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ARTICLE INFO ABSTRACT
Amfl_e history: The two major effects observed in collisions of the continuum ¢* kinks are (i) the existence of critical col-
Received 13 January 2020 lision velocity above which the kinks always emerge from the collision and (ii) the existence of the escape
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Accepted 28 April 2020 windows for multi-bounce collisions with the velocity below the critical one, associated with the energy

exchange between the kink’s internal and translational modes. The potential merger (for sufficiently low
collision speeds) of the kink and antikink produces a bion with oscillation frequency wg, which constantly

Keywords: radiates energy, since its higher harmonics are always within the phonon spectrum. Similar effects have
1110.Lm been observed in the discrete ¢ kink-antikink collisions for relatively weak discreteness. Here we ana-
11.27.4d lyze kinks colliding with their mirror image antikinks in the regime of strong discreteness considering
82;1(5):/ an exceptional discretization of the ¢* field equation where the static Peierls-Nabarro potential is pre-
cisely zero and the not-too-fast kinks can propagate practically radiating no energy. Several new effects
are observed in this case, originating from the fact that the phonon band width is small for strongly
discrete lattices and for even higher discreteness an inversion of the phonon spectrum takes place with
the short waves becoming low-frequency waves. When the phonon band is narrow, not a bion but a dis-
crete breather with frequency wpg and all higher harmonics outside the phonon band is formed. When
the phonon spectrum is inverted, the kink and antikink become mutually repulsive solitary waves with
oscillatory tails, and their collision is possible only for velocities above a threshold value sufficient to

overcome their repulsion.
© 2020 Elsevier Ltd. All rights reserved.

1. Introduction
Continuum and discrete Klein-Gordon type equations con-
tribute to the understanding of many physical phenomena [1-4].
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scription of arrays of Josephson junctions [7], dissipative nonlin-
ear discrete systems [8], dynamics of crowdions [9-13] and dislo-
cations [14-16] in crystals, propagation of domain walls in mag-
netic materials [17], motion of spring-mass chains [18], in the dis-
cussion of electric charge transport in molecular chains [19]. The
consideration of the strongly discrete (anti-continuum) limit is a
well-known approach aiming towards the analytical treatment of
discrete breathers [20,21].

One particularly central problem in the dynamics of solitary
waves is the analysis of their collision outcomes, especially beyond
the merely-phase-shifting elastic wave interactions within inte-
grable models [22-39]. Continuum Klein-Gordon equations, apart
from the famous integrable sine-Gordon example [4], support ex-
act solutions in the form of moving kinks which interact inelasti-
cally. Collisions between a kink and an antikink moving towards
each other with initial velocities +v. have been extensively stud-
ied. It has been found that if v. > v*, where v* is a critical col-
lision velocity, then the kink and antikink separate after the first
collision [22-24,26-28]. On the other hand, collisions with v, < v*
produce a set of escape windows having fractal structure [24,26-
28]. When the collision velocity is within such a window, the kink
and antikink move away from each other after multiple collisions.
The kinks’ internal vibrational modes [40] have been extensively
argued to be responsible for this effect: they store some energy
of the kinks’ translational motion which can be returned in the
subsequent collisions, leading the kink and antikink to overcome
their mutual attraction. If the kink and antikink do not split after
a few collisions, they lose a substantial amount of energy to small-
amplitude radiative wavepackets (emitted from the collision loca-
tion) and, being unable to overcome the mutual attraction, create a
bound oscillatory state called bion, whose main frequency lies be-
low the phonon band but higher harmonics within the band. Res-
onating with the phonons, the bion constantly radiates energy and
its amplitude gradually decreases.

The effect of weak discreteness on the solitary wave collisions
was studied in Refs. [26,29] and radiationless energy exchange be-
tween colliding quasi-particles was described. On the other hand,
the collision of solitary waves in strongly discrete Klein—-Gordon
systems has not been studied so far. The reason is the above
mentioned immobility of kinks in the presence of Peierls-Nabarro
potential induced by discreteness. However this difficulty can be
overcome by considering exceptional discretizations [41] of the
Klein-Gordon equations where the static Peierls-Nabarro potential
is precisely zero [41-53]. In Ref. [54], kink-antikink collisions have
been analyzed in various models free of the static Peierls-Nabarro
potential for the case of weak discreteness (lattice spacing h~ 0.1).
It has been found that collisions become more elastic with increas-
ing h because the critical collision velocity v*, above which kinks
separate after the first collision, reduces for larger h.

The absence of the static Peierls-Nabarro potential implies that
the kink can move along the chain practically radiating no en-
ergy if its velocity is very small and its profile is not affected by
the dynamical effects. Some discrete Klein—-Gordon models support
kinks or nanopterons moving with a permanent profile [55-57],
but such motion is observed only at so-called “transparent points”,
i.e,, at isolated velocities at which kinks can propagate in a dis-
crete system as traveling waves. In particular, in Ref. [57] three
discrete ¢* equations free of the static Peierls-Nabarro potential
were considered. The authors have shown that, in addition to the
vanishing velocity, the discrete ¢* equation proposed by Speight
and Ward [42,43] supports a single isolated velocity, the model of
Kevrekidis [44] supports three velocities, and the model of Bender
and Tovbis [52] supports none such velocities.

In the present work, for the ¢* equation discretized according
to the method proposed in Refs. [42,43], we analyze kink-antikink
collisions in the regime of strong discreteness (h~1) in the ab-

sence of the static Peierls—Nabarro potential. We find that this set-
ting is conducive to the emergence of multiple new features in-
cluding the formation of persistent discrete breathers (rather than
bions) in the strongly discrete regime. Another key finding is the
potential fundamental modification of the nature of the interac-
tion from an attractive to a repulsive one upon the inversion of
the phonon band for strong discreteness in such models.

Our presentation is structured as follows. In Section 2 we
present the (exceptional discretization) models and some of their
principal static properties. Then in Section 3 we examine the
collisions of kinks and antikinks in these models. Finally, in
Section 4 we summarize our findings and present our conclusions,
as well as some challenges for future work.

2. The ¢* field model and its exceptional discretization
2.1. Continuum ¢* equation and its conventional discretization

The Klein—-Gordon field-theoretic model can be defined by the
Hamiltonian

H:/:O B¢3+%¢§+V(¢)]d><, (1

where ¢(x, t) is a real scalar function of spatial and temporal coor-
dinates x and t, respectively. The subscripts x and t denote differen-
tiation with respect to the corresponding coordinate. The function
V(¢) defines the on-site potential, which for the ¢* model reads:

V) =5 (1 -4 )

The Hamiltonian (1) with the potential (2) gives the following
equation of motion:

bu — P — 20(1 - ¢%) =0, (3)

which can be transformed to the form of the ¢# model considered
in Ref. [42] by rescaling the spatial and temporal coordinates by a
factor of 1/2. This equation has an exact solution in the form of a
moving kink (antikink),

X —Xg— Ut

=+tanh ——,
¢ V1 -12
for the upper (lower) sign, which propagates with the velocity
v starting at t =0 from the initial position x = xy. Substituting
Eq. (4) into Eq. (1) one finds for the total energy of the contin-
uum kink

4
Ef = ———. 5
Ko 3vi-? )

The discrete ¢* equation is introduced on the lattice x = nh
with spacing h > 0, where n is integer. The conventional discretiza-
tion of the ¢* Eq. (3) reads [22]:

(4)

n= hlz(¢n—1 = 20n + Pnr1) +26n(1 - 47). ©6)

where ¢, (t) = ¢(nh,t) and differentiation with respect to time
is denoted by overdot. This discretization conserves the following
Hamiltonian:

2
H = an: ¢5+ <¢n+1h_ ¢n) + (1 _¢%)2 . (7)

Collision of highly discrete kinks cannot be studied within this
model because the kinks are trapped by the Peierls-Nabarro po-
tential and cannot propagate freely.
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2.2. Exceptional discretization of the ¢* equation
Speight has derived the following discrete ¢* model [42,43]:
. 1 1
¢n = <h7 + §) (Dn-1—2¢n+ Pni1)
1 3 3 31 =
+2¢, — 5[2¢n+(¢n+¢n71) + (Pn + Pni1) ] =fo. (8)

which possesses the Hamiltonian
h .
H:§Z(¢,§+u2), 9)
n

where

Gn — Pn_i 1 ¢r?—1 + Pn_1¢n + ¢%
h 3

For equilibrium states, we have that u = 0, which can be used for
obtaining the kink profile (see below). Note that we have denoted
the right-hand side of Eq. (8) as f,, which is the force acting on
nth particle from the two neighboring particles and from the on-
site potential.

It can be proved [42,43] that static kinks of the model (8) can
be derived iteratively from the two-point map by setting (10) equal
to 0, which is a quadratic algebraic equation having the roots

u==+ (10)

3 V3 6 3
Pna =—q;1:|:2hi2\/_¢%ih¢n+hz+4~ (11)

One can take in Eq. (11) either the upper or the lower signs. The
iterations can be started from any initial value |¢| < 1 to produce
a static kink placed arbitrarily with respect to the lattice. The on-
site kink is found for ¢, = 0 and the inter-site kink for ¢, = 3/h —
V3 +9/h2. All such kinks have exactly the same potential energy
and thus they do not experience a static Peierls-Nabarro potential.
Kinks exist also in the particular case of h=1 and they can be
found from the iterative formula (11).

Examples of the inter-site static kink profiles, constructed by it-
erating Eq. (11), are shown in Fig. 1(a) for h = 0.5 by dots and for
h = 1.5 by rhombuses. Note that for h <1 the kink’s tails are mono-
tonic, while for h>1 they oscillate around the asymptotic states
¢n = £1. The latter will play a key role in the modified interaction
of the kink and antikink for h > 1, as we will show below.

Let us discuss the energy of the discrete kink. As it has been
shown in the original paper by Speight [42], the energy of the
static kink does not depend on the discreteness parameter h and
thus, it is equal to 4/3, as it follows from Eq. (5), which is the
result for the continuum kink (h— 0). However, Speight’s theory
says nothing about the kink dynamics and we have done numer-
ical simulations to find the total (kinetic plus potential) energy of
the discrete kink, El‘g, for different values of h and compared it to
the prediction of the continuum theory, Ef. Eq. (5). The result is
presented in Fig. 2(a), where the solid line shows the prediction
of the continuum theory, Eq. (5), and the dots stand for various h
according to the legend. To better see the effect of h on the en-
ergy of the moving discrete kink, in Fig. 2(b) the difference E]‘g — Eg
is given as a function of v.. It can be concluded that the energy
of the moving discrete kink exceeds the energy predicted by the
continuum theory and upon increasing h the difference increases.
The difference also increases with growing kink velocity v, but for
vanishing kink velocity, kink energy is indeed equal to 4/3 ~1.3333
and it does not depend on h [42].

2.3. Spectrum of vacuum and small-amplitude vibrations localized on
the kink

Let ¢? be an equilibrium static solution of Eq. (8). Small-
amplitude oscillations around this solution can be studied by in-
serting ¢n(t) = @2 + &, (t) into the equation of motion (8), where

en <« 1, and obtaining the linearized equation in the form
. 1 1 2
&n = W(Snfl —2&n+éns1) + §|:1 — (o0 +90-1) :|8n71
1 2
5[0 (00 +68) Jen
1 2 2 2
+3[a-2000) - (80 + 001 = @0+ 00) Jen (12)

Substituting into Eq. (12) the ansatz &, = exp(ign — iwt), where @
is the frequency and q is the wavenumber, one obtains the eigen-
value problem for finding the spectrum of small-amplitude vibra-
tions around the static solution ¢2.

In particular, the spectrum of the vacuum solution ¢ = +1 is

1-h% . q
2 _ 2 (4
w°=4+4 i sin (2) (13)
This spectrum lies in between
) d o 1-h?
wf=4 and ©f=4+4—5—. (14)

At h =1 one has w; = wy, i.e., the width of the spectrum vanishes
and hence linear modes arise at a single frequency, namely w = 2.
This situation where the frequency is independent of wavenumber
is referred to as a flat band and is of particular interest in recent
studies [58]. For h<1 the short waves (|q|~m) have frequencies
higher than the long waves (|q|~0). For h>1 the situation is re-
versed.

For the static kink solution ¢¢ the eigenvalue problem is solved
numerically. For this, a kink is placed in the middle of the lattice
of N =200 particles with boundary conditions ¢, = -1, ¢y = 1.
The solution of the eigenvalue problem gives N — 2 eigenfrequen-
cies wy and the same number of eigenvectors, (e),. Most of the
eigenfrequencies lie within the phonon spectrum of vacuum but
a few of them are below the relevant band. This is demonstrated
in Fig. 1(b). The borders of the phonon spectrum as functions of
h, Eq. (14), are shown by the dashed and solid lines. Dots and
circles indicate frequencies of the modes localized on the on-site
and inter-site kink, respectively. For any h there exists the zero
frequency mode eq, which is the translational (Goldstone) mode.
The mode e,, which has the lowest non-zero frequency, is nothing
but the kink’s internal mode, which in the continuum limit (h — 0)
has frequency /3. In Fig. 1(c) we plot the Goldstone modes and in
Fig. 1(d) the kink's internal modes for the inter-site kinks shown
in (a), i.e., for the discreteness parameter h = 0.5 (dots) and h = 1.5
(rhombuses).

2.4. Interaction of well separated kink and mirror image antikink

For further discussion it is instructive to understand how the
kink and antikink interact with each other at large distances and
how this interaction depends on the lattice spacing h. In the con-
tinuum models, the force acting between the kinks is usually cal-
culated as minus gradient of the potential energy of their interac-
tion. In the regime of strong discreteness (h~ 1), the kink is local-
ized on a few particles. Using this fact, we just calculate the force
acting on the central particle of the on-site kink from the tail of an
on-site antikink, which is located at some distance to the right of
the kink, see Fig. 3(a). The high symmetry of the considered struc-
ture allows to solve the problem. The calculation will be done in
the adiabatic approximation assuming that the kink and the an-
tikink are at rest. Let ¢ be the static kink solution and ¢{ be the
antikink tail. We assume the tail solution to be of the form (as will
be justified later)

¢n=1+¢€, (15)

where |e}| « 1. The force acting on the nth site, which is within
the kink, can be calculated by substituting the linear superposition
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Fig. 1. (a) Inter-site static kink profiles for h = 0.5 (dots) and h = 1.5 (rhombuses). For h < 1 the kink’s tails are monotonic, while for h > 1 they oscillate around the asymptotic
states ¢, = 1. (b) Borders of the phonon spectrum, w; and w,, as functions of h, shown by the dashed and solid lines, respectively. The lines cross at h = 1. The scattered
data shows the frequencies of the small-amplitude vibrational modes localized on the on-site (dots) and inter-site (circles) static kinks. The zero-frequency mode e; is
the Goldstone translational mode, which is used for kink boosting. The second lowest frequency mode e, is the kink’s internal mode. (c), (d) Profiles of the Goldstone

translational mode and kink’s internal mode, respectively, for the kinks shown in (a).
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Fig. 2. (a) Total (potential plus kinetic) energy of the discrete kink, E$, as a function of its velocity for different values of the discreteness parameter h. The solid line shows
the prediction of the continuum theory, ES, Eq. (5). (b) The difference E§ — E as a function of kink velocity for various values of the discreteness parameter h.
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Fig. 3. (a) The setup of the calculation of the force acting on the central particle of the on-site kink from the antikink’s tail. The exact on-site static kink solution ¢? (large
circles) and the antikink (small circles) are shown. Here h =2 and hence the kinks have oscillatory tails. The kink is located at n =mng = 0. (b) Normalized theoretically
predicted force, fy,/€} , acting on the central particle of the on-site kink from the antikink’s tail as calculated from Eq. (20).

¢n = @9 + €l into Eq. (8) and linearizing with respect to €. The
result is

1 1 2
fa= ,72(6,24 - 2¢, +€rt1+1) + §[1 - (¢r? +¢1(1)—1) ]61271

+ % [l B (d)’g + ¢3+1)2i|€z§+1
+%[4 N 2(¢r(1))2 - (¢r? +¢;(1)71)2 - (47,9 +¢2+1)21|ef1,

Notice that linear combinations of the kink solution and the an-
tikink tail solution considered here can be used for kinks with
short-range tails, as in our case, but this approximation may not
work for kinks with long-range tails, see, e.g., Refs. [39,59-62].

An approximate kink tail solution can be derived by substitut-
ing Eq. (15) into Eq. (11) and expanding with respect to €. up to
the second power. The resulting iterative formula reads

o _1-h. hG+R)
n+1_l+hn 3(1+h)3

It can be seen from the linear term of Eq. (17) that for h<1 all
€l have the same sign, so that the kink's tail monotonously ap-
proaches the value ¢, = 1. For h>1 the tail oscillates near ¢, = 1
since €}, and efm have opposite signs. If h =1, the linear term
in the expansion (17) vanishes and we have a purely anharmonic
chain with a corresponding short-range kink tail. Note that the an-
tikink tail is a mirror image of the kink tail (17), that is why the
antikink tail can be described using

. _1-h, hG+h)
1= TR 31+ h)3

The ansatz (15) can be justified by considering the vacuum so-
lution ¢2 =1 for all n and getting from Eq. (12) the following
static equation for the small deviation from the vacuum: (1/h% —
1)(en_1 — 2&n + €ny1) —4en = 0. Looking for the solution to this
equation in the form &, = q" one obtains the quadratic charac-
teristic equation having the roots q; , = (1 ¥ h)/(1 £ h), which is
equivalent to the linear part of kink tail solution (17).

The force f, acting on any site within the kink can be now
calculated for any given value of € « 1 after finding €/, from
Eq. (18) and substituting into Eq. (16). Recall that the static kink

(16)

(en)*. (17)

€

(G (18)

solution can be found iteratively for any given —1 < ¢9 < 1 from
Eq. (11).

The analytical expression for the force f; can be simplified for
the case of the highly symmetric on-site kink. Let the on-site kink
be located at n = ny, i.e., ¢30 = 0. Then from Eq. (11) one finds the
displacements for the neighboring sites:

3 V3 /3
¢790il=q:ﬁ:t7 F+4

For a given small value €/, we find 650 41 from the linear part of

Eq. (18) and substituting these values together with ¢y, =0 and
Dng+1 = —Pny—1 Into Eq. (16), we obtain the force acting from the
antikink’s tail on the central particle of the on-site kink:
46,‘10
(1-h)@A+h)
e, | 200+n?) 0 \2 2
S aomarml @) ] -2ewa) +4p 00

(19)

fno =

where ¢, .1 is given by Eq. (19). Note that for the considered here
kink and mirror image antikink the sign of e,ﬂo in Eq. (20) does
not change. There are two possible interpretations of the displace-
ments of particles ¢y, i.e., one can think of either longitudinal or
transverse particle motion. In Fig. 3(a) the force acting on the ngth
particle is shown in vertical direction because the particle displace-
ments ¢, are also shown in transverse direction. For positive such
forces, the particle is moving upwards which means that a preced-
ing particle is moving upward as well, leading the coherent struc-
ture to move to the left. By a symmetric argument, when the rel-
evant force is negative, the waves will move toward each other. In
this way, one can connect the force on individual particles to the
force resulting on the nonlinear wave.

From Eq. (20) it can be seen that fy, is proportional to e,‘lo. The
dependence of fno/ef10 on h is shown in Fig. 3(b). It is interesting
to note that the sign of the force changes at h =1 so that the kink
and antikink attract each other for h <1 and repel each other for
h > 1. This fact will be confirmed numerically in Section 3.

Note that the ratio f,/€f,, diverges at h =1, see Fig. 3(b). The
values of the force f,, remain finite even for h = 1. In Fig. 4 the
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when h <1 and (b) the case of repulsive interaction h > 1. The values of the lattice spacing h are given for each curve.
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(e) h = 1.5, v, = 0.01994, cf. Fig. 5(d).

(f) h = 1.5, v, = 0.1486, cf. Fig. 5(d”).

Fig. 6. 3D plots showing kink-antikink collisions. For each panel the values of the discreteness parameter h and collision velocity v., as well as the link to corresponding

panel of Fig. 5 are provided.

values of the force fn, acting on the central particle of the on-site
kink from the tail of the mirror image antikink are presented for
the lattice spacing close to 1 as a function of the distance between
the kink and antikink d normalized by the lattice spacing h. In (a)
h <1 and the force is negative since the kink and antikink attract
each other. In (b) h>1 and the interaction between the kink and
antikink is repulsive. The use of the logarithmic scale for the ordi-
nate reveals exponential decay of the force with the distance be-
tween kink and antikink and this decay is faster for h closer to 1.

3. Kink-antikink collisions
3.1. Simulation setup

The set of equations of motion (8) was integrated numerically
using the Stoérmer method of the sixth order [63] with the time

step T = 0.005. This method is efficient in finding a solution to the
Cauchy problem for a system of second-order ordinary differential
equations not containing the first derivative of the unknown func-
tion. The kink-antikink collisions were investigated in the chain
having sufficiently large number of particles N, so that the radi-
ation emitted by the colliding kinks does not reach the ends of
the chain by the end of the simulation run. This way the effect
of the radiation on the kink dynamics is avoided. Fixed bound-
ary conditions were employed, ¢ = ¢r = —1, where ¢ and ¢y
are the coordinates of the particles at the left and right ends of
the chain, respectively (though the type of boundary conditions is
not important for such sufficiently long chains). In typical runs we
took the number of lattice points N = 2000, which was sufficient
to avoid the effect of the radiation reflected from the fixed ends of
the chain on the kink-antikink collisions.
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0.00

The moving kink can be obtained by using the Goldstone trans-
lational mode e;, see Fig. 1(c). The initial conditions were formu-
lated as follows. At t =0 we set ¢, = ¢p0, where ¢? is the static
kink solution, and at t = t the Goldstone mode is added, ¢, =
@9 + 8(eq)n, with a small coefficient § which defines the speed of
the boosted kink. The eigenvector e; is assumed to be normalized,
|le1]| = 1. The resulting kink velocity is measured numerically and
it is called collision velocity v..

The obtained kink moving with the velocity v. collides with its
mirror image antikink having velocity —v. in the middle of the

3.5 T T T T T

chain. The initial distance between the kink and antikink is taken
sufficiently large for their exponential tails to not overlap.

3.2. Numerical results

Examples of the kink-antikink collisions are presented in Fig. 5:
in (a)-(a”) for h = 0.5, in (b)-(b”) for h =0.9, in (c)-(c”) for h =
1.1, and in (d)-(d”) for h = 1.5, by plotting the particles with the
maximal energy. The collision velocity in each row increases from
the left to the right. Corresponding 3D plots are given in Fig. 6.

It can be clearly inferred that the collisions are qualitatively dif-
ferent for h<1 and h> 1, since the kink profiles are different in
these two cases, see Eq. (17) and Fig. 1(a) for the kink tails, and
the sign of the force acting between the kink and antikink changes
at h =1, as it was demonstrated in Section 2.4. Indeed, in line with
the suggestive theoretical analysis of the previous section for h <1
(h>1) the kink and antikink attract (repel) each other.

At h<1 (two upper rows of Fig. 5) the kink and antikink at-
tract each other as in the continuum case. In the first row the
phonon band width is relatively large and it is small in the sec-
ond row. The collisions are not elastic and a part of the energy
of the kink and antikink related to their translational motion is
converted into long-lived vibrational modes, while a smaller por-
tion of energy is radiated in the form of small-amplitude waves.
If the collision velocity is above a threshold value v*, the coher-
ent structures pass through each other and continue their motion
with a reduced velocity v < v, as exemplified in (a”) and (b”).
Plots (a) and (a’) show collisions with velocity v. < v*. Here the
waves after the collision cannot overcome their mutual attraction
and collide again. In Fig. 5(a) a bion is formed [see also 3D plot
in Fig. 6(a)], which is a kink-antikink bound state. The bion’s fre-
quency is below the phonon band, wg < wy = 2. From Eq. (14), for
h = 0.5 the upper edge of the phonon band is w, = 4. This means
that bion’s higher harmonics are always within the phonon band,
and thus the bion radiates its energy due to the relevant reso-
nance mechanism. In Fig. 5(a’), we have a three-bounce collision
after which the kinks separate and continue their motion with a
velocity v < v [also shown in Fig. 6(b)]. Such multi-bounce colli-
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Fig. 8. Kinetic energy of the chain with colliding kink and antikink as a function of time. In (a) h = 0.9 and in (b) h = 1.3, and in both cases the initial velocity of the kink
and antikink is v. = 0.9. Collision takes place at t = 0 and in both cases it results in formation of a DB.
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Fig. 9. Top panels: effect of the collision velocity v. on the collision outcome for (a) h = 0.5, (b) h=0.9, (c) h=1.2, and (d) h = 1.3. Horizontal dashed lines show the
borders of the phonon spectrum, w; and w,. Bion frequency wg, or DB frequency wpg, are shown by dots, and the second harmonics by circles. Bottom panels: (a) frequency
of a bion formed in the collision with v, <0.07 as a function of its amplitude; (b)-(d) frequency of DB, formed as a result of collision with sufficiently large velocity as a

function of its amplitude.

sions with v. < v* are possible because the energy stored by the
kinks’ internal modes can be transformed back into energy of the
kinks’ translational motion. This suggests that here we are still in a
regime proximal to the continuum limit where such phenomenol-
ogy is well-known [24,27,28]. For a discrete breather (DB) to exist
on top of the nonzero background, it is necessary that its frequency
and all higher harmonics are outside of the phonon spectrum [20].
In Fig. 5(b) and (b’) the collision velocity is also below v*. How-
ever in this case the width of the phonon band is small and a DB
is formed with its frequency and all higher harmonics outside the
phonon band. Formation of DBs can also be seen in the 3D plots,
Fig. 6(c and d). Thus, there is no mechanism for the breather to ra-
diate its energy and it can be expected to persist over a long-time
evolution.

For the analysis of the kink-antikink collisions in the case of
h>1 one should take into account the kinetic energy of the inter-
acting kinks which can help to overcome their mutual repulsion.
This repulsion is clearly seen in Fig. 5(c), (d) and (d’), where the
collision velocity is below a threshold value v** sufficient to over-
come their repulsion. In Fig. 5(c’), (¢”) and (d”) the collision ve-
locity is above v** and the kinks indeed collide. A 3D picture of
kink-antikink repulsion is presented in Fig. 6(e). In Fig. 5(c”) the
kink and antikink emerge after the collision with a velocity smaller
than v. In Fig. 5(d”) [also in Fig. 6(f)], as a result of the collision,

a bion is produced with the main frequency within the relatively
wide phonon band. The bion disappears after a few oscillations
producing a burst of radiation. On the other hand, in Fig. 5(c’) [also
in Fig. 6(d)] the phonon band is narrow and a DB is formed with
frequency wpg < w,, i.e., below the phonon band with all higher
harmonics above the phonon band, hence the relevant waveform
is expected to persist, as is indeed observed in the corresponding
evolution dynamics.

Two critical velocities were defined above, v* for h <1 and v**
for h> 1. In Fig. 7 the critical velocities are plotted as functions of
h. The critical velocity v* has a minimum at h = 0.6; here, colli-
sions are most elastic. v* denotes the threshold above which sepa-
ration of the kink-antikink pair occurs after a single collision. The
critical velocity v** increases linearly with h. v. < v** denotes the
scenario of repulsion without collision in the case of h>1. De-
pending on h and the collision velocity, Fig. 7 is divided into parts
where different collision scenarios are observed, as linked to the
panels of Fig. 5.

In Fig. 8 the kinetic energy of the chain is plotted as a func-
tion of time for the cases (a) h = 0.9 and (b) h = 1.3. In both cases
kink and antikink collide with the velocity v. = 0.9 at t =0 with
the formation of DBs. Each collision of the kinks forming a DB re-
sults in a sharp double-peak of the kinetic energy. We estimated
the oscillation period and then frequency of bions and DBs numer-
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ically by averaging over ten oscillations starting from the sixth one,
see Fig. 8. The first five oscillations are dropped because in some
cases they have very long period, e.g., in multi-bounce collisions.
For example, in Fig. 8(a) ten oscillations take 53 time units, then
T =5.3, and wpg =27 /T = 1.18, which is below the lower edge
of the phonon band w; = 2. The second harmonic has frequency
2wpp = 2.36, which is above the upper edge of the phonon band
w, = 2.22. Note that the period of the bions in some cases varies
in time noticeably [e.g., in the case presented in Fig. 5(a)] due to
the energy exchange between the kink’s internal and translational
modes and due to the losses to radiation. The period of the DBs is
more robust since they radiate much less energy having no inter-
action with the phonons.

More information on the effect of the collision velocity on the
collision outcome is presented in Fig. 9. For instance, for h = 0.5 in
the top panel of (a) the frequency of a bion formed when the colli-
sion velocity is relatively small is shown by dots as a function of v..
The circles show the frequency of the bion’s second harmonic. Hor-
izontal dashed lines show the borders of the phonon spectrum fre-
quencies, w; and w;. It can be seen that the bion’s frequency is al-
ways below the phonon spectrum but its second or third harmonic
is within the spectrum. For v. > 0.08 = v* the kink and antikink
separate after the first collision. The bottom panel shows the bion
frequency as a function of its amplitude for all the cases where a
bion was formed for h = 1.2 (left) and h = 1.3 (right). Similar re-
sults are presented in (b) for h = 0.9, but in this case not a bion
but a DB is formed with the main frequency below the phonon
band and all higher harmonics lie above the phonon band, hence
suggesting the long time persistence of the structure.

In the particular case of h = 1 the kink-antikink collisions result
in the formation of DBs if the collision velocity is roughly below
0.25 and the kinks separate after the first collision for higher col-
lision velocities, see Fig. 7. Formation of DBs in the case of h =1
is not surprising because in this case, as it has been mentioned
above, the width of the phonon band vanishes, hence DBs should
generically survive.

4. Conclusions and future work

Kink-antikink collisions were analyzed numerically in the dis-
crete ¢* model, Eq. (8), which is free of the static Peierls-Nabarro
potential. The lattice spacing h of order unity was considered,
which corresponds to a high discreteness with the kink spanning
only just a few lattice sites, see Fig. 1(a). Exact static kink solutions
were derived iteratively from the two-point map (10) starting from
any admissible initial value ¢,. The existence of a one-parameter
set of static kinks positioned arbitrarily with respect to the lattice
ensures the existence of the zero frequency Goldstone translational
mode, see Fig. 1(c). The profile of this mode can be found by solv-
ing the eigenvalue problem for the equations of motion linearized
near the static kink solution, see Eq. (12). The moving kink can be
obtained by using the Goldstone mode as described in Section 3.1.
Only symmetric collisions between the kink and its mirror image
antikink moving with velocities v and —v., respectively, were ad-
dressed.

The borders of the phonon spectrum of the considered lattice,
wq and w;, cross at h =1, see Fig. 1(b). Around h =1, the width
of the relevant band is small (and it vanishes at h = 1). The cross-
ing of the phonon band edges changes the kink profile: for h <1
the kink’s tails are monotonic but for h> 1 they oscillate near the
asymptotic values +1, as follows from Eq. (17) and as can be seen
in Fig. 1(a). More importantly, for h <1 kink and antikink are mu-
tually attractive topological solitons, while for h > 1 they repel each
other, as was shown in Section 2.4 and in our study of collisional
dynamics in Section 3. The collision outcome is qualitatively differ-

ent for attractive (h <1) and repulsive (h> 1) kink and antikink, as
summarized below.

For h <1 collisions with a velocity v. > v* result in separation
of the kink and antikink after the first collision, see Fig. 5(a”) or
(b”). The critical velocity v* decreases with increasing h in the
range h <0.6 and increases for larger h, see Fig. 7. Collisions with
a velocity smaller than v* can result in either separation of the
kink and antikink after a multi-bounce collision, see Fig. 5(a’), or in
the formation of an oscillatory mode. For h < 0.7, when the phonon
band is wide, the oscillatory mode is a bion, see Fig. 5(a), with fre-
quency below the phonon band and higher harmonics within the
band, see the upper panel of Fig. 9(a). Due to the interaction with
the phonons, the bion constantly radiates energy, its amplitude
decreases and frequency increases, see lower panel of Fig. 9(a).
For 0.7 <h <1 the phonon band width is small and the oscillatory
mode is a DB, see Fig. 5(b) or (b’), with the main frequency lying
below the phonon band and all higher harmonics above the band
as shown in the upper panel of Fig. 9(b). The DB does not interact
with the phonons and has a very long lifetime.

For h> 1 the kink and antikink moving toward each other with
a velocity ve < ¥** cannot overcome the repulsion and they actu-
ally do not collide, see Fig. 5(c), or (d), or (d’). The critical velocity
v** increases linearly with increasing h, see Fig. 7. Collision with a
velocity above v** can result in either separation of the kink and
antikink after a single collision, see Fig. 5(c”), or in formation of a
DB, see Fig. 5(c’), or in a burst of radiation producing a rapidly
decaying bion, see Fig. 5(d”), where the radiation burst itself is
not shown. A DB is formed for 1 <h < 1.5 where the phonon band
width is small. In this case the DB frequency is below the phonon
band with all higher harmonics being above the band; see the up-
per panels of Fig. 9(c) and (d). An energy burst is produced for
h>1.5 when the colliding kink and antikink create an oscillatory
mode with a frequency inside a relatively wide phonon band. Such
a mode radiates energy very quickly and it has a very short life-
time.

Note that when the colliding kink and antikink produce an os-
cillatory mode, the mode has frequency within the range from 0.8
to 1.3 in a wide range of h, see Fig. 9. In a forthcoming study prop-
erties of DBs will be addressed in detail regardless of the mecha-
nism of their generation (generated not only in kink-antikink colli-
sions) in the whole range of possible frequencies. So far DBs have
not been analyzed in the discrete systems free of the static Peierls-
Nabarro potential. One of the most intriguing features here is the
DB mobility: it is relevant to understand whether it is enhanced
or not due to the absence of the static Peierls-Nabarro potential.
Contrary to more standard models, the present scenario has the
potential of mobile breathers even for regimes of high discreteness,
a feature that is uncommon for Klein-Gordon models outside the
realm of integrable systems.

Another direction for future studies is the analysis of kink col-
lisions in the ¢® and ¢® models [30,31,34,39,64,65]. Interestingly,
kinks in the ¢% model are asymmetric and have short-range tails
[30,34,64]. In the ¢® and a number of suitable higher-order models
the kinks can have long-range tails with power-law decay [39,59-
62]. It would be interesting to study kink collisions in these mod-
els in the regime of high discreteness. In the work [66] two dis-
crete ¢® models free of the static Peierls—Nabarro potential have
been derived. Generalizing such a derivation to ¢2, ¢!0 and ¢12
would enable the consideration of the intriguing interplay of dis-
creteness and long-range interactions. A discrete realm may be
more straightforward of a place to consider such long-range inter-
actions given that extended lattices would be easier to consider
than the considerably more computationally expensive continuum
analogues thereof.

The third natural continuation of this work is the analysis of the
multi-bounce collisions and the related analysis of the kink’s inter-
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nal modes. As it can be seen from Fig. 1(b), in the case of small h
there is only one kink’s internal mode with the frequency @ ~ /3,
but for h~1 the kink has more than one internal modes with fre-
quencies below the phonon spectrum. This fact should affect the
picture of multi-bounce collisions and this was indeed observed in
our preliminary simulations.
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