWidth',1)

set (gca, 'FontName', 'Trebuchet MS')

set (gca, 'FontSize', 8)

set (gca, 'FontWeight', 'bold'")

xlabel ('x', 'FontName', 'Trebuchet MS', 'FontAngle',kK 'italic',
'FontSize', 10, 'FontWeight', 'bold')

ylabel('y', 'FontName', 'Trebuchet MS', 'FontAngle',K 'italic',
'FontSize', 10, 'FontWeight', 'bold'")

title(['E=',num2str(E(i))], 'FontSize', 12)

hold on

plot (x,U/U0, 'k', 'LineWidth',3) % profile of the well (not to
scale)
plot (x(b),E (i) /U0*ones (size(x(b))),col (i), 'LineWidth', 2)
end

As a result of the program, the particle spectrum in the finite potential well (the
eigenvalues of the Hamiltonian) and the squares of the moduli of the wave functions of
the particle are calculated. Plots of these functions for the parameters a = 1; al = 2;
n = 200; U0 = 100; k = 6 are shown in Fig. 14.6. There are five bound states in this
well, and the sixth state belongs to the continuous spectrum.
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E=-95.7411 E=-83.0198

2 2
1.5 1.5 g
1 1 E
> 0.5 > 0.5 g
0 0
0.5 -0.5 g
-1 : -1 :
0 0.5 1 1.5 2 0 0.5 1 1.5 2
x x
E=-62.0383 E=-33.3469
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1.5 1.5 g
1 1 g
= 0.5 = 0.5 E
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0.5 -0.5 g
1 1
0 0.5 1 1.5 2 0 0.5 1 1.5 2
x x
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x x

Fig. 14.6. Particle in a finite potential well. The squares of the moduli of the wave
functions, the energy of the particle, and also the profile of the well (not to scale) are
shown

The matrix H calculated in the example is a general matrix for the particle problem in a
one-dimensional finite potential well. Setting different values of Uj, it is possible to
solve the Schrédinger equation for a potential well of arbitrary shape.
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Practice

14.1. Obtain bound energy levels and the corresponding wave
functions of the particle in the potential U(x) =-U, for —a < x < a;
U(x) = 0 otherwise. Choose such a value of Uy, at which there are five
bound states in the well. a = 1.

14.2. Obtain bound energy levels and the corresponding wave
functions of the particle in the potential U(x) =-U, for 1 —a < x <
1+a; U(x) =00,x <0; U(x) =0 otherwise. Choose such a value of
U, at which there are five bound states in the well. At this value of U,
study the behavior of the bound states depending on parameter a; obtain
resonance values of a corresponding to a change in the number of
bound states in the well.

14.3. Obtain bound energy levels and the corresponding wave
functions of the particle in the potential U(x) =- er”‘z/ 2a% Study the
behavior of the bound states depending on the depth of the well; obtain
resonance values of U, corresponding to the appearance of new bound
states in the well.

14.4. Obtain bound energy levels and the corresponding wave
functions of the particle in the potential of two two identical rectangular
wells of depth U, the centers of which are located at a distance a from
the origin, and the width of each well is h < 2a. Compare the
degeneracy of the levels to the statement of the oscillator theorem.
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15

Hydrogen atom

Consider a hydrogen atom placed in the coordinate origin. Since the
Coulomb field of the nucleus has spherical symmetry, it is convenient to
study the motion of an electron in a spherical coordinate system 7, 8, ¢.
The potential energy of the Coulomb interaction of the electron and the
nucleus has the form

eZ

Ulr)=- .
) 4megr

We write the Schrédinger equation in the form

2m, e?
M+ (B + y=0,

4megr

where E is the total energy of the electron in the atom, which is to be
found.

In spherical coordinates, the Schrodinger equation has the form

16(26q1>+ 1 c’)(_ ec'hp)_l_ 1 9%y
r2or ar) " r2sineae\""" 30 r2sin? 6 d@?
+2me E+ e’ =0

h? 4meyr v=0

We represent the function Y(r, 8, @) as the product of two independent
functions, depending on the radial and angular coordinates, respectively:

U(r,0,9) =R(@Y(, ).

Multiply all the terms of the equation by r? and divide by RY, then we
get:
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16(26R>+ 1 6(_ GOY)_I_ 1 02Y+
Ror\" ar) " vsineae\*"" 30 Y sin? 0 d?
+2mer2 E+ e’ =0
h2 4meyr b=0

In this equation, the first and the last terms depend only on r, and the
second and third terms depend only on 6 and ¢, so the sum of all the
terms of the equation can be zero only if the sum of terms that depend
only on r and the sum of terms that depend only on 6 and ¢ are equal in
absolute value to the same constant A and have opposite signs:

1 a(, eay)+ 1 0% N
Ysin6aa\"" " 98 Ysin20d¢@2
10 ( 2aR) 2m,r? p e? _y
Ror\" ar) ¥ Tz \F P amegr )V T

The first of these equations is called Legendre equation; the eigenvalues
A=1(l+ 1), and the quantity A characterizes the square of the angular
momentum of an electron in an atom:

2

M
12=h—§=l(l+1),

while the projection of this moment on an arbitrary direction is [, = m;.

Substituting the value of A in the second equation, we obtain

0’R 20R 2m, e? I(l + 1)h?
—+—-—+ E —
or? Ror  h? 4Te, T 2m,r?

In this equation, the last two terms in square brackets are

e I+ DR
 4megr 2m,r?
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which can be regarded as an effective potential energy consisting of
Coulomb and centrifugal energy. The plot of the function U is shown in
Fig. 15.1.

Ull

E>0

Fig. 15.1. Effective potential

For r < ry the potential energy is negative, and if the total energy of
the electron is E' < 0, then the spectrum of the system is discrete:
mea?
2h2n?’

2

E =

e

4me,

Finally, the wave functions of the hydrogen atom can be written in
the form

LIJ(T» 6, (P) = Rnl (r)Ylm(G, (P):
where R,,;(r) is the radial part; Y;,,,(0, @) are spherical harmonics.

The radial wave functions R,;(r) can be expressed in terms of

Laguerre polynomials L25H1:

165



Ry(r) = 2 |(n—1-1)! e—nr—a (E) 12141 <2r>

aan ((n+l)') na) " \a

which, in turn, are expressed in terms of a hypergeometric function:

(n!)?
k!(n—k)!

Below are the radial wave functions for several lower states:

LK (x) = (—1)* F(k—nk+1,x).

3
Pn

Rio(r) = (%)Ee_TZ;

3

1IN2 _pn 1
R = () ¢ 2 5752~ ou
3
1\N2 _pn 1
Rzl(T)=(E> e 2 ﬁpn:

1 % _p_
Rao(r) = (3) e = (6= 6o + 6

R = (5) e % e d— o

e
3
2 em 1,
R32(T) = (a) e 2 9mpn'

1\2 a1 ) 3
Rio() = (2) ™% 52 (24— 36p, + 129% — p3);

3
1\2 Pn

Ry (r) = (E) e 2

1
20 — 10p,, + p3);
32\/ﬁ( pn pn)
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1 P 1 2
Ryp(r) = (E) e 2 96\/5(6_pn)pn;
3
IN2 e 1 3
R43(T) = (E) e 2 96\/£pn;
_ 2r
Pn = an’

Spherical harmonics are expressed in terms of Legendre
polynomials:

V,.0,0) = (-1 2y |G D E Imb:

Pllml(cos 0)eime;

4t (L4 |m])!
d™lp,(cos )
Im| — cinlml l .
B (cosB) = sin'™ O d(cos 6)]
dl
% 24y
P(x) = Tl dgl (xc—=1)".

Examples 15.1 and 15.2 show the codes that implement the
construction of radial functions and spherical harmonics (Fig. 15.2 —
15.4).

Example 15.1. Consider radial functions [2].

o

% Constants
mec2 = 511000.0; % m e*c”2 = 511 KeV
hbarc = 2000.0; % h_Planck*c = 2000 eV * Angstrom

labe = hbarc/mec2;
alf = 1.0 ./137; % fine structure constant
ao = labe ./alf; % the Bohr radius

3

°

Eo = -(mec2 .*alf .*alf) ./2.0; % ground state energy
El = Eo ./4; % first excited state
E2 = Eo ./9; % second excited state

for i = 1:2
EEo (i) = Eo;
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EELl (i) = E1;
EE2 (1) = E2;
end
ro = (3.0.*ao0)/2.0; % average distance of the electron from the
nucleus
rl = ro.*4;
r2 = ro.*9;
rro = linspace(0,ro,2);
rrl = linspace(0,rl,2);

rr2 = linspace(0,r2,2);

[

figure % puc. 15.2

plot(rro,EE0, 'b',rrl,EELl, 'r',rr2,EE2, 'k', 'Linewidth', 3)

xlabel ('Average distance, Angstrom', 'FontName', 'Trebuchet
MS', 'FontSize', 8)

ylabel ('Energy, eV', 'FontName', 'Trebuchet MS', 'FontSize', 8)
legend('n=1"', 'n=2"', 'n=3")

set (gca, 'LineWidth',1) % thickness of axis lines

set (gca, 'FontName', 'Trebuchet MS')

set (gca, 'FontSize', 8)

set (gca, 'FontWeight', 'bold')

r = linspace(0,10); % distance in Angstroms
q = r./ao;

psi0 = (exp(-q))."2;

psil = ((exp(-9./2.0).*(1-q./2.0)))."2;

psi2 = (exp(-q./3.0).*(1-(2.0.%q)./3.0 + (2.0.%*q.*q)./27.0))."2;

figure % puc. 15.3

semilogy (g, psiO, 'b', g, psil, 'r', g, psi2, 'k', 'LineWidth', 3)
xlabel ('r/a'")

ylabel (" |\Psi(xr)["2")

legend('n=1', 'n=2"', 'n=3")

axis ([0 20 0.00001 271);

set (gca, 'LineWidth',1)

set (gca, 'FontName', 'Trebuchet MS')
set (gca, 'FontSize', 8)

set (gca, 'FontWeight', 'bold'")
figure % puc. 15.4

plot(g, psi0.*5.*q.*q, 'b', g, psil.*2.*q.*q, 'r', q, psi2.*q.*q,
'k', 'LineWidth', 3)

xlabel ('r/a'")

ylabel (' [\Psi(r) |"2*r"2")
legend('n=1"', 'n=2"', 'n=3")
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set (gca, 'LineWidth',1)

set (gca, 'FontName', 'Trebuchet MS')
set (gca, 'FontSize', 8)

set (gca, 'FontWeight', 'bold')

Energy, eV

a2k

44 L L L 1 1
o 1 2 3 4 5 6 7 £
Average distance, Angstrom

Fig. 15.2. Energy levels in hydrogen atom

o — =]

Fig. 15.3. Squares of the wave functions of the hydrogen atom
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Fig. 15.4. Probability density for the three lower states

Example 15.2. Consider spherical harmonics [3] (Fig. 15.5 — 15.9).

function spharmPlot (L, resolution)
% grid of coordinates

delta = pi/resolution;

theta = 0:delta:pi;

phi = 0:2*delta:2*pi;

[phi, theta] = meshgrid(phi, theta);
% white background
figure('Color',[1 1 11)

for M = -L : L % loop over all angular momentum projections

o

% Legendre polynomials

P IM = legendre(L,cos(theta(:,1)));

P LM = P_LM(abs(M)+1,:)";

P LM = repmat (P _LM, [1, size(theta, 1)]);

% normalizing coefficients

N IM = sqgrt((2*L+1l)/4/pi*factorial (L-...
abs (M)) /factorial (L+abs (M))) ;
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% spherical harmonics

if M >= 0

Y LM = sqrt(2) * N IM * P LM .* cos(M*phi);
else

Y LM = sqrt(2) * N.IM * P LM .* sin(abs(M)*phi);
end

o

transition to spherical coordinates
=Y LM;

=Y LM;

= abs(r).*sin(theta) .*cos (phi);

= abs(r).*sin(theta) .*sin(phi);

= abs(r).*cos (theta);

N K X R R

o

% plotting surfaces
subplot (ceil (sqgrt (2*L+1)),ceil (sqgrt (2*L+1)),M+1+L)
h = surf(x,y,z,double (r>=0));

view (40,30)
camlight left
camlight right
lighting phong

axis([-1 1 -1 1 -1 11)

set (gca, 'LineWidth',1)

set (gca, 'FontName', 'Trebuchet MS')

set (gca, 'FontSize', 8)

set (gca, 'FontWeight', 'bold'")

% filling positive areas with red, negative with green
colormap (redgreencmap ([2]))

set (h, 'LineStyle', 'none')

grid off

title(['L = ', num2str (L), ', M = ', num2str (M) ],
'FontName', ...

'Trebuchet MS', 'FontSize', 8, 'FontWeight', 'bold")
end
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Fig. 15.6. Spherical harmonics forn = 1
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Fig. 15.7. Spherical harmonics for n = 2
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Fig. 15.8. Spherical harmonics for n = 3
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16

Random distributions

16.1. The inverse function method

In various problems there is a necessity to obtain random values
distributed by some law, by means of the generator the random numbers
uniformly distributed on an interval (0, 1). There are two simple and at
the same time general methods for obtaining the necessary distributions:
the inverse function method and von Neumann method.

Let the random variable € is defined on the interval (a, b), and has a
value less than or equal to x with probability P (x). Then the function

F(x) = P{E<x}

is called the cumulative distribution function of the random variable §
and always monotonically increases from 0 to 1:

F(x;) < F(xy), if x1 < xy;
F(a)=0; F(b)=1.

The density function f(x) of the random variable  is defined as follows:

X

F(x) = f o,

a

where the upper limit varies within the domain of definition (a, b).

Suppose that there exists an inverse function F~1(y) such that if 0 <
y < 1, then y = F(x) if and only if x = F~1(y). Therefore, to find the
desired distribution, we must put

§=F1(R),
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where R is a random variable uniformly distributed in (0, 1). Indeed,
P{E<x}=P{F Y(R) <x}=P{R<F(x)} =F().

In practice, the inverse function method is used as follows. Let it be
necessary to obtain the values of the random variable & distributed with
the density function p(x) on the interval (a, b). Now we prove that the
values of § can be found from the equation

fp(x)dx =R,

a

where R is a random variable uniformly distributed in (0, 1).

Consider the function
X

Y@ = f p(®)dt,

a

while from the properties of the density function we have

y(@=0; y(b)=1, y'(x) =pkx)>0.

Therefore, the function y(x) increases monotonically from 0 to 1, and
any line y = R, where 0 < R < 1, intersects the plot of the function y =
y(x) at one single point with its x-coordinate, as will be clear further, is
the desired number & (Fig. 16.1). Thus, the uniqueness of the solution is
proved.

Next, we choose an arbitrary interval (a’,b") inside the interval
(a,b). The points of this interval a’ < x < b" correspond to the y-
coordinates of the curve y(a') <y <y(b'). If £€ (a’,b"), then R €
(y(a'),y(b")), and vice versa (Fig. 16.2), which means that the
probabilities of these events are equal:

P{a' <é<b'}=P{y(a") <R <y}
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a

Fig. 16.1. Line y = R intersects the plot of the function y = y(x)
in one single point

a a E b b X

Fog. 16.2. If€ € (a’,b’), then R € (y(a'), y(b")), and vice versa,
therefore, the probabilities of these events are equal

Since R is uniformly distributed in (0, 1), then
bl
P/@) <R <y} =y ~ (@) = [ pdx.

al
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Therefore,
bl
P{a' <t¢<b'}= f p(x)dx,

al

which means that € has the density function p(x).

Thus, to find the required distribution, the inverse function F~1(x)
must be obtained.

Example 16.1. Let it be necessary to obtain values & uniformly distributed in the interval
(a, b). The normalized density function has the form

p() =p—0

Then, according to the inverse function method,

g

J‘dx e
b—a

a

Hence we find:
E=a+R(b-a).

In this case it is necessary only to shift the origin and change the scale of the initial
random variable R.

Consider now the exponential distribution. Random variables with
exponential distribution are used, for example, in problems of
radioactive decay.

Let it be necessary to obtain a random variable distributed in (0, )
with the cumulative distribution function

F(x)=1—¢e7*
and, accordingly, with the density function
fx)=e™.

Applying the inverse function method, we find
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y=F(x)=1—-e% x=F1(y)=-In(1-y).
Thus, the random variable
§=—-In(1—-R)

will have the exponential distribution. Example 16.2 shows the code,
which realizes the generation of random numbers with the exponential
distribution.

&: p(x)=exp(-x); xe[0,]

1 T T T T

Fig. 16.3. Histogram of the exponential distribution

Example 16.2.

function exp raspr(R)

y = zeros(R,1);
x = zeros (R,1);

for i =1 : R

) = rand; % random numbers uniformly distributed in (0,1)

) = -log(l-y(i)); % random numbers exponentially
distributed in (0, )

end

D = max(x);
delta = D/20;
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NN = R * delta;

)

figure % Fig. 16.3

H = hist(x,20) /NN;
bar(H,'g') % plotting a distribution histogram

hold on
x = [0 : 0.05 : 20*deltal;
f = exp(-x);
plot (x/delta,f,'r', 'LineWidth', 3)
set (gca, 'LineWidth',1)
set (gca, 'FontName', 'Trebuchet MS')
set (gca, 'FontSize', 8)
set (gca, 'FontWeight', 'bold'")
title('\xi: P (x)=exp(-x); x\in[0,\infty]"', 'FontSize"', 12,
'FontName', 'Trebuchet MS')

16.2. Neumann method

The integral, which must be computed in the inverse function
method, can not always be calculated analytically. J. von Neumann
suggested the following way to avoid this problem.

Suppose that the random variable € is defined on the interval (a, b),
and its density function is confined:

p(x) < M,.

Then, two random numbers R;, R, are generated, which are uniformly
distributed in (0,1). These numbers correspond to a point on a plane
with coordinates (xq,x;), where x; = a + R{(b — a), x, = R,M,. If
this point lies below the curve y = p(x), i.e. x, < p(x1) (point 4 in
Fig. 16.4), then the required number § = x; is found; if the point lies
above the curve (point B in Fig. 16.4), then the pair Ry, R, is discarded,
and a new pair is selected.
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X,

Fig. 16.4. Neumann's method of generating random numbers with density function p(x)

Example 16.3 shows the code, which implements the generation of

—x2

random numbers with the density function p(x) « e in the interval

(0, 00) by Neumann method (Fig. 16.5).

Example 16.3.

function k = Neumann (N)
M =1;

b = 20; % right limit of distribution

x1 = zeros(N,1);
x2 = zeros(N,1);
k=0;

x = zeros (N,1);

for i =1 : N

Rl = rand;
R2 = rand;
x1(i) = a + Rl * (b - a);
x2 (i) = R2 * M;
if x2(1) < exp(-x1(i)"2)
k = %k + 1; % counter of numbers having a given
distribution law
x (k) = x1(i); % array of numbers having a given
distribution law
end

end
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x(k+l:end) = []; % unfilled elements of array x are deleted
D = max(x);
delta = D/20;

figure % puc. 16.5
H = hist(x,20);
bar (H) % plotting a distribution histogram

hold on
xr = [0 : 0.05 : 20*deltal;
f = H(1l) * exp(-xr.”2); % normalization of the function to the

first column of the histogram
plot (xr/delta,f,'r', 'LineWidth',3) % construction of the envelope
function
set (gca, 'LineWidth',1)
set (gca, 'FontName', 'Trebuchet MS')
set (gca, 'FontSize', 8)
set (gca, 'FontWeight', 'bold')
title('\xi: P (x)=exp(-x"2); x\in[0,\infty]"', 'FontSize"', 12,
'FontName', 'Trebuchet MS')

&: p(x)=exp(-x"2); x[0,%]

BOOO T T T T

0 25

Fig. 16.5. Histogram of random numbers distributed with density function p(x) o e™*"
in the interval (0, c0)
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Practice

16.1. Using the inverse function method, generate random numbers
distributed on a segment [0, 3] with density: a) p(x) = ax; b) p(x) =
Bx2. Plot histograms of distributions.

16.2. Using Neumann's method, generate random numbers
distributed with density function p(x) « +/x on the interval [0, 3]. Plot a
histogram of the distribution.
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17

Calculation of integrals by Monte Carlo method

Consider the function g(x) defined on the interval (a,b), and the
integral

b

I = fg(x)dx.

a

To calculate the integral, we choose an arbitrary density function p(x)
defined on the same interval, which has the normalization

b
f p(x)dx = 1.
a
Then, define a random variable
;90
p®)

where & is a random variable distributed with density function p(x) on
(a,b). Then the mathematical expectation of n will be equal to the
desired integral:

b
_ (9™ _
n= J p(x)p(x)dx =].

Consider N independent random variables 14,15, ..., Ny and apply the
central limit theorem to their sum, then
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N

1
AL

i=1

P

<3 el 0.997
N ~ . .

Therefore, if N random values &;,%,,..,Ey are chosen, then for
sufficiently large N

EANFION

=~

N&ip@)

and the calculation error does not exceed 3./Dn/N, where

b N
2x 1 2%,
Dy = Mn2 —1? = i_de_,zgﬁzg@)_lzl

It should be noted that the convergence of the result to the exact
value also follows from the law of large numbers, according to which

forany € > 0
lim P{ < s} =1.
N—-oo

Moreover, the strong law of large numbers is valid:

1
P{Al/l—{roloﬁzm = I} =1.
i=1

For an optimal calculation of the integral with a minimum error it is
necessary to choose the density function p(x) which is proportional to
|g(x)] or, if possible, is close to it. Let us prove this conclusion.

N

1
AR

i=1

Let use the well-known Cauchy-Bunyakovsky inequality in an
integral form:
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2

flu(x)V(x)Idx fb (x)dxf v2(x)dx.

Let put
u(x) = j%; v() = VPG,
then

2
aflg(x)ldx S!(g * )>dxf (x)dx = f(‘gpz((:)))dx.

Hence, we obtain a lower bound for the variance:

2

Dn > Jlg(x)ldx —I?.

Let choose the distribution

b
po(x) =Clgx)|; €= flg(x)ldx.

From the distribution it follows that

[ 9%
afpo( T

Substituting this expression in the expression for the variance, we have

b b
1
2 [lalax =( [1geolax

2

b
f|g(x>|dx P
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Thus, the choice of the function py(x) = C|g(x)| as the density
function leads to the smallest error, i.e. the lower bound for the variance.
Such calculation of the integral with the density function which is the
closest to po(x) is called an essential sample.
To illustrate the effectiveness of this choice, consider the integral
/2
I = f sinxdx = 1.
0

We use various normalized density functions defined on the interval
(0,m/2) to calculate the integral (Fig. 17.1):

2 8x
p1(x) = E; p2(x) = 2

y‘rXJ=sr'n (:;)
plix)=2/x
1.2F —— p2(x)=8x/# b

0.8 =

0.6 t

0.4 -

021 T

Fig. 17.1. The integrand f(x) and the different density functions for calculating the
integral by Monte Carlo method
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Random numbers distributed on the interval (0,1/2) with density
functions p;(x) and p,(x) can be obtained by the inverse function
method:

_T[R.
El_z 4
o
§2=§‘/§'

where R is a random number uniformly distributed in the interval (0,1).

Accordingly, for the estimation of the integral I after N iterations, we
obtain:

N
1-[ -
L) = 5 ) singyy;
i=1

N

2 O sin &y;

I,(N) =8N 5 -,
L

i=1

Fig. 17.2 shows the process of convergence of the calculated value of
integral I to the exact value depending on the number N of generated
random points.

It can be seen that the values of I(N) converge faster to the exact
value when choosing the density function p,(x). This is explained by
the fact that p,(x) is close to the integrand function y(x) (see
Fig. 17.1), so the variance of the values of I(N) is smaller in this case.

The efficiency of Monte Carlo method grows with the dimension of
the calculated integral. The calculation of two-dimensional and three-
dimensional integrals by Monte Carlo method is more efficient than the
calculation by means of difference schemes. Monte Carlo method is
successfully used for various physical and mathematical problems and
processes: for modeling queuing systems, information flows,
percolation processes, processes of neutron propagation in media, etc.
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p(x)=8x/
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Fig. 17.2. The choice of the density function strongly affects the rate of convergence
of the calculation of the integral by Monte Carlo method

Example 17.1 shows the code realizing the approximation of the
integral I(N) with the use of density functions distributions p;(x) and

p2 ().
Example 17.1.
function IntMonte (N)

R = rand(1,N);
Il = zeros(1l,N);
I2 = zeros(1l,N);

for i =1 : N

I1(i) = pi/2/i*sum(sin(pi/2*R(1:1)));
I2 (1) pi/4/i*sum(sin (pi*sqrt(R(1:1))/2)./sqrt(R(1:1)));

end

figure
plot (I1,'b', 'LineWidth', 2)

189



hold on
plot (I2,'r','LineWidth',2)
set (gca, 'LineWidth',1)

set (gca, 'FontName', 'Trebuchet MS')

set (gca, 'FontSize', 8)

set (gca, 'FontWeight', 'bold')

leg = legend('p(x)=2/\pi', 'p(x)=8x/\pi*2", 'Location',
'SouthEast');

set (leg, 'Box', 'off', 'FontName', 'Trebuchet MS', 'FontAngle',
'italic', 'FontSize', 10, 'FontWeight', 'bold')

Practice

17.1. Optimize the code from Example 17.1, using recurrence
relations for I (N).

17.2. Approximate the integral I by means of random numbers

distributed with density function ps3(x) = Bvx. Compare the rate of
convergence with the first two cases.

17.3. Approximate the integral
1 2
f et dt,
0

p1(x) = const;

using the distributions

p2(x) = ae™.

Compare the rate of convergence of the integral to the exact value.
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18

Metropolis algorithm

18.1. Markov chain. The concept of ergodicity

Let's assume that the Brownian motion is modeled, and at each
computational (and temporal) step, one of the particles moves to some
distance, which leads to a new arrangement of the particles. After
moving, the particle "does not remember" its initial position, i.e.
information about the previous state is "erased". A random walk is an
example of a Markov chain. At each step a new state of the system
appears, and the process is a chain of consequent states. The transition
from the previous state to the new one depends only on the previous
state, or, more accurately, the probability of finding the system in a
given state depends only on the previous state. Denote as

Xy Xy ey Xy one

a sequence of states where x; means all degrees of freedom of the
system under consideration (for example, a set of coordinates and
momenta) describing its state (the system can be multiparticule). For
example, x; can be a set of coordinates and momenta of the particles or
x; can denote any of the basic functions of the system.

Denote as

Pxo,xl,...,xn_1—>xn

the probability of the appearance of a new state x,, under condition of
realization of the previous states X, Xy, ..., X,—1 (conditional transition
probability). Then Markov chain can be defined as the sequence x O,
Xg, X1, ) Xp, ... Of system states if for any n the following condition is
fulfilled:
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Pxo,xl,...,xn_lexn = Pxn_1—>xn-
The absolute probability of realization of the sequence x, X1, ..., Xp,
P(x0, X1, ey Xn) = P(x0) Pyyosxe, - Py Py ymxys
where P(x,) is the absolute probability of realization of the state x,,.

Any realization of the sequence of states Xxg,Xq,...,X, can be
obtained from the initial state x,; the probability of realization of such a
sequence is

P = Px0—>x1 Pxn—z_’xn—lpxn—l_’xn'

There exists an invariant distribution of states of the system P(x;),
which does not depend on the initial conditions and which Markov
chain allows to reach.

For example, for a canonical ensemble such an invariant distribution
is Gibbs distribution:

_H(xp)
P(xi)~e T,

where H is the Hamiltonian of the system.

In order for the Markov chain be able to reach an invariant
distribution, a number of conditions must be imposed on the transition
probabilities.

First, we define the concept of the invariant or stationary probability
distribution P(x;) by the following conditions:

P(x;) > 0; ZP(xi) =1; P(xj)= Z P(x)Py;x,-

The last condition means that the absolute probability of each state
consists of all possible transitions of the system to this state. The
transition matrix Pyisx; is called stochastic matrix.
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A Markov chain is said to be irreducible if each of its states can be
obtained from each other state (possibly through a series of other states
and transitions). Thus, there can not be "traps" in an irreducible Markov
chain, i.e. states or groups of states that the system can not exit from.

A state of Markov chain is called periodic if, upon reaching this
state, the system returns to it in a certain number of steps (a period). If
there are no such states, the Markov chain is called aperiodic, and then
the states are also called aperiodic states.

Let Px(:l_))xj denote the probability that in the process starting from the
state x;, the first transition to x; takes place at the n-th step. Then
Peiox; = Yme1 Px(zl_))xj is the probability that, starting from the state x;,
the system passes through the state x;. If, in addition, le,_mj =1, then

the state x; is called stable state, and the quantity p; = Yo an(i@xj is

called average return time.

The Markov chain, consisting of aperiodic and stable states with a
finite return time, is called ergodic, or connected, and the states that
make it up are also called ergodic states.

An irreducible aperiodic Markov chain has an invariant distribution
if and only if it is ergodic. In other words, to achieve an invariant
distribution, the Markov process must be constructed so that after some
finite number of steps any state x; could be reached from any state x;.
The number of such steps should not be comparable with the length of
the entire Markov chain. This is the practical guide for implementing the
ergodic algorithm.

18.2. Principle of detailed balance

The main task of statistical mechanics is to calculate the observed
thermodynamic quantities from statistical averaging:
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dQAQ)p(Q
<A>=%; Z=fdnp(g).
Here, the integration is over the entire phase space (), p is the

distribution function (in the particular case, the Gibbs distribution).

The mean value in general case is a multidimensional integral over
the phase space. The general rules for calculating this integral by the
essential sampling within the framework of the Monte Carlo algorithm
are also valid here. Suppose that a chain of random states (); is created
with a certain predetermined distribution P({)) to estimate the integral
for (A). Then the following estimate is true:

) ~ 1 AWQ)p(2)P™ ()
L1 p(Q)PH()
If we choose the density function p for the probability P(Q),

Q
Py =22

then the calculation of (A4) is reduced to a simple arithmetic mean:

N
1
(4) = = > A@).
i=1

Since the distribution P() is invariant for the system under
consideration, a Markov chain based on such a distribution must be
ergodic. Let us formulate the principle according to which it is possible
to construct an algorithm for realizing the distribution P ().

First of all, the conditions for the ergodicity must be satisfied, and for
the practical implementation of the algorithm, it is necessary to impose
additional limiting conditions on the transition probabilities:

PQI_)Q = 0; ZPQ_)Q’ = 1; P(.Q) = zPQI_)QP(.Q').
Qf Qf
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The first condition is that the transition probabilities must be chosen
non-negative. The second condition means that the total probability that
the system goes from any state (1 to some other state is equal to one, i.e.
from the state () there is necessarily an exit, it is not a "trap". The third
condition is equivalent to the last of the relations of the ergodicity
conditions and means that the required distribution P({) is invariant,
that is, the sum of the transition probabilities from all states to a given
state () realizes the probability of this event P ().

Each step €1; - ; of the Markov process can be associated with the
time interval dt of the calculation time of this step; this time reflects the
scale of the real relaxation time of the physical system. The limit of the
ratio of the probability of transition to this time interval

Porq
W = lim
a'-0Q dt-0 dt

is called the transition intensity, or the transition probability density.
The limit is understood in the sense that the total calculation time is
much greater than dt, so that it is possible to approximate the discrete
steps by a continuous process.

Taking into account the evolution of the system in time, we can
write:

P(Q, t + dt) = Z PQ’—).Q,dtP(Q,’ t)!
QI

where Pq/_,q 4¢ 1s the conditional probability of transition of the system

from the state Q' to the state Q during the time dt. Next, select the term
with Q' = Q:

P(Q,t +dt) = PoogatP(Q 1) + Z PgrqqtP(E, 1)
Q'#Q

The condition of the conservation of probabilities can be represented
as follows:
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Poqat =1— Z Poroqat
Q'£Q

Hence,

P(Q,t+dt) = P(,t) (1 - z PQ'—)Q,dL“) + Z PorLaacP(Q,0)
Q'+ Q=0
=

= P(Q,t+dt)—P(Q,t) =
- Z PooqaratP(Qt) + Z Por0atP(Q,0).
Q'£0 [ETY)

The evolution of the probability P(Q) can be described as a kind of
balance equation, or a velocity equation:

dpP (Q)

= ) WagP@)+ ) Wy oP@).
Q=0 Q'+Q

The first term on the right describes the rate of all transitions from the
state () to all other states, and the second is the rate of transitions from
all states other than Q to the state Q. The terms with Q' = Q in both
sums cancel each other. This expression is also called Kolmogorov
equation (or Kolmogorov-Chapman equation).

In the equilibrium state, the derivative % is equal to zero, and
Z Wao.aP(Q) = z Wqr,oP ().
Q’ Q'

To facilitate further practical application of the detailed balance
equation, stronger constraints can be imposed to the last equation. Let
require that this equation be valid for each state Q' under the summation
sign:

WQQQ’P(Q) = WQI_)QP(Q,).
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This relationship is called the condition of the detailed balance. This
ratio gives a considerable freedom in choosing the intensity of the
transitions.

One of the most common options for choosing the intensity of
transitions that satisfies the detailed balance is the Metropolis algorithm,
which uses the following expression for Wqr_q:

(P(Q) P(Q")

v :!m, ecJIt P(Q)<1,
e 1, ecau ) =1
' P(Q) —

We can formulate a more general version of the Metropolis
algorithm by choosing Wqr_,q, as follows:

W (1 1P@)
'~ = Ml Tt P(Q) /)

where T ~ 1 is an arbitrary constant. By varying the parameter t, we can
change the rate of convergence of the Monte Carlo algorithm.

18.3. 1D-version of the Metropolis algorithm

Let it be necessary to generate random numbers Xxg,Xq, ..., Xp, -
distributed with a density function p(x). Then the Metropolis algorithm
for T = 1 will be as follows.

0. Suppose that the system is at the point x,,. To form a new point
Xn41, the following actions are performed.

1. Select a random point x; = x,, + §,,, where §,, is a random
number uniformly distributed on the interval [—8§, §].

2. Compute w = p(x;)/p(x,).
3. If w = 1, the new point x; is accepted: X, ;1 = X¢.

197



4. If w < 1, then generate a random number r uniformly distributed
on the interval [0, 1].

5. If r < w, the new point x; is accepted: X, 41 = X;.
6. If r > w, then x,, is accepted as a new point: X, 11 = X,.

The main problem in the effective implementation of the above
algorithm is the correct choice of the number &. If this number is chosen
too large, then the probability of step 6 in the algorithm is increased, and
the system will stay at the same point for a long time. If the number & is
chosen too small, then the probability that the new point x,,; will be
different from the previous point x, increases, but because of the
smallness of , the system will still move near the previous state, and
the generated random numbers will again give a bad sampling. In
practice, the optimal choice of § is usually the number at which
approximately half of the system's transitions to a new point are
accepted.

Another problem of the Metropolis algorithm is the fact that the
random variables x; generated by the algorithm are not independent,
since there is an obvious correlation between the new and the current
random points. Thus, the Metropolis algorithm generates random points
Xg, X1, -, X, ---, Which are distributed with the required density function
p(x) but are not statistically independent. Therefore, for example, the
estimate of the variance DI for calculating the integral of the function
f (x) by Monte Carlo method using p(x),

[ = Jw)f (x)dx
 Jw®)dx

will be incorrect, since to calculate the variance a sample of independent
random variables is necessary. To isolate from the sequence
Xg, X1, ) Xn, .. a subsequence containing independent random
variables, an autocorrelation function is used:
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{fifirr) — (fi)?
(FA =<’

fi = f(x),

c(k) =

N-k
1
(Fifird = 37— Z F G Gris)

It is assumed that the random points x; and x;,, separated by an
interval k so that C(k) < 0.1, can be considered statistically
independent, i.e. a subsequence {xg, X, X2k, X3k, ...} can be used to
calculate the variance and other statistical processing of the results.

Example 18.1 demonstrates an algorithm (Fig. 18.1) that generates
random numbers whaving Gaussian distribution [4]

(x) = ——=e~*"/10,
P 107

Example 18.1.

o

% specification of the density function and call a function that
implements the Metropolis algorithm

p=inline ('1l/ ((2*pi*5)~0.5) *exp (-x"2/10) "', 'x");
N=2%*10"5; % number of random points
x(1)=0; % the first term of a random sequence

for i=2:N
x (i) = Metropolis(x(i-1),0.5,p); % delta = 0.5
end

o

% visualization

o

figure % puc. 18.1

i= 1 : N;

plot(i,x,'k");

set (gca, 'LineWidth',1)

set (gca, 'FontName', 'Trebuchet MS')
set (gca, 'FontSize', 8)

set (gca, 'FontWeight', 'bold'")
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% histogram of distribution

Ni = 50; % number of histogram bins
k =1 : Ni;

dx = (max(x) - min(x))/(Ni-1);
Interval (k) = min(x)+dx* (k-1);

s = hist (x,Interval);

for j =1 : Ni
z(J) = min(x) + dx*(j-1);
Z(3) = N*p(z(3))*dx;

end

figure $ Fig. 18.2

bar (Interval, s);
colormap white
hold on

plot(z,Z,'r', 'LineWidth',2.5)
hold off

set (gca, 'LineWidth',1)

set (gca, 'FontName', 'Trebuchet MS')
set (gca, 'FontSize', 8)

set (gca, 'FontWeight', 'bold')

o

% Metropolis algorithm
function z = Metropolis(x,delta,p)
% x 1s coordinate of initial point

xt = x+delta* (2*rand - 1);
w= p(xt)/p(x);

if w >=1
xnew = Xxt;
end
if w <1
r = rand;
if r<=w
xnew = xt;
else
Xnew = X;
end
end
zZ = Xhew;
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Fig. 18.1. Random numbers generated by the Metropolis algorithm and having
Gaussian distribution
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Fig. 18.2. The histogram of random numbers of Fig. 18.1 and the envelope function

(x) = e—x?/10
P V10T

201



Practice

18.1. Compute the autocorrelation function for the random numbers
of Example 18.1. Determine the value of k for which random numbers
can be considered independent.

18.2. Investigate the dependence of the number of successful
configuration changes (a successful configuration change means a
situation when x, 1 # x,,) on .

18.3. Using the Metropolis algorithm generate a sequence of random
variables having a normal distribution, extract from this sequence a
subsequence of independent random variables, and use this subsequence
to calculate the integrals:

2

[oe]
_x~
fxze 2 dx;
— 00

4
fxze‘xdx.
0
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19

Fourier transform

Consider a periodic function f(x) with period 1 defined on the
whole real axis, and expand it into Fourier series:

©o
— 2migx
FE)= ) age?me,
gq=—0o
where q is integer, while for convergence we require
(00}

> lagl <.

gq=—00

We choose on the x-axis a discrete spatial grid x; = i/N, where N is
fixed, i is an integer. The number N is called the sampling frequency.
Let f; = f(x;) be the values of the function at the grid nodes. Then
there will be many summands with the same exponential factors in the
Fourier expansion of f(x). Indeed, suppose that there are two such
momenta q; and q, that g, — q; = kN, k is an integer. Then q,x; —
QX = ﬁkN = ki is also an integer. Thus, e?™d2%i = ¢2™d1%i The
Fourier series can be rewritten as follows:

[ee)

N-1
f(x) = z Aqu‘lTl'qx, Aq = Z aq+sN'
q=0

S=—00

where s is an integer. This transformation is valid only for the variable
x, which belongs to the discrete grid x;.

Thus, now the problem is formulated on the domain with the length
of only one period, which is divided into segments ("nodes") of length
2mt/N. To solve the problem, it is necessary to determine the Fourier
coefficients A,.
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Let introduce the scalar product of two functions on a discrete grid:

1 N-1
(ﬂm=ﬁ2;w;

The factor 1 / N is needed for the correct transition to a continuous limit:

1
(F.9) —— fﬂﬂf@ﬂx

—xi|—=0

The functions g,(x) = e?™4% for 0 < q < N form an orthonormal
basis system. Indeed, let calculate the scalar product

1 N-1 k
(90:9) =5 ). ™™ @W.
k=0

1—e2mi(@-J)

If ¢ # j, then (gq,g,) = [mzm—(qnﬂv] 0; if g = J, then the scalar
product can be calculated in two ways:

1—e2mia ] 1 [ —2mia
= _ - 1;
laso N

a) (gq,gj)‘ [W = -2nia/N]|a_,0

0) (gq'g]) = ZN 11 =1

Thus, it is proved that (gq,gj) =96,;,0<q,j <N, ie. the functions

qj
gq(x) = e?™a%i gre orthonormal.

Next we obtain the desired Fourier coefficients A;. To do this, we
find the scalar product of the functions f and g; and obtain the
coefficients with the use of the inverse Fourier transform:

N-1N-1

(f; gj) — %Z Z Aqg;ezquk — 2 %2 2MiqX—2TijX —
k=0 g=0 q=0
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N-1 N-1
Aq (94:95) = z Ag8q; = A
q=0 q=0
Thus,
N-1
4= (f.9) = %Z fic €72,
k=0
If the coefficients a, decrease rapidly with increasing g, then
Ag = Z Agesn = Ag-
s=—o0

For the numerical calculation of all Fourier coefficients in the
general case, it is necessary to perform ~N? operations, and for a
sufficiently large N the procedure for calculating the coefficients can
take a considerable time. There is an algorithm that allows the Fourier
series to be expanded much faster, in ~Nlog, N operations: the so-called
fast Fourier transform.

Suppose that there are Fourier coefficients of some periodic function

f:
1 N-1
Ag=(f.99) =3 Y. fre™™an.
j=0

We divide the number N into two multipliers: N = p1p,, p1p, # 1 (for
example, = 100, p; = 20, p, = 5). Then the numbers g and j can be
represented in the form q = q; + p1q2, ] = j» + p2j1, and 0 < qq,j1 <
p1; 0=<q,,j, <p,. Formally substitute these expansions in the
expression for the Fourier coefficients:

p1—1pz—1

(]2+P2]1)(Q1+P1QZ)
f}z +p2j1 € plp
P1Db2

J1=0 j2=

= A(q1,q2) =
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Convert the expression to the exponential:

1 J2q1  J2P192 P21 | P2j1P192
—— (2 + 2j0)(q1 + P1q2) = + + + =
p1D2 2 2 iz P1D2 p1DP2 P1D2 p1D2

Note that the product q,j; is an integer, i.e. e 2™42/1 = 1. Then we
have:

P1—1pz-1

1 Yy omi(82 1)
_ g . N =
Aq - f)z"’l’zhe b1
P1P2 &~ 4=
J1=0 j2=0
p2—1 . p1—1 ihq
_ 1 —Zni% 1 —Zni—;) 1
- e o sz*‘pzhe 1.
D2 &~ D1 &~
J2=0 J1=0
We introduce
p1—1 ,
_21“-]1611

W 1 Z
A (]Z’ql) = f}'2+p2j1e Pr.
P1 Jj1=0

Then the Fourier component can be rewritten as follows:
1 (A2

The problem was divided into two parts: first to determine the
coefficients A®Y| and then to substitute them in the expression for the
Fourier coefficients Ag.

Determine the number of operations necessary to calculate the
Fourier components. It is easy to estimate that to calculate all the
coefficients A, one should do p; operations for the internal sum, p,
operations for the external variable j,, and p; operations for the external
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variable q;. Thus, to calculate all the coefficients AV, it is required
~ p1p2p1 = Np; operations. Similarly, the number of operations
necessary to calculate the coefficients A, is ~ p,p1p; = Np;
operations. In the general case, when the number N is factorized into
arbitrary multipliers, there are ~ N }.7_; p; Fourier operations, where r
is the number of multipliers. The most efficient factorizing is achieved
with p; = p, = --- = p,, = 2, i.e. on the basis of 2, as in binary code. In
this case we have 2" = N, i.e. r = log,N. Hence, the total number of
operations is ~ Nlog,N < NZ.

Write down the algorithm specifically for the binary factrozation,
which is often used in practice. First, represent the numbers g and j in
the form

T T
4= G2 = ) jrenem2™ Qodm =01,
k=1 m=1

Then, for the calculation of the coefficients A% there exists a sequence
of recurrence relations:

A(m)(qlJ R an'jm+1' 'jT) =

N| =

1
—2Mif., 2—mym k-1 - . .
Z € ATm? Zk:oqkz A(m 1)(q1""'Qm—1'1m:---,]r);
Jm=0

A(O)(le v Jr) = fjr+jr_12+...+j127‘—1; m=1,..,r.

Note that we must take the number N ¢s1 multiple of powers of 2: N =
2n,

In MatLab, a fast Fourier transform is realized using the function
f£ft. Example 19.1 shows the use of this function to restore a noisy
signal (Fig. 19.1).
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Example 19.1.

Fs = 100000; % Sampling frequency
T = 1/Fs; % Time Sampling

L = 10000; % Signal length
t = (0:L-1)*T; % Vector of time

The sum of two sinusoids of 500 and 1200 Hz
x = 0.7*sin (2*pi*500*t) + sin(2*pi*1200*t);

o°

figure

o

% plotting of the amplitude of the pure signal versus time
subplot (2,2,1)

plot (Fs*t(1:1000),x(1:1000))
title('Source signal (2 sinusoids 500 and 1200 Hz)')
xlabel ('Time, ms')

y = x + 2*randn(size(t)); % adding of noise to the signal
% plotting the amplitude of the noisy signal versus time
subplot(2,2,2)

plot (Fs*t (1:1000),y(1:1000))
title('Signal with noise')
xlabel ('Time, ms')

Y fft(y); % fast Fourier transform of a noisy signal

f = Fs*linspace(0,1,L); % frequency grid

% plotting of the spectrum of the noisy signal in the frequency
range [0 Hz, 2000 Hz]

subplot (2,2, 3)

plot (£ (£<2000),abs (Y (£<2000)))
title('Signal spectrum with noise')
xlabel ('Frequency (Hz)'")
ylabel (" |Y(£) ")
% finding of two main peaks in the spectrum of the noisy signal in
the frequency range [0 Hz, 2000 Hz]
[psor,lsor] = findpeaks (abs (Y (£<2000)), 'SortStr', 'descend',
'NPeaks', 2);
fr=f (lsor); x=0; % finding the frequency of peaks
for i=1:1:numel (fr) % frequency loop for signal recovery
x=x+psor (1) /max (psor) *sin (2*pi*fr (i) *t);
end
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% plotting of the amplitude of the reconstructed signal versus
time

subplot (2,2,4)
plot (Fs*t (1:1000),x(1:1000),'r")

title('Recovered signal')
xlabel ('Time, ms')

Source signal (2 sinusoids 500 and 1200 Hz) Signal with noise
2 ; , . . ) . .

YT I T

U !

U} I\IU \I (\I / \UI\ N‘ {. \d/ ‘ﬂ\ ’ D WM ‘
71 U U | \} \Ul V I 5

0 200 400 600 800 1000 400 600 800 1000

o

Time, ms Time, ms
Signal spectrum with noise Recovered signal
6000 2
5000 1 | h -
| | nf I
HiN I | { (| |
4000 1 ol [ A [
iy
= BRIV EIANE VLS
> 3000 ' Da"‘\‘\"\“""“.“‘“\;‘""‘uH‘,J
SV I e
2000 1 iy Vv L
o | W\ | ’ vl
1000 | 1 [ i
W | / '
o Irvttany I A oAb L‘.V';wrv,,»ﬁ%m,m- -
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Frequency (Hz) Time, ms

Fig. 19.1. Recovering a noisy signal with the help of Fourier transform

In Example 19.2, spectral analysis of an audio file is considered
using the example of a blue whale call (Fig. 19.2).

Example 19.2.

% Spectral analysis of blue whale call

whaleFile = fullfile (matlabroot, 'examples', 'matlab',
'bluewhale.au'); % link to the audio file with the voice of the
blue whale; this file comes with MatLab

[x,fs] = audioread(whaleFile); % reading audio file

sound(x, fs); % playback of the audio file
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figure % Fig. 19.2
subplot (3,1,1)

t=10*%(0:1/fs: (length(x)-1)/fs); % time discretizationm
plot(t,x) % plotting the amplitude versus time

xlabel ('Time, s')

ylabel ('"Amplitude')

title('{\bf Blue Whale Call}"'")

subplot (3,1,2)

bCall = x(2.45e4:3.10e4); % bCall is the "second word" of the blue
whale

tb = 10*(0:1/fs: (length(bCall)-1)/fs); % transition of the
discretization of the "second word" into the time grid

plot (tb,bCall, 'm') % plotting the amplitude versus time for the
"second word"

x1im ([0 tb(end)]) % setting the limits along the X axis

xlabel ('Time, s')

ylabel ('Amplitude"')

title('{\bf Second word }")

m = length (bCall); % length of the "second word"
n = pow?2 (nextpow?2 (m)) ; % finding a number of the form 2"k, which

is either equal to or greater than the length of the "second word"

y = fft(bCall,n); % fast Fourier transform
f = (0:n-1)*(fs/n)/10; % frequency range
p = y.*conj(y)/n; % power of the set of y wvalues

subplot (3,1, 3)

plot (f(l:floor(n/2)),p(l:floor(n/2)),'r") % plotting the signal
power versus frequency

xlabel ('Frequency, Hz')

ylabel ('Power')
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Fig. 19.2. Spectral analysis of the blue whale call

Example 19.3 shows the code analyzing the frequency spectrum of a
one-dimensional atomic chain (Fig. 19.3, 19.4).

Example 19.3. In the example, it is possible to observe oscillations of atoms in real
time; to do this, uncomment the commented lines.

Fs = 10; %Fs is the sample rate
dt = 1/Fs; % dt is time incrfement
a =1; % a is the interatomic distance

N = 50; %N is the number of atoms
L = 10000; %L is the number of time steps
alpha = 1; %alpha is the coefficient of atomic interaction

lattice = [a:a:(a*N)]; % the initial position of the atoms
M = 1; %M is the atomic mass, by default all atoms are the same

and have a mass of 1

coord = lattice + a*(2*rand(1,N)-1)/100; %coord is the vector of
coordinates of atoms; we set the random initial deviation

% uncomment for visualization of oscillations

[

%coord=lattice;
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coord(l)=coord(l)+rand/10;

o oe

coordPast = coord; % coordPast 1is the vector of coordinates of
atoms on the previous iteration
coordFuture = coord; % coordFuture is the vector of coordinates of

atoms on the next iteration; it is intended
to implement the Euler difference scheme

position = zeros(L,N); % position 1is the matrix of positions of
atoms in time

h = waitbar (0, 'Period calculating'); % waitbar initialization to

display the process of calculating

coordinates; % comment when

visualizing the oscillations

L % loop over time
for i = 1:1:N % loop over coordinates
1

if == 1 % accounting for the Born-Karman boundary
conditions
coordFuture (1) = dt”2* (-alpha/M) * (2*coord (1) -
(coord (N) - (lattice (end)))-coord(2))+2*coord (1) -

coordPast (1) ;
elseif i == N % implementation of the Euler difference
scheme
coordFuture (N) = dt”2* (-alpha/M) * (2*coord (N) -coord (N-
1)-(coord(l)+lattice(end)))+2*coord(N)-coordPast (N) ;

else
coordFuture (1) = dt”"2* (-alpha/M) * (2*coord (i) -coord (i-
1) -coord(i+l))+2*coord (i) -coordPast (1) ;
end
end
coordPast = coord; % go to the next iteration
coord = coordFuture;
position(j,:) = coordFuture; % current position of atoms

uncomment for visualization of oscillations
plot(lattice,lattice-coordFuture,’or’)
%axis ([min (lattice)-1 max (lattice)+1 -1/10 1/101)
Sdrawnow

%pause (dt)

oo oo

)

waitbar (j/L) % comment when visualizing the oscillations
end
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)

close (h) % comment when visualizing the oscillations

f = [0:1:(L-1)]*Fs/L*2*pi; % f 1is the frequency grid for a
discrete Fourier transform
Y = zeros(N,L); % Y is the future Fourier image of the dependence
of the positions of atoms on time
h = waitbar(0,'FFT'); % waitbar initialization to display the

discrete Fourier transform process; comment when visualizing the
oscillations

for i = 1:1:N

position(:,1) = position(:,1i) - sum (position(:,1i))

/numel (position(:,1i)); % normalization

Y(i,:) = fft(position(:,1)); % discrete Fourier transform

Y (i,:) = abs(Y(i,:)); % amplitude wvalue of the Fourier
transform

waitbar (i/N) % comment when visualizing the oscillations
end

o

close(h) % comment when visualizing the oscillations

sumY = sum(Y(i,:),1); % sum of the Fourier transforms into a
single Fourier transform of the whole system
k = (2*pi/a)*(0:1:(N-1))/N; % k is the array of wave vectors of
the system

omega = 2*sqgrt(alpha/M)*sin(k*a/2); % omega omega is the vector
of the acoustic oscillation frequencies of the
system

analit omega = omega(l:end/2); % analit omega: consider only one

branch of frequencies
[pks, locs] = findpeaks (sumY (1l:end/20), f(l:end/20), 'Npeaks',

numel (analit omega)-1); % seek the values of the frequencies of
the acoustic oscillations in the resulting total Fourier transform

o

locs = sort(locs); % sort the obtained values of frequencies

o

figure % Fig. 19.3

plot(locs,pks,’sxr’)

hold on

plot (f(l:end/20),sumY (l:end/20)) % build the frequency response of
the system; consider only 1/20, since the rest does not carry
useful information

xlabel ('Frequency (rad/s)')

ylabel ("Amplitude')

title('{\bf Frequency components of oscillations of a one-
dimensional atomic chain}')

[

figure % Fig. 19.4
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plot ([-k(end/2:-1:1) k(l:end/2)],[locs(end:-1:1)

% plot the dispersion
hold on

plot ([-k(end/2:-1:1) k(l:end/2)7,

analit omegal,’r’)

xlabel ('Wave vector')
ylabel ('Frequency (rad/s)')

0 0 1locs],’*b’)

[analit omega(end:-1:1)

title('{\bf The dispersion law of the acoustic branch of a one-

dimensional atomic chain}')

legend ({'Obtained wvalues', 'Analytical expression'}, 'Location',

'SouthWest"')

The dispersion law of the acoustic branch of a one-di
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Fig. 19.3. The acoustic branch of oscillations of a chain of atoms
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Fig. 19.4. Frequency spectrum of oscillations of a chain of atoms
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20

Sparse matrices

20.1. Storage scheme

Sparse matrices are matrices containing zero elements, the number
of which is much greater than the number of non-zero elements. Sparse
matrices occur in various scientific fields; to work with them, special
algorithms are created. Strictly speaking, a matrix can be considered
sparse if a compact storage scheme for its elements and algorithms for
sparse matrices provide a significant gain in processing speed compared
to conventional or dense matrices.

Elements of sparse matrices are stored in special arrays of type
double array (sparse).Only non-zero elements are stored in these
arrays, as well as information about the place in the matrix where these
elements are located. The function sparse converts the matrix storage
scheme from ordinary to sparse:

A=1400-10
00201
11000
3000 -7
0050 5]

A =
4 0 0 -1 0
0 0 2 0 1
1 1 0 0 0
3 0 0 0 =17
0 0 8 0 5

AS = sparse (A)
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Fig. 20.1 shows the storage scheme of the sparse AS matrix in
MatLab.
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Fig. 20.1. The sparse matrix storage scheme in MatLab

20.2. Creating sparse matrices

The function sparse, in addition to converting the full matrix into a
sparse one, provides the possibility of creating a sparse matrix using
vectors containing values of non-zero elements and their positions in the
matrix:

AS = sparse (i, j,nzer,m,n)
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Here i is the vector of the row indices of non-zero elements; j is a
vector of the column indices of non-zero elements; nzer is the vector of
non-zero elements; m,n are the dimensions of the full matrix. The
matrix AS in Fig. 20.1 can be specified using the following commands:

i =[13 4 3 2 51 2 4 5]; % elements of a sparse
matrix are listed by columns

3 =[11123345525];

nzer = [4 1 3128 -11-705];

AS = sparse(i,j,nzer,5,5);

In the following examples, various ways of specifying sparse
matrices with the use of the function sparse, efficient and ineffective,
are shown.

Example 20.1. Using the following commands, a tridiagonal sparse matrix of the
following form can be created:

)

i = [1:10 2:10 1:9]; % row indiced

j = [1:10 1:9 2:10]; % column indices

s = [2*ones(1,10) ones(1,9) ones(1,9)]; % matrix elements

B = sparse(i,j,s); % in the absence of the fourth and the fifth
arguments, the dimensions of the matrix are

computed automatically from the maximum values of
the elements of the vectors i and j

Example 20.2. Let's analyze effective and inefficient ways of creating sparse matrices.

o

1

The most inefficient way

n is the size of the square matrix

nz is the number of non-zero elements

o° oe

o

o

A = sparse(n,n); % initialization of sparse matrix of size n x n

for k = l:nz
i = 1 + fix(n*rand(l)); % rows and columns are selected
randomly
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J =1+ fix(n*rand(l));

x = rand(1l);

A(i,j) = A(i,3) + x; % a random number 1is written in the
chosen place of the matrix; such an operation
works very slowly with sparse matrices

end

2
It is more efficient to pre-initialize the arrays of row and
column indices, as well as element values

o o

i = zeros(nz,1);
j = zeros(nz,1l);
x = zeros(nz,1);

for k = 1l:nz

i(k) = 1 + fix(n*rand(1l));
Jj(k) = 1 + fix(n*rand(l));
x (k) = rand(l);

A = sparse(i,j,x);

3
The best way is to completely avoid loops

o° oo

= rand(3,nz);

(1,:) =1 + fix(n*e(1,:));

(2,:) =1 + fix(n*e(1,:));

A = sparse(e(l,:),e(2,:),e(3,:));

e
e

Example 20.3. Consider the function spy.

P32 = pascal(32); % Pascal matrix is a matrix whose elements are
binomial coefficients
s32 = rem(p32,2); % function rem calculates the remainder of

dividing the elements of the matrix by 2; we
obtain a matrix of zeros and ones
sps32 = sparse(s32); % creation of sparse matrix

figure % puc. 20.2

spy (sps32) % function spy draws a portrait of the matrix; nonzero
elements are marked with dots; under the plot, the
number of non-zero elements in the matrix are shown;
the portrait of this matrix coincides with the
Sierpinski carpet
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set (gca, 'LineWidth',1)

set (gca, 'FontName', 'Trebuchet MS')
set (gca, 'FontSize', 8)

set (gca, 'FontWeight', 'bold')

0

20

25

. .
.
.

30

' \ . 1
15 20 25 30
nz =243

'
10

o
w

Fig. 20.2. Sparse matrix portrait

20.3. Operations with sparse matrices

All operations of linear algebra such as addition, subtraction,
multiplication of matrices, etc., are realized in MatLab for sparse
matrices. That is, for example, operation A+B, where A and B are sparse
matrices, will result also in a sparse matrix. If one of the matrices is full,
then the result can be a sparse or full matrix, depending on the type of
operation being performed. Table 20.1 shows the types of the resulting
matrix for various operations with sparse matrices; R means a sparse
matrix, and F means a full matrix.

Table 20.1
The type of result when performing operations with sparse matrices

R+R = R R+F = F
R-R = R R-F = F
R*R = R R*F = F
R.*R = R R.*F = R
R./R = R R./F = R
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The function spdiags is an analog of the diag function for sparse
matrices and allows forming sparse matrices with given diagonals or to
select diagonals from sparse matrices. For example, for the matrix A

A=[010200;, 003040, 50060 7;...
8 900 10 0; 011 12 0 0 13];

O 0 U1 O O
P o O O
N O O w O
O O oy ODN
O O O b O
w O J O O

the statement
[B, d] = spdiags (A)

forms the matrix B consisting of columns containing diagonals of the
matrix A; the vector d contains the positions of these diagonals in the
matrix:

B =
0 0 1 2
0 0 3 4
0 5 6 7
8 9 10 0
11 12 13 0
d =
-3
-2
1
3

The positions of the diagonals in the matrix are shown in Fig. 20.3. For
diagonals lying under the main diagonal, the values of the elements are
added to the end of the corresponding column of the matrix B, and for
diagonals lying above the main diagonal to the beginning of the
corresponding column.
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Fig. 20.3. The positions of the diagonals in the matrix

The function speye (m, n) creates an identity sparse matrix of size
mXn.

The function full performs the transformation of a sparse matrix
into a full matrix.

The function £ind searches for non-zero elements in the matrix:

[i,7,x] = find(A); % such a call to the function find
with three output parameters 1leads to the
creation of two vectors of indices and a
vector containing values of nonzero elements

222



The function spconvert creates a sparse matrix with the use of a
three-columns matrix containing two columns of indices and a column
of values. The following two commands are equivalent:

A = spconvert (x);
A = sparse(x(:,1),x(:,2),x(:,3));

If the matrix x has four columns, then the last two columns are used as
an array of values, and the matrix A will be complex; the values of the
real part of the elements are taken from the third column of x, and the
imaginary part is taken from the fourth column.

The function nnz returns the number of non-zero elements of the
matrix:

nnz (A)

ans =
13

The function spfun is used to calculate functions of non-zero matrix
elements. The function has the following format: ¢ = spfun (@f,n),
where f is a function. The values of the function will be computed only
for non-zero elements of the matrix A: C(i,j)=f(A(i,]j)). For
example,

CN = spfun(Q@Qcos,A)

CN =
(3,1) 0.2837
(4,1) -0.1455
(1,2) 0.5403
(4,2) -0.9111
(5,2) 0.0044
(2,3) -0.9900
(5, 3) 0.8439
(1,4) -0.4161
(3,4) 0.9602
(2,5) -0.6536
(4,5) -0.8391

~
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The function eigs calculates the eigenvalues of the matrix and is
optimized to work with sparse matrices. It has already been used to
calculate the energy of a particle in a potential well (see Chapter 14).

Practice

20.1. Rewrite the algorithms from the Chapter 14 with the use of
tridiagonal sparse matrices.
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21

Fractals. Recursion

21.1. Recursive functions

The term "recursion" means "something defined in terms of itself".
In programming function is called recursive if it calls itself.

A classic example of recursion is the recursive definition of the
factorial of an integer:

n!'=n-(n-1)! common case;
1! =1 particular case.

This definition of the factorial is recursive, because the factorial is
defined in terms of another factorial. In the recursive definition of any
object, there is always a general and particular case. In general case, the
factorial of the number n is equal to the number n multiplied by the
factorial of the number (n — 1). In the particular case, the factorial of
the number 1 is 1. The achieving of the particular case stops the
recursion. For example,

31=3-2!
21 =2-1!
1'=1

Calculation of 3! is impossible without calculation of 2!; calculation of
2! is impossible without calculation of 1!; calculation of 1! is the
particular case, the result is 1. After reaching the particular case, the
calculations are reversed: knowing 1!, it is possible to calculate 2!, and
knowing 2!, it is possible to calculate 3!.

225



When programming a recursion, it is necessary to ensure that a
particular case is realized sooner or later; otherwise the recursion will be
infinite. Example 21.1 shows the code that calculates the factorial by the
recursion method.

Example 21.1.
function facn = fact(n)
if n == 1

facn = 1;
else

facn = n * facn(n-1);
end
end

The program in Example 21.1 works as follows. Suppose that we
again need to compute 3!. At the first call to the function, the program
tries to assign the result to the variable 3 * facn (2). However, the
value of facn (2) is not defined at this time, and the calculation is
interrupted by a recursive call to the facn function to evaluate
facn (2). In this call, the attempt is made to calculate the value 2 *
facn (1). But the value of facn (1) at this point is also not defined,
and the calculation is interrupted by a recursive call to the function
facn to evaluate facn (1). In this call, the if-branch of the if-else
construction is implemented, and the recursion reaches the particular
case. The value of facn (1) is calculated, then it is passed to the
process that expects it to evaluate facn (2), which in turn is passed to a
process that expects it to evaluate facn (3).

In Example 21.2 the application of a recursive function to
rearranging words of a sentence in reverse order is considered.

Example 21.2.

function reverse words (sent)

[

% sent is initial sentence

[word, rest] = strtok(sent); % the function strtok splits the
input argument into two parts: the
first word is written to the wvariable
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word, and the remaining text is
written to the variable rest

if ~isempty(rest) % if the variable rest is not an empty array, a
recursive call to the function occurs;
when there are no words in the
variable rest, a particular case
occurs, and the recursion stops

reverse words (rest);
end

o

disp(word) % displaying the word stored in the variable word; the
last word in the sentence will be
displayed first, since it is on this
word the recursion stops

end

o

% Example of function working
reverse words ('Masha loves porridge')

porridge
loves
Masha

Recursive functions are often used in the construction of fractal
objects.

21.2. Sierpinsky carpet

The Sierpinsky carpet is a fractal object with a dimension of 1.585
[5]. The method of construction of the carpet is quite simple. As an
initial set, we choose an equilateral triangle S;. Then we remove the
insideness of the central triangular part and denote the remaining set S;.
This process is repeated for each of the three remaining triangles, and
the next approximation S, is obtained. Continuing in the same way, we
obtain a sequence of sets S,, which forms the Sierpinski carpet
(Fig. 21.1).
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S3 Sa Ss

Fig. 21.1. Construction of the Sierpinsky carpet

To construct the Sierpinsky carpet, the following algorithm is
implemented.

1. Set the order of carpet N.

2. Set the coordinates of the vertices of the original triangle
ABC: (XAJ YA)J (XBJ YB)' (XCJ YC)'

3. Plot an equilateral triangle ABC and fill it with black.

4. Calculate the coordinates of the means of the sides of the

triangle ABC:
Xp=Xa . _Yo=Ya.
2 T

dx =

dx
XB’ :XA+dx+7, YB’ :YA+dy,
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dx
)(C':: Xy 4'—5—; YC' =Y, +dy.

5. Plot the triangle A'B’C" and fill it with white.

6. Repeat the actions of items 4 and 5 N times for the triangles
AA'C’', A'BB’, C'B'C respectively.

The algorithm can be implemented using a recursive procedure that
performs the sequence of actions described in items 4 and 5. The full
code [4] is given in Example 21.2.

Example 21.2.

function z = Serpinsky(Lmax)

o

% Lmax is the order of the carpet

o

% specification of the coordinates of the vertices of an
equilateral triangle

x1=0;

y1=0;

x2=1;
y2=0;

x3=0.5;
y3=sin(pi/3);

h=figure(l); % initializing the graphics window
hold on
fill ([x1 x2 x3],[yl y2 vy3],'k"); % draw an equilateral triangle

and fill it with black; the function fill
draws the polygon defined by the x and y
vectors

set (gca, 'xtick', [1,'ytick',[]1); % switching off axis ticks
set (gca, 'XColor', 'w','YColor','w'); % setting color for drawing
axes

% call of the function that draws an equilateral triangle of white
color

Simplex (x1,vyl,x2,vy2,x3,vy3,0,Lmax) ;
hold off %
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function z=Simplex(x1l,yl,x2,y2,x3,y3,n,Lmax)

[

if n < Lmax % the condition for achieving the particular case

% setting the coordinates of the wvertices of the current
equilateral triangle
dx=(x2-x1)/2;
dy=(y3-vyl)/2;
x1ln=x1+dx;
yln=yl;
x2n=x1+dx+dx/2;
y2n=yl+dy;
x3n=x1+dx/2;
y3n=yl+dy;
% draw the current equilateral triangle
n=n+1;
fill([x1ln x2n x3n], [yln y2n y3n]l,'w');

o°

application of Simplex function to a triangle with vertices
(Xa',Ya); (Xa',Ya); (Xc',Yc")
Simplex (x1,yl,x1n,yln,x3n,y3n,n,Lmax) ;

o

o°

application of Simplex function to a triangle with vertices
(Xa',Ya); (Xb',¥b'"); (Xb',Yb')
Simplex (x1ln,yln,x2,y2,x2n,y2n,n,Lmax) ;

o

oe

application of Simplex function to a triangle with vertices
(Xc',Yc'"); (Xb',¥Yb'); (Xc,Yc)
Simplex (x3n,y3n,x2n,y2n,x3,y3,n,Lmax) ;

o

end

21.3. Menger sponge

The Menger sponge is a three-dimensional analogue of the
Sierpinsky carpet. In principle, the construction of the sponge does not
differ from the carpet construction scheme, the difference consists only
in the number of iterations at each level. Example 21.3 shows the code
that implements the construction of a sponge and its filling with various
colors (Fig. 21.2).

Example 21.3.

function menger (n)

switch nargin % if there are no input arguments
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case 0
n = 2; % sponge order will be selected by default 2
end

o

figure % Fig. 21.2
% calculation of the matrix consisting of zeros and ones that
denote the presence or absence of cubes of the size corresponding
to the current iteration

% M is final matrix
= 0; % unit cube

=

for k=1 : n

o°

create cube A, 3 times bigger than the cube M in each dimension
A = zeros([3"k, 3"k, 37°kl);

% a cube of size M is cut out on the lower face of the cube A
A(:,:,1:3"(k-1)) = [M,M,M; M,ones(size(M)),M; M,M,M];

% a cross of five cubes M is cut out in the cube A
A(:,:,3"(k-1)+1:2%3~ (k-1)) =
[M, ones (size (M)) ,M;
ones (size (M)),ones (size(M)),ones (size(M)); ...
M, ones (size (M)), M];

% a cube of size M is cut out on the upper face of the cube A
A(:,:,2*3"(k-1)+1:3"k) = [M,M,M; M,ones(size(M)),M; M,M,M];

M=A; % the resulting shape is assigned the name M for the next
iteration
end

o

% transformation of the matrix (cube) M into 3D image

hold on
d=1;
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Fig. 21.2. Menger sponges of the first, second and third orders
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)

% loop over all cells of the matrix (cube) M
for i = 1:3"n
for j = 1:3"n
for k = 1:3"n
checking for a cube
if M(i,j,k) == 0
cube(i,j,k,d,n); % call the cube drawing function

o

end
end
end
end

axis equal;
axis off;
hold off;

view (3);
hold off;

function cube (i,J,k,d,n)
The function of drawing a small cube
d is the ratio of the size of a small cube to the size of the

o0 o

0
o]
[¢]
o}
Q
D

value of d = 1 is equivalent to the entire Menger sponge
i,j,k are the coordinates of the cube
n is the iteration number

o0 o° o

o

coordinates of faces of the cube (polygons):

X=1[00000O01; ... % each array column specifies the
101111; % coordinates in 3D space corresponding to
10111 1; ... % the coordinates of the vertices of the

faces of the cube
00 O0O0O011; $ 6 faces of the cube == 6 columns in the

array

Y =[000010;

010011;
011111; .
001110];

Z=10100100 O0O;
00100 0;
111011;
1110117;
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setting gradient for cube faces

each column of the array sets the color values at the vertex of
the cube face; between the vertices a smooth color transition
occurs, thereby the gradient is modeled; in this implementation,
the back edge of the sponge will not be visible, but it becomes
visible when you change the viewing angle using the view function

3
]
o
]

c=[0.10.841.11.1 0.1 0.84 ;
0.2 0.86 1.2 1.2 0.2 0.86 ;
0.3 0.88 1.3 1.3 0.3 0.88 ; ...
0.4 0.90 1.4 1.4 0.4 0.90 ]

create a cube of size d with a center point (i,3j,k)
and reduction of its size to 37 (-n)

(d* (X-0.5) + 1)/3"n;

(d*(Y-0.5) + 3)/3"n;

(d*(z-0.5) + k)/3"n;

N KX 00 e
I

o

% drawing a cube
fi113(X,Y,%,C);
Practice

21.1. Modify the code from Example 21.2 and build a square
Sierpinsky carpet.

21.2. Modify the code from Example 21.3 and build a pyramidal
Menger sponge.
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22

L-systems

The concept of L-systems was introduced in 1968 by
A. Lindenmayer; originally, they were used in the study of formal
languages, as well as in biological models [5].

L-system is a set consisting of an alphabet, an axiom and several
rules.

An alphabet is a finite set, and its elements are symbols. The nature
of the symbols is not important; their only function is to differ from
each other. An alphabetic string is a finite sequence of alphabet
characters.

Axiom is some string of the alphabet.

Each rule is a pair consisting of a predecessor and a successor. The
predecessor is the symbol of the alphabet, and the successor is the
alphabet string, for example A — FA + A (the arrow separates the
predecessor from the successor). In the rule list, the predecessor
symbols must be unique.

Once the L-system is defined, it begins to develop in accordance
with its rules. The initial state of L-system is its axiom. At further
development, this string describing the state will change. The
development of the L-system occurs cyclically. In each development
cycle, the string is scanned from the beginning to the end, symbol by
symbol. For each symbol, the rule is searched for, for which this symbol
serves as a predecessor. If there is no such rule, the symbol is left
unchanged. If the corresponding rule is found, the predecessor is
replaced by the successor string from this rule.

L-systems are used in modeling the growth processes of various
objects (for example, crystals, mollusk shells or honeycombs). For
illustration, consider the following L-system (it is called Alge, as its
development simulates the growth of one of the alga species):

Axiom Rules
A A—-> B
B - AB
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Below are the states of this system after six cycles of development.

Cycle A
0 B
1 AB
2 BAB
3 ABBAB
4 BABABBAB
5 ABBABBABABBAB

Note that each next string is obtained by concatenating the two previous

strings.

To model L-system, it is necessary to give meaning to the symbols of
its alphabet. For graphic representation of L-systems, the alphabet
symbols are interpreted on a "turtle" language, which consists of the
following commands:

F: move one step forward, drawing a trace;

b: move one step forward without drawing a trace;

[: open the branch;

]: close the branch;

+: increase the angle by 0;

—: decrease the angle by 6.

At the beginning of the simulation, the turtle is at some point in the
(x,y) plane and looks in the direction of the initial angle a. On the first
cycle, the turtle draws the axiom on the plane. At each next step of the
cycle, the characters in the current string are replaced in accordance
with the rules.

Sometimes auxiliary variables X, Y, Z are used, which do not involve
changes in the state of the turtle but allow the introduction of several
generating rules into the L-system.

The pseudocode for the generating rules F = new F; X — new X is
as follows (here W (j) is the j-th character of the string W, {T +} is the
string T to which the + sign is attached):

Entrance:
axiom (initialization word)
newF (the generating rule)
newX (the generating rule)
level (number of iterations)
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Exit:
word (resulting string)

Initialization:
W = axiom
n = length (W)
T = {} (empty set)

Steps:
while level > 0
for j =1 ton

if W(3) =+, T = {T +}, end if
if W(j) = -, T = {T -}, end if
if W(3) = [, T = {T [}, end if
if W(3) =1, T ={T 1}, end if
if W(j) = F, T = {T newF}, end if
if W(j) = X, T = {T newX}, end if
end for
W =T
level = level - 1
end while
word = W

Example 22.1 illustrates the implementation of the code in MatLab
for the construction of Harter—Heighway dragon [4]. The dragon is
specified by the following rules:

Axiom: FX

Generating rules:

New f = F

Newx = X +YF +

Newy =-FX-Y

Accordingly, for the first few steps, the L-system will have the
following form:

First step: FX + YF +

Second step: FX + YF + +-FX-YF +

Third step: FX +YF + +-FX-YF + +-FX +YF+- -FX-YF +

Example 22.1.

function [X,Y]=dragon (Lmax)
% function that returns the dragon image

I3

5 Lmax is the order of the maximum iteration
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)

% generating rules
Axiom='FX"';
Newf='F"';
Newx="X+YF+';
Newy="-FX-Y';

teta=pi/2;
alpha=0;
p=[0;0]; % coordinate of the starting point

% call the function that returns the coordinates of the dragon
p=Coord (p, Lmax, Axiom, Newf, Newx, Newy, alpha, teta) ;

% visualization

o

M=size(p,2); % number of points

X=p(l:1,1:M); % vector containing x-coordinates of the dragon
Y=p(2:2,1:M); % vector containing y-coordinates of the dragon
figure;

plot(X,Y, 'Color','r','LineWidth',2);

set (gca, 'XTick',[]1) % disables x-axis ticks
set (gca, 'XTickLabel', []) % disables x labels
set (gca, 'YTick', [1)

set (gca, 'YTickLabel', [1])

% function that returns the coordinates of the dragon

function z=Coord (p,Lmax,Axiom,Newf,Newx, Newy,alpha, teta)
Rule=DraconString (Lmax,Axiom,Newf, Newx,Newy,1l,"'"'); % defining the
L-system

M=length (Rule) ;
for i=1:M
tmp=p (1:2,size(p,2) :size(p,2));

if Rule(i)=='F' % step forward
R=[cos (alpha);sin(alpha)];
R=R/ (2”Lmax); % scaling of the picture depending on the number
of iterations
tmp=tmp+R;
p=cat (2,p, tmp) ;

end

if Rule(i)=="+' % increase the angle
alpha=alpha+tteta;

end

if Rule(i)=='-' % decrease the angle
alpha=alpha-teta;

end

end

z=p;
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% function that returns L-system
function z=DraconString (Lmax,Axiom,Newf, Newx,Newy,n,tmp str)

if n <= Lmax

if n==
tmp_str=Axiom;

end

M=length (tmp str);
tmp='"'; % create an empty string

for i=1:M

if tmp str(i)=='F'
tmp=strcat (tmp, Newf) ;

end

if tmp str(i)=='X'
tmp=strcat (tmp, Newx) ;

end

if tmp str(i)=='Y'
tmp=strcat (tmp, Newy) ;
end

if not(tmp str(i)=='F') && not(tmp str(i)=='X") &&
not (tmp_str(i)=='Y")
tmp=strcat (tmp, tmp_str(i));
end
end

tmp_str=tmp;

n=n+1;

tmp str=DraconString (Lmax,Axiom,Newf,Newx,Newy,n,tmp str); %
pexkypcusa

end

z=tmp_str;

Fig. 22.1 shows the Harter—Heighway dragon for various number of
iterations. The calculation time of the L-system increases very rapidly
with the number of iterations.
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Fig. 22.1. Harter—Heighway dragon for various number of iterations

Practice

22.1. Using the above code for the Harter—Heighway dragon,
implement the construction of the following figures (Fig. 22.2):
a) the Hilbert curve:
Axiom: X
Generating rules:
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New f = F

Newx =-YF + XFX + FY-
Newy = +XF-YFY-FX +
a=0; 6 =1/2

b) Gosper curve:
Axiom: XF
Generating rules:
New f = F
Newx = X +YF ++YF-FX- -FXFX-YF +
Newy =-FX +YFYF ++YF + FX--FX-Y
a=0; 6 =n/3

¢) Sierpinsky curve:
Axiom: F + XF + F + XF
Generating rules:
New f = F
Newx = XF-F+F-XF+F+XF-F+F-X
Newy ="

=2 0=m/2
_4’ _1'[/

d) island:
Axiom: F+F+F + F
Generating rules:
Newf = F+F-F-FFF+F+F-F
Newx ="
Newy =
a=0; 0 =m/2

12

€) ornament:
Axiom: F+F+F+F
Generating rules:
New f = FF+F+F+F+FF
Newx =
Newy =
=0; 06 =m/2

12
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Fig. 22.2. Images of curves from Practice 22.1

The images of these curves are shown in Fig. 22.2, where a is Hilbert
curve of the 5-th order; b is Gosper curve of the 4th order; ¢ is
Sierpinsky curve of the 4th order; d is curve "island" of the third order; e
is curve "ornament" of the 4th order.
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22.2. Modify the above code for the Harter—Heighway dragon so that
it would be possible to account for the b command, i.e. 'forward
movement without drawing a trace'. Using the new algorithm, build the
following curves:

a) mosaic:

Axiom: F-F-F-F
Generating rules:
Newf = F-b+ FF-F-FF-Fb-FF + b-FF + F + FF +

+Fb + FFF
New b = bbbbbb
a=20
0=m/2

0) carpet:
Axiom: F
Generating rules:
Newf = F+F-F-F-b+F+F+F-F
New b = bbb
a=20
0=m/2

22.3. Modify the above code for the Harter—Heighway dragon so that
it would be possible to take into account branching commands [ and ].
The symbol [ opens a branch in the L-system; the current coordinates of
the turtle and the angle at which it looks (x,y, @) must be stored in a
separate variable at this point saving. These coordinates must be
returned if the symbol ] (close the branch) is encountered in the L-
system. Using the new algorithm, build the following curves:

a) flower:

Axiom: F [F + F][-F-F][+ + F][--F]F

Generating rules:

Newf = FF[+ + F][+F][F][-F][--F]
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oa=T/2
6 =m/2

0) bush:

Axiom: F

Generating rules:

Newf =-F + F +[+F-F-]-[-F+F + F]
a=0

0 =m/8
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23

Parallel Computing

23.1. Mathematical basis of parallel computations

Many tasks require calculations with a large number of operations,
which demand considerable resources, moreover, it can be confidently
assumed that no matter what speeds the computing equipment has
achieved, there will always be problems that would require considerable
time to solve. Many of these complex tasks require that the result be
obtained in as little time as possible. Such modern problems of science
and technology as climate modeling, genetic engineering, design of
integrated circuits, analysis of environmental pollution, creation of
medicines, etc., require for their analysis a computer with a capacity of
more than 1,000 billion floating point operations per second (1 teraflop).
On the other hand, it is a great technical problem to reduce the execution
time of each operation in the microprocessor. An obvious way to
increase the speed of computing would be to use not one computing
device, but several, working together to solve one task. This approach is
called parallel computing. Despite the seeming simplicity of the
solution, it is often a very nontrivial task to design computer technology
and develop algorithms. The first problem lies in the fact that in order
for the problem to be solved with the help of parallel computations, the
algorithm for solving it must allow parallelization, moreover, not every
problem can be solved by a parallel algorithm. Another problem, which
is no less important, is the construction of a system on which parallel
computations could be implemented.

Parallel calculations can speed up the optimization process, provided
that the calculations require much more time than sending, receiving
and processing data. However, effective planning of operations and
control of the system is a complex and hard-to-solve task.
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Traditionally, a program was written as a sequence of calculations. It
was run on a single computer with one central processor. Program
instructions were executed one after another. Some of today's programs
try to use multiprocessors for computations. The program is divided into
parts that can be solved simultaneously. These parts are computed on
different processors. Computing resources can contain either a computer
with a multiprocessor, or several computers connected over a network,
or a combination of both.

Within the conditions of the transition of processor manufacturers to
multi-core architectures, parallel programming becomes a vital tool for
every advanced programmer and researcher. The de facto parallel
programming standard is the Message Passing Interface (MPI), but not
everyone can master it. Therefore, the developers of software packages,
including MatLab, are concerned about the introduction of parallel and
distributed computing in their packages.

Parallel calculations are possible when there is no need to complete
the previous operation to start the next one. As an example, consider the
following expression:

5-7+3-13.

In order to compute the second multiplication, it is not necessary to
know the result of the first one, therefore, both multiplications can be
made in parallel, and only after this addition is performed. Obviously,
not every calculation can be parallelized. The expression

5:-7-3+13

can only be calculated sequentially, at first the first multiplication, then
the second, and only after that the addition.

23.2. Parallel Computing Toolbox

Parallel Computing Toolbox allows solving tasks which require to
process a significant amount of data and calculations, using MatLab and
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Simulink on multi-core and multiprocessor computers. Such methods of
parallel processing as parallel for loops, distributed arrays, parallel
numerical algorithms, and MPI functions allow parallel algorithms to be
implemented in MatLab at a high level, without programming for
special hardware and network architectures. As a result, converting
MatLab applications to parallel versions requires minor code changes
and does not require programming in the lower level language at all.
Applications run online or offline, in batch environments.

23.3. Parallel loop for

Many applications contain repeated code segments. Often for loop
is used in such cases. The ability to execute code in parallel on a
separate computer or on a cluster can significantly improve performance
in the following cases.

1. Programs with independent segments that perform a number of
unrelated tasks can be performed simultaneously on separate resources.
The for loop is not normally used for such distinctly different tasks, but
a parallel for loop can be an appropriate solution.

2. Applications that involve moving of parameters, that is, the
application loads any initial data that does not change in the process,
and the resulting data is collected at the output. With a large number of
iterations, moving parameters can take a long time: each iteration can be
performed quite quickly, but it will take a lot of time to execute
thousands or millions of such iterations. On the other hand, the process
may not require a large number of iterations, but each of them can be
performed for a long time. Typically, the only difference between
iterations is determined by different input data. In these cases, the ability
to perform separate iterations at the same time can significantly improve
performance. Performing these iterations in parallel is an ideal way of
processing large or multiple sets of data. The only limitation is that the
iterations can not depend on each other.
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Parallel Computing Toolbox improves the performance of such
loops, allowing several system processes (in the MatLab environment
they are called workers) to perform separate iterations of the loop
simultaneously. For example, a loop of 100 iterations can be run on a
cluster of 20 workers so that simultaneously each system process
performs five iterations. Of course, the speed of work will not improve
by 20 times due to network traffic, but the acceleration will be
significant. Even running local system processes on one PC shows a
significant improvement in performance on a multi-core computer. So,
regardless of whether the loop takes a lot of time because of the number
of iterations, or because of their size, the work speed can be increased
by distributing iterations between MatLab workers.

Example 23.1 shows how to change a simple for loop to run it in
parallel. This example demonstrates technical differences, and there are
no significant improvements in terms of performance.

Example 23.1. Let there be a loop for calculating the values of the sine and its graphical
display:

for i=1:1024

A(i) = sin(i*2*pi/1024);
end
plot (A)

To interactively execute the code that contains a parallel loop, first the MatLab pool
must be opened. This will reserve several work sessions for loop iterations (see
Fig. 23.1).

parpool

After that, we change the source code for its parallel execution:
parfor i=1:1024

A(i) = sin(i*2*pi/1024);

end
plot (A)
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Fig. 23.1. Parallelization of the for loop

The only difference in this loop is the keyword parfor instead of for. After the
loop is completed, the results look the same as the ones generated in the previous
ordinary loop.

Since the iterations are performed in parallel in all MatLab sessions, each iteration
must be completely independent of all others. For instance, the system process that
computes the value for A(100) will not necessarily be the system process that computes
A(500). Also, there is no guarantee that A(900) will be calculated later than A(400). The
values of all the elements of array A will be available in the MatLab client session only
after all the data is returned from the workers of MatLab, and the loop is completed.

After completing the calculations, the pool should be closed:

delete (gcp)

23.4. spmd

For multi-level monitoring of parallel schemes, the Parallel
Computing Toolbox provides such constructs as spmd (the "one
program — many data" paradigm), and a number of message transfer
procedures based on the standard MPI library. The spmd construct
allows selecting sections of code that will be run simultaneously on the
workers involved in parallel computations. During execution of the
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program, spmd automatically transfers the data and code inside this
section to the system processes and, once execution is complete, takes
the results back to the MatLab client session.

23.5. Parallel computations with pmode

Using the pmode mode, it is possible to access workers directly from
the MatLab command window, view their local variables, and exchange
data between them. In the pmode mode, the commands entered in the
command window of MatLab will be executed by all working
processes. This mode is most often used as a debugging tool for parallel
programs.

The pmode command allows interactively performing a parallel task
that is executed simultaneously by several workers. Commands typed in
the Parallel Command Window are executed by all workers. Each
worker executes commands in their own workspace and with their own
variables.

Synchronization of workers means that each worker after the
completion of the command is idle, waiting for all workers which are
working on this task to complete the same command. Only after all
workers complete the execution of one command, they all go to the next
pmode command.

The command pmode provides a display for each worker performing
the task, where commands can be entered, results can be viewed, access
to the workspace of each worker can be performed, and so on. pmode
does not allow alternating sequential and parallel work. After exiting the
pmode session, all information and data on the workers are deleted. The
next pmode session always starts with an empty state. The following
example illustrates how to work in pmode mode.
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Example 23.2. Run pmode with the command pmode:

pmode start local 2

This command starts two local workers, creates a parallel task to work with them and
opens the Parallel Command Window (Fig. 23.2).

To illustrate that the commands in pmode are executed by all workers, type the
following in the command window:

P>> help magic

Introduce the variable in pmode (Fig. 23.3):
P>> x = pi

A variable does not necessarily have the same value for each worker. The function
labindex returns the ID of each worker working on the parallel task. For example, the
variable x has different values in the workspace of each worker:

x = labindex
The function numlabs returns the number of workers working on the task:

all = numlabs

File Edit Window Help

- 25,0015 1522 — @] Beo

Leb1 Lab2+

=

Fig. 23.2. Start of Parallel Command Window
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Fig. 23.4. Arrays in pmode
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To create arrays (Fig. 23.4):

segment = [1 2; 3 4; 5 6]
segment = segment + 10*labindex

To end the work with pmode, use the pmode exit command.

Example 23.3 presents the construction of the Mandelbrot set using
the parallel loop parfor.

Example 23.3. The Mandelbrot set M (Fig. 23.5) for the polynomial (z) = z2 + ¢ is
defined as the set of all ¢ € C for which the orbit of the origin (i.e., the point 0) is
bounded:

M ={ceC:{f"(0)}y-, bounded}.
The equivalent definition can be written as follows:
M={ceC: f*(0)» wasn > o}.

The function f here is defined on the complex plane C. MatLab supports complex
numbers; the imaginary unit is specified using the letters i or j, in general form the
complex number z = a + bi is specified by the command

z = a + bi
or
z =a t+ bj

To plot the Mandelbrot set, it is necessary to choose a window on the complex plane,
and for each point ¢ inside this window find out whether the sequence {f™(0)}5-, is
divergent or not. The number of iterations N should not be taken too small; a certain
color is assigned to the point c after N iterations depending on the distance of the orbit z
to the origin:

function par mandel (N,max iter, epsilon)

% N is the number of points in the complex plane in each direction

[

W = zeros(N,N); % create an image matrix

tic; % time counter starts
o

parfor i=1:N % parallel loop of calculating the image matrix by

columns
Z=zeros (1,N); % a column-vector of iteration values
W_local=zeros(1,N); % create a column-vector of the image

matrix
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C=(2*(1:N)/(N/2)-2.5)+1.5i*(1i./(N/2)-1); % define a window on

the complex plane; note that there is no conflict
between the variable i denoting the iteration number
and the letter i denoting the imaginary part of the
complex number

for j=l:max iter % iteration loop
72=7.*72+4C % iteration relation
W_local=W_local+ (abs(Z)>epsilon); % 1f at the current

end

]

iteration the point extends beyond the radius defined
by epsilon, a unit 1is added to the W _local array
specifying the color of the point on the plot; the
earlier the point extends outside the circle with the
radius of epsilon, the greater is the value for it in
the array W _local

W(i,:)=W local;

end

toc; % time counter stops

imagesc (W) ;

o
]

function imagesc normalizes the values of W to build
the image, and displays the image on the screen

colormap (jet); % jet is one of the built-in palettes of MatLab

axis equal
axis off

end

Fig. 23.5. Mandelbrot set

254



Practice

23.1. Implement an algorithm for constructing Mandelbrot set
without a parallel loop. Construct Mandelbrot set using parameters N =
1000; max_iter = 23; epsilon = 10. Compare the calculation time
with the time of a similar calculation using a parallel loop.

23.2. Consider different parts of the complex plane and plot images
for them using the function par mandel.

23.3. Write a parallel code that calculates the number ™ by Monte
Carlo method.

23.4. Write the code "Euler's Knight", based on a stochastic method
using a parallel parfor loop to solve the problem of the progress of the
"knight". The task of the "knight" is to find a route for the chess knight
that passes through all the fields of the board of a given size only once.

One example of the implementation of this algorithm can be an
algorithm consisting of the following parts:

1) making a map of the moves of the "knight": to number the board
fields, and for each field find the neighbors to which the "knight" can
jump;

2) realization of the loop: the "knight" passes the field on the basis of
the stochastic method with the aid of map of moves; when the "knight"
moves to a certain field, this field is eliminated from the map;

3) realization of a random search of ways of passing the board.
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24

Lattices

A numerical solution of a problem in condensed matter physics is
often based on the use of lattice models. Such models are either
formulated in a natural way, when the lattice sites are determined by the
crystal structure of the material substance being investigated or are a
discrete approximation of the phase space of the problem. The primary
task in this case, as a rule, is the determination of the geometry of the
lattice, i.e. calculating the coordinates of sites, determining the
coordination spheres and the number of sites that they contain,
determining the unique distances between nodes on the grid, and so on
(Fig. 24.1).

4448448

Fig. 24.1. A square lattice. The first seven coordination spheres are shown and the
number of sites in them
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In the study of 2D problems, periodic boundary conditions in both
directions are often introduced to simulate the continuum, and the
system becomes a torus (Fig. 24.2).

Fig. 24.2. A square lattice with periodic boundary conditions in both directions

Consider the code that solves these problems for a simple square
lattice (Example 24.1) and for a graphene lattice (Example 24.2).

Example 24.1.
function [lattice]=Squarelattice (Lx,Ly)

o

% Lx 1is the number of atoms along the X axis, Ly is the number of
atoms along the X axis

eX = 1;
eY = 1; $ eY and eX are the basis vectors of the lattice

N = Lx*Ly; $ N is the total number of atoms

coord = zeros(3,N); % creation of the matrix coord for the
description of the lattice structure

coord(3,:) = (l:1:N); % The third row of the matrix coord is

responsible for numbering the atoms in the lattice

coord(l,:) = mod(coord(3,:)-1,Lx)*eX; % X-coordinates of atoms

coord(2,:) = floor((coord(3,:)-1)/Lx)*eY; % Y-coordinates of atoms

lattice.structure = coord; % creation of the lattice structure for

a full description of the lattice

xMax = max(coord(l,:))+eX; % xMax 1is the maximum value of the X
coordinate, yMax is the maximum value of the Y coordinate
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yMax = max (coord(2,:))+eY¥; % values of the maximum coordinates are
introduced to account for the Born-Karman boundary
conditions

% implementation of the algorithm for enumeration of all unique

interatomic distances

coord(l,:) = coord(l,:)+xMax/2; % "scrolling" the atomic lattice
as a "canvas"

coord(2,:) = coord(2,:)+yMax/2; % the first lattice atom is put in
the center of the "canvas"

coord(1l,coord (1, :)>=xMax) = coord(l,coord(1l, :)>=xMax) -xMax; %
"scrolling" takes into account the Born-Karman boundary conditions
coord(2,coord (2, :)>=yMax) = coord(2,coord(2, :)>=yMax)-yMax;

create a field radiuses in the lattice structure

which is the matrix of size N x N

for storing the interatomic distances between atom i and atom j
in the form of lattice.radiuses(i,j) or lattice.radiuses(j,1i)

o oo o

lattice.radiuses=zeros (N, N) ;
for i=1:1:N % loop over atoms
for j=1:1:N % second loop over atoms
lattice.radiuses (i, j)=round(10"8*sqgrt ((coord(l,i) -
coord(1,3)) "2+ (coord(2,i)-coord(2,3))"2))/(10°8);
% rounding to eight decimal places

end
coord(l, :)=coord(l, :)-eX; % "canvas" shift
coord (2, :)=coord(2,:)-e¥* (mod(i,Lx)==0); % putting the next
atom in the center of the "canvas"
coord(1l, (coord(1l, :)<0))=coord(1l, (coord(l, :)<0))+xMax; %

taking into account the Born-Karman boundary conditions
coord (2, (coord(2, :)<0))=coord(2, (coord (2, :)<0))+yMax;
end

unigueRadiuses=unique (lattice.radiuses); % determination of unique
interatomic distances from the matrix radiuses and storing them in
the vector uniqueRadiuses

numberOfUniqueRadiuses=size (uniqueRadiuses, 1) ;
% numberOfUniqueRadiuses 1is the number of unique interatomic
distances (0 is included)
% creating the field neighbors of the lattice structure as an
array of cells N x numberOfUniqueRadiuses-1 to describe the
neighbors of each atom in the lattice
lattice.neighbors=cell (N, numberOfUniqueRadiuses-1) ;
for i=1:1:N % loop over atoms

for j=1:1:N % loop over atoms
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)

for k=2:1:numberOfUniqueRadiuses % loop over unique
interatomic distances
if uniqueRadiuses (k)==lattice.radiuses (i, 7J) % the
search condition for neighbors of the k-th order
lattice.neighbors{i,k-1}=[lattice.neighbors{i, k-
1}y 31 % storing the neighbor
end
end
end
end
end

function SquarelatticePlot (lattice)

o

% visualization of a square lattice

xMax=max (lattice.structure(l,:)); % xMax and yMax are the maximum
values of the x and y coordinates, respectively

yMax=max (lattice.structure(2,:));

figure

plot (lattice.structure(l, :),lattice.structure(2,:),'b.",
'MarkerSize', 20)
hold on
for i=1l:1:size(lattice.structure,2) % numbering of atoms in the
figure
text (lattice.structure(1l,1i)+0.15,lattice.structure(2,1i),
num2str (lattice.structure(3,1)))

end
axis([-1 (xMax+1) -1 (yMax+1l)]);
end

The 8 X 8 square lattice is shown in Fig. 24.3.
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7 ® 57 ® 58 ® 59 ® 50 ® 61 ® 62 ® 63 ® 64 .
6~ ® 49 ® 50 ® 51 ® 52 ® 53 ® 54 ® 55 ® 56 8
5 ® 41 ® 42 ® 43 ® 44 ® 45 ® 46 ® 47 ® 48 .
4- ® 33 ® 34 ® 35 ® 36 ® 37 ® 38 ® 39 ® 40 g
3- ® 25 ® 26 ® 27 ® 28 ® 29 ® 30 ® 31 ® 32 =
2- ® 17 ® 18 19 ® 20 * 21 ® 22 ® 23 ® 24 .
1+ ®9 ® 10 ® 11 ® 12 ® 13 ® 14 ® 15 ® 16 =
0~ e e2 ®3 ® 4 ®5 ®6 e7 ®3 B
-1 L | | | | |

-1 0 1 2 3 4 5 6 7 8

Fig. 24.3. The square lattice 8 X 8. Coordinates and numbering of sites

Fig. 24.4 shows the structure lattice of the square lattice. The
field structure contains the x-coordinates of the atoms (the first line),
y-coordinates of atoms (second line) and their numbers (third line); the
field radiuses is the matrix that determines the distances between each
two atoms on the lattice; the field neighbors for each atom contains
the information about the number and labels of atoms of the
corresponding coordination sphere; for 8 X 8 lattice with periodic
boundary conditions, there are 14 coordination spheres.
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Fig. 24.4. Structure lattice of a square lattice

lattice Iattice,structure lattice radiuses lattice.ncighbors
(H 3:64 double
1 2 3 4 5 6 7 8 9 10 1 12 13 u
1 0 1 2 3 4 5 6 7 0 1 2 3 4 5
2 0 0 0 0 0 0 0 0 1 1 1 1 1 1
3 1 2 3 4 5 6 7 8 9 10 1 12 13 14
lattice lattice structure lattice.radiuses lnttice neighbors
[H 6454 double
1 2 E] 4 5 6 7 8 9 10 1 12 13 14 15
i 1 2 E] 4 3 2 1 1 14122 22361 2162 41231 31623 22361
2 1 0 1 2 3 4 3 2 14142 1 14142 22361 31623 41231 31633
3 2 1 0 1 2 3 4 3 2.2361 14142 1 14142 2.2361 31623 41231
4 3 2 1 0 1 2 3 4 31623 2231 14142 1 14142 22361 3163
5 ‘ 3 2 1 0 1 2 3 41731 31623 22361 14142 1 14142 22361
6 3 4 3 2 1 0 1 2 3.1623 41231 31623 2.2361 14142 1] 14142
7 2 3 4 3 2 1] 0 1 2.2361 31623 41231 31622 2.2361 14142 1
8 1 2 3 ‘ 3 2 1 0 14142 2231 31623 41231 31623 22361 14142
9 1 14142 2.2361 31623 41231 3.1623 2.2361 14142 o 1 2 3 4 3 2
10 14142 1 14142 22361 31623 41231 31623 2.2361 1 0 1 2 3 4 3
11 22361 14142 1 14142 2231 31623 41231 3163 2 1 0 1 2 3 4
2 31623 2231 14142 1 14142 22361 31633 41231 3 2 1 o 1 2 3
13 41231 31623 22361 14142 1 14142 22361 31623 4 E 2 1 0 1 2
14 3.1622 41231 31623 22361 14142 1] 14142 2.2361 3 4 3 2 1 0 1
15 22361 31623 41231 31623 22361 14142 1 14142 2 3 4 3 2 1 0
16 14142 2.2361 31623 41231 31623 2.2361 14142 1 1 2 3 4 3 2 1
17 2.2361 28234 36056 44721 3.6056 28284 2.2361 1 14142 2.2361 31622 41231 3.1623 22361
18 22361 2 2231 28284 36056 44721 36056 28284 14142 1 14142 22361 31623 41231 3163
19 28284 2231 2 2231 28284 35056 4472 3605 22361 14142 1 14142 2231 31623 41231
120 3.6056 238284 22361 2 2.2361 28284 36056 44721 31623 2.2361 14142 1 14142 2.2361 31623
2 44721 36056 28284 2231 2 22361 28284 26056 41231 31623 2231 14142 1 14142 2231
lattice lattice.structs latti I5¢ latti hb.
(0] 6414 cell
1 2 3 4 5 6 7 8 9 10 11 12 13 14
1[283957] (101658 64] [371749] [1115182450565963] [19235155] [462541] 1214 263242486062] [20 2227 31... [533] [13344061] [283044 46] [21353953] [29363845] 37
2131058 [9115750] ([481850] [1216171949516064] [20245256] [572642] (13152527 414361 63] [21 2328 32... [6.34] [14333562] [20314547] [22364054] [30373946] 38
3 [241159] [10125860] [151951] 91318 20 50 52 57 61] [17214953] [68 27 43] 141626384244 6264] [22242529... [735] [15343663] [30324648] [23333755] [31384047] 29
4 351260] [11135961] [262052] [1014192151535862] [18225054] [17 28 44] [915272943455763] [17 23 26 30... [8 36] [16353764] [25314147] [24343856] [32333948] 40
5 [461361] [12146062] [372153] [1115202252545063] [19235155] [282045] (10162830 44 46 58 64] [18 24 27 31... [1 37] [9363857] [26324248] [17353040] [25344041] 33
6 [571462] [13156163] [482254] [1216212353556064]  [2024 5256] [13 30 46] [911203145475759] [1719 28 32... [238] [10373958] [25274143] [18364050] [26333542] 34
7 1681563] [14166264] [152355] (913 22 24 54 56 57 61] [17214353] [243147] 1012303246 48 58 60] [18 20 25 29... [3 39] [11384059] [26284244] [19333751] [27343643] 35
8 [171664] (9155763 [262456] [1014172349555862] [18225054] [353248] (111325314147 5061] [19 2126 30... [4 40] [12333960] [27204345] [20343852] [28353744] 36
91101617] [(281824) (11152557 371023263258641 (27315063 (12143340] [46202234405056] [28303539.. [1341] [5214248] [36385254] [20434761] [37444653] 45
10[291118]  [131719] [12162656] [48202425275759]  [26326064] (13153450 572123333549 511 [29 31 36 40.. [14 42] [6224143] [37395355] 30444862 [38454754] 46
11 (3101219] [241820] [(9132759] [15172126285860] [25295761] [14163551] [68222434365052] [30323337... [1543] [7234244] [38405456] [31414563] [39464855] 47
12041113 20] [351921] [10142860] [26182227205061]  [26305862] (9153652 [17172335375153] |[2531 34 38... 16 44] [8244345] [33304955] [32424664] [40414756] 48
1305121421 [462022] [11152961] (37192328306062]  [27315963] [10163753] (2818243638 52541 [26 3235 39... [9:45] 111744465 [34405056] [25434757) [33424849] 41
14 (6131522] [572123] [12163062] [48202429316163] [28326064] [0113854] [13171937305355]  [2527 36 40... [10 46] [2184547] |[33354051] [26444858] [34414350] 42
157141623 [682224] [9133163] ([15172130326264]  [35205761] [10123955] (241820384054 56] [26 2833 37... [1147) [3104648] [34365052] [27414550] [35424451] 43
16/691524]  [171723] [10143264] [26182225315763]  [26305662] (11134056] (351971333949 551 [2729 34 38... 1245 [4204147) [35375153] [28424660] (36434552 44
17(9182425] [10162632] [1192333] [28111527313440] [373539] [20224157] [1214283042485864] [4636384... [2149] [132050 56] [44 46 6062] [5375155] [45525461] 53
18110171926] [0112527] [2202434] ([13121628323335]  [483640] (21234258] [1315293141435750] [5737394... [2250] 1143049 51] [45476163] [6385256] [46535562] 54
19011162027) [10122626) (3172135 [2491325293436]  [153337] [22244359] (141630324244 5860] [6836 404, [2351] 11531 5052] [46486264] [7394953] [47545663] 55
20 [12192128] [11132720] [4182236] [35101426303537] [263438] [17234460] [015253143455061] [L733394.. [2452] [16325153] [41475763] [8405054] [48495564] 56
21113202220) [12142830) [5192337] [46111527313638]  [373539] [18244561] [1016263244466062) [2834404... [1753] [9255254] [42485864] [1335155] [41505657] 49
2114212330) [13152931) [6202438] (57121628323739]  [483640] [(17194662] [911252745476163] [1333354. [1854] 1102653 55] [41435759] [2345256] 4249 5158] 50

The graphene lattice (Example 24.2) is a hexagonal lattice formed by
carbon atoms. From physical considerations, it is convenient to
represent it as two triangular sublattices A and B nested inside each
other (Fig. 24.5-24.7).

Atoms of even coordination spheres belong to the same sublattice as
the atom under consideration; atoms of odd coordination spheres belong
to another sublattice.
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Fig. 24.5. Graphen lattice

Example 24.2. The program code is similar to the code of Example 24.1, with the
difference that atoms are divided into two sublattices, and the basis vectors are not
orthogonal to each other:

function [lattice]=GraphenelLattice (Lx,Ly)
% Lx i1s the number of atoms along the X axis, Ly * 2 is the number
of atoms along the Y axis

eY=0.5;
eX=sqrt (1-0.5"2); % eY and eX are the basis vectors of the lattice
xMax=Lx*eX*2;

N=Lx*Ly; fullN=Lx*Ly*2; % N is the number of atoms in one of the
two sublattices, fullN is the total number of atoms

ACoord=zeros (3,N) ;
BCoord=zeros (3,N) ;

ACoord (3, :)=1:1:N;
BCoord (3, :)=ACoord (3, :)+Lx*Ly;

ACoord(1l, :)=(floor ((ACoord (3, :)-1)/Lx)+2*mod (ACoord (3, :)—

1,Lx)) *eX;

ACoord (2, :)=floor ((ACoord (3, :)-1)/Lx) *3*eY;

ACoord (1, (ACoord (1, :)>=xMax) )=ACoord(1l, (ACoord (1, :)>=xMax) ) -xMax;
BCoord (1, :)=ACoord (1, :);

BCoord (2, :)=ACoord (2, :)+2*eY;

fullCoord=[ACoord,BCoord];
lattice.structure=fullCoord;
yMax=max (fullCoord (2, :)) +te¥;

fullCoord (1, :)=fullCoord (1, :)+xMax/2;
fullCoord (2, :)=fullCoord(2, :)+yMax/2;
fullCoord(l, (fullCoord(1l, :)>=xMax))=fullCoord(1l, (fullCoord(1l, :)>=
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xMax) ) -xMax;
fullCoord (2, (fullCoord (2, :)>=yMax))=fullCoord (2, (fullCoord (2, :)>=
yMax) ) -yMax;

lattice.radiuses=zeros (fullN, fullN) ;
for i=1:1:N
for j=1:1:fullN
lattice.radiuses (i, j)=round(10"8*sqgrt ((fullCoord(1l,1i)-
fullCoord(1l,3)) "2+ (fullCoord(2,i)-fullCoord(2,73))"2))/(10"8);
end
fullCoord(1l, :)=fullCoord(l, :)—-eX* (mod(i,Lx)==0)-2%eX;
fullCoord (2, :)=fullCoord (2, :)-eY¥Y*3* (mod (i, Lx)==0);

fullCoord(1l, (fullCoord(1l, :)<0))=fullCoord(l, (fullCoord(l,:)<0))+
xMax;

fullCoord (2, (fullCoord (2, :)<0))=fullCoord(2, (fullCoord(2,:)<0))+
yMax;
end

fullCoord=lattice.structure;

fullCoord (1, :)=fullCoord (1, :)+xMax/2;

fullCoord (2, :)=fullCoord (2, :)+yMax/2-2*eY;

fullCoord(l, (fullCoord (1, :)>=xMax) )=fullCoord(1l, (fullCoord(1l, :)>=
xMax) ) -xMax;

fullCoord (2, (fullCoord (2, :)>=yMax))=fullCoord (2, (fullCoord (2, :)>=
yMax) ) -yMax;

for i=(N+1):1:fullN
for j=1:1:fullN
lattice.radiuses (i, j)=round(10"8*sqgrt ((fullCoord(l,1i)-
fullCoord(1l,j)) "2+ (fullCoord(2,1i)-fullCoord(2,73))"2))/(1078);
end
fullCoord(l, :)=fullCoord(1l, :)-eX* (mod(i,Lx)==0)-2%eX;
fullCoord (2, :)=fullCoord (2, :)-e¥*3* (mod (i, Lx)==0);

fullCoord(1l, (fullCoord(1l, :)<0))=fullCoord(l, (fullCoord(l, :)<0))+
xMax;

fullCoord (2, (fullCoord(2, :)<0))=fullCoord (2, (fullCoord (2, :)<0))+
yMax;

end

unigueRadiuses=unique (lattice.radiuses);
numberOfUniqueRadiuses=size (uniqueRadiuses, 1) ;

lattice.neighbors=cell (fullN, numberOfUniqueRadiuses-1);

for i=1:1:fullN
for j=1:1:fullN
for k=2:1:numberOfUniqueRadiuses
if uniqueRadiuses (k)==lattice.radiuses (i, )
lattice.neighbors{i,k-1}=[lattice.neighbors{i, k-
1} 317
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end
end
end
end

function GrapheneLatticePlot (lattice)

N=size (lattice.radiuses,1);

xMax=max (lattice.structure(l,:));
yMax=max (lattice.structure(2,:));

lattice A=lattice.structure(:,1:N/2);
lattice B=lattice.structure(:,N/2+1:N);

figure % puc. 24.6, 24.7

plot(lattice A(1l,:),lattice A(2,:),'b."', '"MarkerSize',20)
hold on

plot (lattice B(1l,:),lattice B(2,:),'r."', 'MarkerSize"',20)

for i=1:1:size(lattice A,2)

text (lattice A(1,1i)+0.15,1lattice A(2,1),num2str(lattice A(3,1)))
text (lattice B(1,1i)+0.15,1lattice B(2,1i),num2str(lattice B(3,1)))
end

axis ([-1 (xMax+1) -1 (yMax+1)]);

end

T T T T

6- i
® 32 ® 29 ® 30 ® 31

5L i
® 16 ® 13 ® 14 ® 15

4= ® 28 ® 25 ® 26 e 27 B

3 ® 12 ®9 ® 10 ® 11 q
® 21 ® 22 ® 23 ® 24

2 i
®5 ®6 7 ®3

1+ ® 17 ® 18 ® 19 ® 20 9

0- e®1 ®2 ®3 ®4 q

1 1 L 1 L 1 L L 1

-1 0 1 2 3 4 5 6 7

Fig. 24.6. Graphene lattice 4 X 4. Coordinates and numbering of sites
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[ lattice [ latticestructure ¢ | Intticeradiuses | latticeneighbors ¢ |
[FH 332 double
1 2 3 4 5 6 7 8 9 10 1 12 13 1

1 0 17321 34641 51962 0.8660 25081 43301 60622 17321 34641 51962 0 2.5081 4.3301
2 0 0 0 0 1.5000 15000 15000 15000 3 3 3 3 45000 45000
3 1 2 3 4 5 6 7 8 9 10 1 12 13 1

[Tlattice | Iatticestructure | latticeradiuses ¢ | lattice.neighbors
[ 32132 double

1 2 3 4 5 5 7 3 9 10 1 12 13 14
1 17321 24641 17321 17321 3 3 17321 24641 45826 24641 3 3 3
2 17321 0 17321 34641 17321 17321 3 3 3 34641 4.5826 34641 17321 3
3 34641 17321 0 17321 3 17321 17321 3 34601 3 34641 45826 17321 17321
4 17321 34641 17321 0 3 3 17321 17321 4.5826 34601 3 34601 3 17301
5 17321 1731 3 3 0 1731 34641 17321 1731 3 3 17321 34641 45826
6 3 1731 17321 3 17321 0 17321 34641 1731 17321 3 3 3 34601
7 3 3 17321 17321 34641 17321 0 17321 3 17321 17321 3 34641 3
8 17321 3 3 17321 17321 34641 17321 0 3 3 17321 17321 45826 34641
9 34641 3 34641 45826 17321 17321 3 3 0 17321 34641 17321 17321 3
10 4.5826 34641 3 34641 3 17321 17321 3 17321 0 17321 34641 17321 17321
1 34641 45826 34641 3 3 3 17321 17321 34641, 17321 0 17321 3 17321
12 3 34641 4.5826 34641 17321 3 3 17321 17321 34641 1321 0 3 3
13 3 17321 17321 3 34641 3 34641 45826 17321 17321 3 3 0 1321
u 3 3 17321 17321 4.5826 34641 3 34641 3 17321 17321 3 1732 0
15 17321 3 3 17321 24641 45826 24641 3 3 3 17321 17321 34641 17321
16 17321 17321 3 3 3 34641 45826 34641 1732 3 3 17321 17321 34641
7 1 2 23,6056 2 1 26458 26458 1 26458 4 26458 2 36055 36056
18 2 1 2 36056 1 1 26458 26458 2 26458 4 26458 26058 36056
19 36056 2 1 2 26458 1 1 26458 26458 2 26458 4 26058 26058
2 2 36056 2 1 26458 26458 1 1 4 26458 2 26458 356056 26058
A 26458 36056 36056 1 2 36056 2 1 26458 26458 1 26058 4
| lattice | lattice.structure | lattice.radiuses | lattice.neighbors
320 cell
1 2 3 4 5 6 7 8 9

1 [173132] [245815186] [18 20 28] [212425272930] |[67121314] [3911] [19 22 23] 26 10

2 [182932] [135613186] [17 19 25] [212226283031] |[7891415] [41012] [20 23 24] 21 11

3 [192930] [24671314] [18 20 26] [222325273132] |[58101516] [1911] [17 21 24] 28 12

4[203031] [13781415] [171927] |[232426282932] ([56111316] [21012] (182022 |25 9

5[171821] [1268917] [222437] [192025282931] [34101116] [71315] ([232627] |30 14

6[181922] [2357910] [212329] [172025263032] |[14111213] [81416] 42728 31 15

7192023 [(34681011] [222430] [171826272931] |[1291214] [51315] 712528 32 16

8 [17 20 24] [14571112] [21 23 31] [181927283032] |[2391015] [61416] [22 25 28] 29 13

9 [21 22 25] [5610121316] [18 26 28] [171923242932] |[2781415] [1311] [273031] 20 4

10 [22 23 26] [679111314] [19 25 27] [182021242930] |[3581516] [2412] [283132] 17 1
11[232427]  [7810121415] |[202628] |[171921223031] [4561316] [139] [252032] 18 2
12[202428]  [589111516] [172527] |[182022233132] [1671314] [2410] [262030] |19 3
13[252629] [239101416] |[223032] |[181921232728] [1461112] [5715] 172031] 24 8

14 [26 27 30] [3410111315] [23 29 31] [192022242528] |[127912] ([6816] [171832] 21 5

15 [27 28 31] [1411121416] [24 30 32] [172021232526] |[238910] ([5713] [1819 29] 22 6

16 [25 28 32] [129121315] [21 29 31] [171822242627] |[3451011] [6814] [19 20 30] 23 7

171158] [182021243132] [2412] 16791115 16] [22232829..[192527] [31314] 10 26
18[256] [171921222932] [139] [7810121316]  [23242530..[202628] (41415 11 27

19 [367] [1820 22 232930] [2410] [589111314] [21242631... [17 25 27] [11516] 12 28

20[478] [171923243031] [1311] [5610121415] [21 22 27 29... [18 26 28] [21316] 9 25
21[5912] [1718 22 24 25 28] [68 16] [1210111315] [19 20 26 27... [23 29 31] [347] 14 30

Fig. 24.7. Structure 1attice of graphene lattice
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