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Abstract—An expression is obtained for an effective geometric potential based on a coordinate system for a
nanoribbon twisted in the form of a helicoid. The effective geometric potential for a Schrödinger equation is
used to study a graphene nanoribbon of finite length with “armchair” edges under the action of an external
electric field parallel to them. Solutions are calculated for the energy levels and wave functions of electrons in
the vicinity of the Dirac point. It is shown there is only one state in the transverse direction.
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INTRODUCTION
Nanostructures that are two-dimensional geomet-

ric objects have unique properties which, along with
progress in the production of these structures, make it
relevant to study the properties of composite media
based on them. A unique property of such two-dimen-
sional objects is the quantum effective geometric
potential (GP) [1, 2], i.e., the dependence of the
potential energy of a system on the purely geometric
parameters of its surface. The geometric potential is of
quantum origin because it is proportional to the
square of Planck’s constant ħ. This pattern means that
physical effects begin to manifest on a nanometer
scale. In real systems with radii of curvature on the
order of hundreds of nanometers, the geometric
potential is still very small and has an energy scale of
less than 1 K, which hinders the experimental realiza-
tion and exploitation of many phenomenal phenom-
ena [3–9]. Fullerenes and nanotubes are nanoparti-
cles that have 1–10 nm radii of surface curvature. The
geometric potential for such nanoparticles can affect
their frequency of surface vibrations [10]. The geomet-
ric potential caused by the pressure of the f lexural
excitation of curvature creates an additional normal
surface force. For fullerenes and nanotubes, the topi-
cality of studying surface vibrations is due to our mea-
ger knowledge of the phenomenon in the region of
such small sizes and the centimeter range of emitted
wavelengths.

Another nanoparticle for which geometric poten-
tial produces phenomenal effects are twisted nanorib-
bons. The electron transport properties of twisted
graphene nanoribbons were studied in [11–17]. A
nanoribbon was considered a continuous object in

[11], allowing for the experimental results in [12] and
ignoring any discreteness of the main hexagonal lat-
tice. Properties of free electrons in the helicoidal
geometry of Schrödinger materials were considered in
[2, 13, 14]. Results based on the Dirac equation for a
confined quantum particle on a submanifold in R3
were presented in works [15–18].

With nanotubes, the geometric potential can affect
the nature of the motion of charge carriers. Such a
problem is relevant in chiral spintronics [19–23].
Intense studies of the properties of nanotubes based on
silicene and germanene are now under way. Silicene
(SiNT) nanotubes were synthesized [24] in 2001, and
a number of SiNT growth processes have been
reported since then. It has been proposed that SiNT be
used to create field-effect transistors, waveguides,
optoelectronic elements, replacements for graphite in
lithium-ion batteries, and heterojunctions that are
combinations of carbon and silicon nanotubes [25–
28]. The effect of a geometric potential will manifest in
the nonaxisymmetric motion of particles in nano-
tubes, which is equivalent to a projection of the orbital
momentum of charge carriers onto the axis of the
nanotube. This leads in turn to the elimination of spin
degeneracy in nanotubes, due to spin–orbit interac-
tion [23].

In this work, we study the effect geometric poten-
tial has on the electron transport properties of twisted
graphene armchair nanoribbons in a longitudinal
electric field. In analogy with [12, 29], we use a kp-
type continuum model.
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GEOMETRIC POTENTIAL OF FREE 
ELECTRONS ON A HELICOID

Let us obtain the dependence of the potential
energy of the system on purely geometric parameters
in the case of a helicoid. To do so, we use results from
[2, 10].

We begin with a three-dimensional curvilinear
coordinate system in the form

(1)

where  are the contravariant coordinates of a

3D coordinate system, defines the points of a
2D surface, and  is a unit normal to the sur-
face at the considered point [10]. Introducing three-
dimensional system (1) using unit normal 
allows us to use the Weingarten equation in [30]. Since
a two-dimensional surface is uniquely defined in coor-
dinates q1 and q2, there is a two-dimensional coordi-
nate system with basis vectors e1, e2 and metric tensor

 of dimension 2 (the first quadratic form):

(2)

where . Expressions for basis vectors , 
and metric tensors  of dimension 3 follow analo-
gously for a three-dimensional coordinate system:

(3)

where .
For convenience in our mathematical calculations,

we assume below that (1) contains both two- and
three-dimensional curvilinear coordinate systems for
the contravariant components of the radius vector:

(4)

An exception is when we need to transition to the
covariant components of the radius vector.

According to [2, 10], allowing for the parameters of
a two-dimensional surface yields the expression for
the geometric potential:

(5)

where the values of the principal curvatures , of
the surface are the solution to the equation [30, 31]

(6)

In (6), the metric tensor of the two-dimensional sur-
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forms, respectively; ;  is the
elementary area of a two-dimensional surface;

 is the elementary volume; and 
and  are the determinants of metric tensors 
and .

QUANTUM STATE FOR FREE ELECTRONS 
ON A HELICOIDAL SURFACE, ALLOWING 

FOR AN EFFECTIVE GEOMETRIC 
POTENTIAL BASED ON A TWO-

DIMENSIONAL SCHRÖDINGER EQUATION
We now study a helicoidal surface to get an idea of

the interaction between quantum particles and curva-
ture for a twisted nanoribbon, and the possible physi-
cal effects resulting from it (the structure of a twisted
graphene nanoribbon with chair-like edges is shown in
Fig. 1). The electron transport properties of twisted
graphene nanoribbons were studied in [11–17]. Fol-
lowing da Costa [2], we obtain effective geometric
potential (5) of a two-dimensional Schrödinger equa-
tion. In analogy with [32] and using the notations in
(4), we first introduce the helicoidal coordinate sys-
tem

(7)

where , and are Cartesian coordinates; , 

are helicoidal coordinates; coordinate  is directed
along the nanoribbon; and , where  is the
length of the twist. Based on the familiar relation
between basis vectors and coordinates [30], we write
the basis vectors for our helicoidal coordinate system:

(8)

The expression for metric tensor  of a heli-
coidal system of coordinates follows from Eq. (8):

(9)

where  when . It follows
from Eq. (9) that helicoidal coordinate system (7) is
orthogonal when .

Helicoidal coordinate system (7) allows us to write
the equation for surface  of a twisted nanoribbon
whose edges are spirals around axis of symmetry .
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Fig. 1. A helicoidally twisted nanoribbon.
Surface  is a helicoid that with the notation in [2]
is described by the equation from (1) for , or is
described by coordinate system (7) when :

(10)

It follows from (8) and (9) that there is a connec-
tion between basis vector  of coordinate system (7)
and normal  from (1) to the helicoid:

(11)

To move from coordinate system (7) to coordinate
system (1) while allowing for (10), we must assume

, where  is the Lame coef-
ficient [33] of the coordinate system (9).

When , a two-dimensional helicoidal coordi-
nate system with metric tensor  (the first quadratic
form) and the second quadratic form  [30] follows
from (9):

(12)

From (6) and (11) we obtain expressions for the values
of main curvatures , :

(13)

This leads to the expression for the geometric potential,

(14)

It follows from the expression for the potential that the
eigenvalue of the energy of an isolated state will be a
negative value.
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Based on first quadratic form  from equalities (12)
for Schrödinger materials [2, 13, 14], and considering
expression (14) for the geometric potential, we obtain
the equation for a particle for the wave function,
allowing for longitudinal electric field W:

(15)

In this work, we consider narrow armchair-edge
nanoribbons with staggered configuration N-AGNRs,
where N = 11 [29, 34, 35]. With ,
nanoribbon width  nm, where

 nm is the distance between the carbon
atoms in graphene. With length  of the period
of a helicoidal nanoribbon, it follows that

, where , .
Under condition  for a solitary nanoribbon,
we can obtain an approximate solution to Eq. (15) via
the separation of variables:

(16)

with boundary conditions ,
, where  and are the

length and width of the nanoribbon, and  and are
constant energies. If necessary, the accuracy of cal-
culations can be refined by means of perturbation
theory [36].

The solution to function Φ2 of the first equation in
(16) is expressed in terms of Airy functions  and

 [36, 37]:
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Let us find the solution to the second equation in (16).
We introduce new variable and, based
on the condition  for the nanoribbon, we
transform the second Schrödinger equation from (16)
into

(18)

where , 

.

Equation (18) is a generalized hypergeometric
equation [37]:

(19)

where , , and
 . Generalized hypergeo-

metric Eq. (19) is easily reduced to

(20)

where

(21)

RESULTS AND DISCUSSION
A series of calculations was performed for narrow

armchair-edge nanoribbons of staggered configuration
[29, 34, 35]. In calculations for the armchair-edge
nanoribbons with staggered configuration N-AGNRs,
where N = 11, it was assumed that ,

nanoribbon width  nm,  nm,
helicoidal nanoribbon period ,

, and . It should be noted
that graphene nanoribbons with 7-  armchair
edges of a symmetrical configuration with width

 have now been synthesized, based on the
technology of vapor deposition.

It follows from our calculated results that there is
only one stationary state |n = 1⟩ in the transverse
direction when the second boundary condition
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, the energy level of which is

 =  =  eV, is satis-

fied. Due to narrow width of the nanoribbon, there
is no stationary state  when the first boundary
condition  is satisfied. When there
is no torsion and the first boundary condition is satis-
fied at nanoribbon boundary ,
energy level  ≈ 1 eV follows from
(16). This is much higher than energy

=  eV of stationary state
 when the second boundary condition is satis-

fied at the edge of the nanoribbon. Figure 2 shows the
dependence of the square on the modulus of eigen-
function  (curve 1) of main states  of ,
where  and u is a transverse coordi-
nate. Figure 2 shows the dependence of hypergeomet-
ric function  on variable , where .
Two solutions to the hypergeometric Eq. (20) were
defined inside circle  of hypergeometric series
[36, 37]

(22)

(23)

Dashed curve 2 corresponds to first solution  from
(22) of the hypergeometric Eq. (20); solid curve 3 cor-
responds to second solution  from (23).

CONCLUSIONS

We calculated geometric potential (14) on a heli-
coidal surface whose maximum value was on the order
of  =  eV at helicoid period

 nm and nanoribbon width , where
. It was shown analytically that the principal

curvatures of the helicoidal surface were equal in abso-
lute value and opposite in sign. This means the value
of the geometric potential was much larger than that of
a deformed spherical perturbed surface [10]. With a
narrow ribbon, the problem can be solved via the sep-
aration of variables, and there is a single isolated state
in the transverse direction. The energy level of an iso-
lated state was negative:  =

eV when  nm.
Using a two- and four-point unit cell based on a

kp-type continuum model, it was shown in [29] that
energy levels form an equidistant spectrum when there
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Fig. 2. Dependence of eigenfunction  of ground state  eV on .
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is a longitudinal stationary electric field in carbon
nanotubes and narrow flat nanoribbons:

(24)

where ;  is the
Fermi velocity; , where  is the integral of the
transition; ħ is Planck’s constant; and  is the length
of the nanoribbon. When  nm, the difference
between adjacent equidistant energy levels

 from (24) is  ≈  eV.

Such results follow when the Dirac (Majorana) equa-
tion is used instead of Schrödinger’s. The evolution of
isospin is then described by Hermite’s equation [38],
while the evolution of charge carriers is described
using the Airy functions (17) in accordance with (16).
This problem is outside the scope of this work.

The results obtained in this work are of great inter-
est when charge carriers move in nanotubes along
helicoidal trajectories. The authors of [23] studied the
formation of spin minigaps caused by the torsional
deformation of nonchiral hexagonal armchairs (n, n)
and zigzag (n, 0) silicon nanotubes (SiNT). In this
work, spin degeneracy in nanotubes (the Rashba
effect) was eliminated via spin–orbit interaction.
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